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ABSTRACT. During the first months of 2020 SARS-CoV-2 spread to all continents, virtually reaching all
countries. In the subsequent months, new variants emerged in different regions of the world. A mathemat-
ical model based on the Covid-19 natural history encompassing the age-dependent fatality was applied to
evaluate SARS-CoV-2 transmissibility and virulence. Transmissibility was assessed by calculating the ba-
sic reproduction number R0 and virulence by counting the proportion of severe Covid-19 cases and deaths.
The model parameters were adjusted against the data observed in the state of São Paulo, Brazil, considering
two different levels of virulence. The severe Covid-19 cases and deaths were three times higher and R0 was
25% lower when the more virulent SARS-CoV-2 variant was compared to the less virulent variant. How-
ever, under the high-virulence scenario the number of transmitting individuals is 25% lower, mainly due
to the isolation of symptomatic individuals. The corollary that transmission increases in the low virulence
scenario is also true. The estimated parameters, using data from São Paulo up to May 13, 2020, showed that
the Covid-19 epidemic predicted with low virulence SARS-CoV-2 transmission matched the observed data
just before the beginning of the relaxation, which occurred by mid-June 2020. The assessment of the inter-
play between transmissibility can be applied to explain in somehow the appearance of gamma and omicron
variants of concern in São Paulo.

Keywords: mathematical model, SARS-CoV-2, basic reproduction number, asymptomatic individuals,
Covid-19 data.

1 INTRODUCTION

The severe acute respiratory syndrome coronavirus 2 (SARS-CoV-2), an RNA virus, spreads
mostly through air by means of aerosols [1], but can be also transmitted by droplets produced by
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596 EVALUATING TRANSMISSIBILITY AND VIRULENCE

coughing, sneezing or talking, or by fomites [2] [3]. The coronavirus disease 2019 (Covid-19)
caused by SARS-CoV-2 infection was declared a pandemic by the World Health Organization on
March 11, 2020. In general, the fatality rate is considerably higher in senior patients (60 years or
more) [4].

SARS-CoV-2 is an RNA-virus presenting relatively high mutation rate (See Appendix A for de-
tails). Briefly, the original SARS-CoV-2 variant was first detected in Wuhan, China by December
2019, and the omicron variant, that appeared in South Africa in November 2021, is the most
phylogentically divergent variant of concern. The omicron variant showed high transmissibility
but less virulence than the original SARS-CoV-2.

We developed a mathematical model to evaluate the interplay between transmissibility and viru-
lence during the Covid-19 epidemic in the state of São Paulo, Brazil. We hypothesized that trans-
missibility is measured by the transmission rate (ultimately, by the basic reproduction number
R0), and that virulence is assessed by the ratio between asymptomatic and symptomatic individ-
uals. It is worth stressing that the additional mortality due to Covid-19 results in an asymptotic
value, which is not an equilibrium value at steady sate. Hence, a special method is required to
assess the steady state to obtain R0. Additionally, as individuals with severe Covid-19 are hospi-
talized (isolated), and they must not be considered as transmitting agents of SARS-CoV-2, rather
only the asymptomatic or pre-symptomatic or mild Covid-19 individuals are spreading the dis-
ease [19]. In section 2, we present and analyze a model that describes SARS-CoV-2 transmission,
in section 3, using the data for São Paulo State, we estimate the basic reproduction number R0

considering two different virulence levels. The discussion and conclusion are given in sections 4
and 5.

2 MATERIAL AND METHODS

One of the main aspects of Covid-19 is the high fatality rate of older people. For this reason, we
divided the population in two groups, one composed of young (60 years old or less, denoted by
subscript y) and the other containing individuals of 60 years old or more, denoted by subscript
o. The community’s vital dynamic is described by the per-capita rates of birth (φ ) and mortality
(µ), and ϕ is the aging rate, that is, the flow from the young subpopulation y to the senior subpop-
ulation o. Another aspect is SARS-CoV-2 transmission by asymptomatic and pre-symptomatic
individuals, that is, individuals that never develop symptoms and those before the onset of the
disease [20]. Hence, for each subpopulation j ( j = y,o), individuals are divided into seven com-
partments: susceptibles S j, isolated (quarantine) Q j, exposed and incubating E j, asymptomatic
A j, pre-symptomatic (or pre-diseased) individuals Pj, symptomatic individuals with mild Covid-
19 M j, and individuals with severe Covid-19 D j. All young and senior individuals in classes
A j, M j, and D j enter to the same recovered class R. Hence, the SQEAPMDR model has 15
compartments. The compartments irrespective to age are E = Ey +Eo (exposed), A = Ay +Ao

(asymptomatic), P=Py+Po (pre-symptomatic), M =My+Mo (mild Covid-19), and D=Dy+Do

(severe Covid-19). Table 1 summarizes the model compartments (variables).

Trends Comput. Appl. Math., 24, N. 4 (2023)
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Table 1: Summary of the model variables, for j = y (young) and j = o (senior).

Symbol Meaning
S j Susceptible individuals
Q j Isolated individuals
E j Exposed and incubating SARS-CoV-2 individuals
A j Asymptomatic individuals
Pj Pre-diseased (pre-symptomatic) individuals
M j Mild (non-hospitalized) Covid-19 individuals
D j Severe (hospitalized) Covid-19 individuals
R Recovered (immune) individuals

The susceptible individuals are either in isolation (quarantine) or circulating. To express isolation
(the flow from S to Q), we consider a unique pulse in isolation at time t = τ , described by
u jS jδ (t− τ), with j = y,o – The fraction of isolated people is u j and δ (x) is the Dirac delta
function, that is, δ (x) = ∞, if x = 0, otherwise, δ (x) = 0, with

∫
∞

0 δ (x)dx = 1. The equations
that describe isolation are as follows

d
dt

Sy = φN− (ϕ +µ)Sy−λSy−uySyδ (t− τ)

d
dt

So = ϕSy−µSo−λψSo−uoSoδ (t− τ)

d
dt

Q j = u jS jδ (t− τ)−µQ j.

(2.1)

On the other hand, the natural history of Covid-19 is the same for the young ( j = y) and senior
( j = o) subpopulations in circulation. We assume that individuals in the asymptomatic (A j),
pre-symptomatic (Pj), and a fraction z j of mild Covid-19 (M j) class are transmitting the virus.
Other infected classes ((1− z j)M j and D j) are under voluntary or forced isolation. Susceptible
individuals are infected at a rate λ jS j (known as the mass action law [21]), where λ j is the
per-capita incidence rate (or force of infection) defined by λ j = λ (δ jy +ψδ jo), with λ being

λ =
ε

N
(β1yAy +β2yPy +β3yzyMy +β1oAo +β2oPo +β3ozoMo) , (2.2)

where δi j is the Kronecker delta, with δi j = 1 if i = j, and 0, if i ̸= j; and β1 j, β2 j and β3 j are the
transmission rates – the rates at which a virus encounters a susceptible people and infects him/her.
The parameter ψ ≥ 1 measures more susceptibility among seniors than youngs. The parameter
ε ≤ 1 diminishes the transmission rates – the protection factor ε decreases viral transmission by
individual (face mask, hygiene, etc.) and collective (social distancing) protective measures.

Susceptible individuals are infected at rate λ j and enter into class E j. After an average period
1/σ j in class E j, where σ j is the incubation rate, exposed individuals develop into asymptomatic
A j (with probability l j) or pre-symptomatic class Pj (with probability 1− l j). After an average
period 1/γ j in class A j, where γ j is the recovery rate of asymptomatic individuals, asymptomatic

Trends Comput. Appl. Math., 24, N. 4 (2023)
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individuals acquire immunity (recovered) and enter the recovered class R. Asymptomatic indi-
viduals may manifest symptoms at the end of this period, and a fraction 1−χ j becomes mildly ill
(class M j). As for the symptomatic individuals, after an average period 1/γ1 j in class Pj, where
γ1 j is the infection rate of pre-symptomatic individuals, these individuals become either severely
ill (class D j) (with probability 1−k j) or mildly ill (class M j) (with probability k j). Individuals in
class D j acquire immunity after a period 1/γ2 j, where γ2 j is the recovery rate of severe Covid-19,
and enter the recovered class R or die under the disease-induced (additional) mortality rate α j.
Individuals in the mild Covid-19 class M j acquire immunity after a period 1/γ3 j, where γ3 j is the
recovery rate of mild Covid-19, and enter the recovered class R. Table 2 summarizes the model
parameters. The description of the assigned values to the Covid-19 natural history parameters
can be found in [22] (the parameters marked with ∗ are estimated considering two SARS-CoV-2
virulence levels).

Table 2: Summary of the model parameters ( j = y,o) and values (rates in days−1 and proportions
are dimensionless) from [22]. (*) Values fitted considering two levels of the SARS-CoV-2 viru-
lence.

Symbol Meaning Value
µ Natural mortality rate 1/(78.4×365)
φ Birth rate 1/(78.4×365)
ϕ Aging rate 6.7×10−6

σy (σo) Incubation rate 1/5.8(1/5.8)
γy (γo) Recovery rate of asymptomatic individuals 1/12(1/14)
γ1y (γ1o) Infection rate of pre-symptomatic individuals 1/4(1/4)
γ2y (γ2o) Recovery rate of severe Covid-19 individuals 1/12(1/21)
γ3y (γ3o) Infection rate of mild Covid-19 individuals 1/13(1/16)
τ Time of the introduction of isolation March 24, 2020
zy (zo) Proportion of transmission by mild Covid-19 individuals 0.5(0.2)
ψ Increased susceptibility among seniors 1.17
χy (χo) Proportion of remaining as asymptomatic individuals 0.98(0.95)
ly (lo) Proportion of asymptomatic individuals ∗
ky (ko) Proportion of mild (non-hospitalized) Covid-19 ∗
ε Protection factor ∗
uy (uo) Proportion in isolation ∗
αy (αo) Additional mortality rate ∗
β1y(β1o) Transmission rate due to asymptomatic individuals ∗
β2y(β2o) Transmission rate due to pre-symptomatic individuals ∗
β3y(β3o) Transmission rate due to mild Covid-19 individuals ∗

The SARS-CoV-2 transmission model is described by the system of ordinary differential equa-
tions, named the SQEAPMDR model considering young (y) and senior (o) subpopulations. The
dynamic equations for S, Q, E, A, P, M, D, and R are obtained through the balance of inflow

Trends Comput. Appl. Math., 24, N. 4 (2023)
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and outflow in each compartment. We drop out the pulses in equation (2.1) describing quarantine
individuals and transfer them to the pulse conditions at time of quarantine. Hence, the equations
for the susceptible individuals are

d
dt

Sy = φN− (ϕ +µ)Sy−λSy

d
dt

So = ϕSy−µSo−λψSo,
(2.3)

for isolated individuals Q j and infected individuals, with j = y,o,

d
dt

Q j = −µQ j

d
dt

E j = λ (δ jy +ψδ jo)S j− (σ j +µ)E j

d
dt

A j = l jσ jE j− (γ j +µ)A j

d
dt

Pj = (1− l j)σ jE j−
(
γ1 j +µ

)
Pj

d
dt

M j = (1−χ j)γ jA j + k jγ1 jPj−
(
γ3 j +µ

)
M j

d
dt

D j = (1− k j)γ1 jPj−
(
γ2 j +µ +α j

)
D j,

(2.4)

and for recovered individuals,

d
dt

R = χyγyAy + γ3yMy + γ2yDy +χoγoAo + γ3oMo + γ2oDo−µR, (2.5)

where N j = S j +Q j +E j +A j +Pj +M j +D j, and N = Ny +No +R obeys

d
dt

N = (φ −µ)N−αyDy−αoDo, (2.6)

with the initial number of population being N(0) = N0 = N0y +N0o, where N0y and N0o are the
size of the young and senior subpopulations at t = 0.

The initial conditions (simulation time t = 0 corresponding to the calendar time when the first
case was confirmed: February 26 for São Paulo State) supplied to the system of equations (2.3),
(2.4), and (2.5) are, for j = y,o,

S j (0) = N0 j, X j (0) = nX j , where X j = Q j,E j,A j,Pj,M j,D j,R, (2.7)

where nX j is a non-negative number. For instance, nEy = nEo = 0 implies that there was not any
exposed person (young or senior) at the beginning of the epidemic. The isolation implemented
at τ = 27 (corresponding to calendar time March 24, 2020) is described by the pulse conditions
at time τ {

S j (τ
+) = S j (τ

−)(1−u j) and Q j (τ
+) = Q j (τ

−)+S j (τ
−)u j,

X j (τ
+) = X j (τ

−) , where X j = E j,A j,Pj,M j,D j,R,
(2.8)

with τ− = limt→τ t (for t < τ), and τ+ = limτ←t t (for t > τ). For São Paulo State, at t = 0 we
use N0y = 37.8 million and N0o = 6.8 million [36].

Trends Comput. Appl. Math., 24, N. 4 (2023)
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In this paper, we use, at t = 0,
(

Sy (0) = N0y, Ey (0) = 30, Ay(0) = 24, Py(0) = 6, My(0) = 6, Dy(0) = 0
)

and(
So (0) = N0o, Eo (0) = 20, Ao(0) = 16, Po(0) = 4, Mo(0) = 3, Do(0) = 1,

)
(2.9)

plus Qy (0) = Qo (0) = R(0) = 0. The initial conditions’ setup are found in [22]. Briefly, at t = 0,
one senior individual was diagnosed with severe Covid-19. For other variables, using the ratio
4 : 1 for asymptomatic:pre-symptomatic and 3 : 1 for mild:severe (non-hospitalized:hospitalized)
Covid-19, if we assume that there is one person in Do (the first confirmed case), then there are
3 persons in M0. The sum 4 is the number of persons in class Po, implying that there are 16 in
class Ao, and the sum 20 is the number of persons in class Eo. For young population, we used
Dy(0) = 0 and arbitrarily My(0) = 6. Finally, at the beginning of the epidemic, there are not
isolated and immunized persons.

The system of equations (2.3), (2.4), and (2.5) result in an asymptote, which is not an equilibrium
value (or steady state of the system) due to the additional equation (2.6). In Appendix B, the
steady-state of the system of equations in terms of fractions corresponding to equations (2.3),
(2.4) and (2.5) was analyzed to obtain the basic reproduction number R0, which is given by
equation (B.5) in Appendix B. We consider this equation as an approximate value to the time-
varying population model, and write the fractions as s0

y = N0y/N and s0
o = N0o/N, resulting in

R0 = R0y +R0o, with R0y = (R1y +R2y)
N0y
N0

and R0o = (R1o +R2o)
N0o
N0

, (2.10)

where R0y and R0o are the partial reproduction numbers for young and senior subpopulations, and
N0y and N0o are the initial numbers for young and senior subpopulations, with N0 = N0y +N0o,
and 

R1y = ly
σy

σy +φ

β1y

γy +φ
+(1− ly)

σy

σy +φ

β2y

γ1y +φ

R1o = lo
σo

σo +φ

β1oψ

γo +φ
+(1− lo)

σo

σo +φ

β2oψ

γ1o +φ

R2y =

[
ly

σy

σy +φ
(1−χy)

γy

γy +φ
+(1− ly)

σy

σy +φ
ky

γ1y

γ1y +φ

]
zyβ3y

γ3y +φ

R2o =

[
lo

σo

σo +φ
(1−χo)

γo

γo +φ
+(1− lo)

σo

σo +φ
ko

γ1o

γ1o +φ

]
zoβ3oψ

γ3o +φ
.

(2.11)

Letting zy = zo = 0 (R2y = R2o = 0), we retrieve the basic reproduction number obtained in [23].

We chose two key parameters to evaluate the interplay between transmissibility and virulence.

(1) Transmissibility – The force of infection λ given by equation (2.2) is the per-capita in-
cidence rate, and λSy (λSo) is the total number of the new cases in the young (or senior)
subpopulation per unit of time. Notwithstanding, the intensity of infection is proportional
to the amount of virus released by infectious individuals and the capacity to infect sus-
ceptible individuals. The transmission rates depend on other characteristics not considered

Trends Comput. Appl. Math., 24, N. 4 (2023)
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here (social network, movement, demography, genetic, nutritional and health conditions,
etc.). For this reason, we assume that the basic reproduction number R0 calculated by the
estimated transmission rates is an approximate measure for the transmissibility of SARS-
CoV-2. To estimate the transmission rates β1 j, β2 j, and β3 j, j = y,o, the proportion of
individuals in isolation u, and the protection factor ε , we used the accumulated number of
severe Covid-19 cases Ω = Ωy +Ωo given by

d
dt

Ωy = (1− ky)γ1yPy and
d
dt

Ωo = (1− ko)γ1oPo, with Ωy(0) = 0 and Ωo(0) = 0, (2.12)

which represents the moving from class P to class D.

(2) Virulence – By enhancing the virus’ capacity to infect target cells, an increased number of
cells are infected. Consequently, the possibility of manifesting mild or severe disease in-
creases, increasing the number of symptomatic Covid-19 cases. For this reason, we equate
virulence with the ratio between asymptomatic and symptomatic individuals. It is worth
noticing that another effect of increased virulence is the high amount of virus released
by infectious individuals in the environment, which is likely to increase transmission [8].
We consider two broadly separate values to express the proportion of asymptomatic in-
dividuals and estimate the transmission rates to calculate the basic reproduction number
R0.

Besides the severe Covid-19 cases, the number of Covid-19 fatalities are registered. Based on
these data, we can estimate the additional mortality rates α j, j = y,o, using the number of deaths
due to severe Covid-19 cases given by Π = Πy +Πo, where

d
dt

Πy = αyDy and
d
dt

Πo = αoDo, with Πy(0) = 0 and Πo(0) = 0. (2.13)

In the estimation of additional mortality rates, we must bear in mind that the time at which new
cases and deaths were registered does not have direct correspondence; instead, they are delayed
by ∆ days, that is, Π(t +∆) = αD(t). From those individuals leaving compartment D (γ2 j, µ ,
and α j), we are counted only the deaths caused by severe Covid-19.

3 RESULTS

We studied the transmissibility and virulence of SARS-CoV-2 in the state of São Paulo, Brazil
[24]. At the beginning of the epidemic, we had two data sets: severe Covid-19 cases (those in
hospitals who were tested and confirmed) and deaths. During the period of the lack of mass
testing (PCR and serology), the epidemic curve of SARS-CoV-2 can be characterized by the
severe Covid-19 curve D.

To evaluate the interplay between transmissibility and virulence, we assumed that the basic repro-
duction number R0 measures transmissibility, and the proportions of asymptomatic individuals
ly and lo represent virulence. Letting l = ly = lo, we consider two values: l1 = 0.8 (lower viru-
lence, with the ratio between asymptomatic and symptomatic individuals being 4 : 1) and l2 = 0.2
(higher virulence, with the ratio 1 : 4).

Trends Comput. Appl. Math., 24, N. 4 (2023)
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To estimate the transmission rates, the proportion of individuals in isolation, and the protective
factor (x stands for one of these parameters), we calculate

Sum =
n

∑
i=1

[
Ω(x, ti)−Ω

ob (ti)
]2

,

where Ω(x, ti) is the accumulated severe Covid-19 cases calculated from equation (2.12) and
Ωob (ti) is the accumulated severe Covid-19 registered cases at day ti. We searched for the value
of x by minimizing the Sum. To evaluate Ω, the numerical solutions of equations (2.3), (2.4) and
(2.5) are obtained using the initial conditions given by equation (2.9). To estimate the additional
mortality rates, we substitute Ω(x, ti) by Π(α, ti) given by equation (2.13) and Ωob (ti) by Πob (ti).

The observed data from February 26 to November 30 [24] is partitioned into two sets – The first
set is used to estimate the model parameters (input data set), and the estimated model is then
confronted with the second set to assess its prediction ability (test data set) [25]. We estimate the
model parameters using severe Covid-19 (Ωob) and deaths (Πob) data from February 26 to May
13, 2020 (input data set). Then, we use the estimated parameters to predict the epidemic under
interventions (partial quarantine and protective measures) from May 14 to November 30 (test
data set) and compared the outcomes with the observed Ωob and Πob data.

3.1 Input data set – February 26 to May 13, 2020

We estimated the model parameters using the severe Covid-19 data Ωob from February 26 to May
13 following the estimation procedure presented in [22]. Briefly, the input data set was split into
three periods aiming the estimation of the basic reproduction number (without any interventions),
the proportion isolated by quarantine, and the effect of protective measures. For low virulence
(l1 = 0.8), we borrowed the estimated parameters from [22]. For high virulence (l2 = 0.2), we
obtain:

(1) Transmission rates (data from February 26 to April 3) – Letting u = 0 and ε = 1, the
estimated values are βy = 0.69 and βo = 0.79 (both in days−1), resulting in the basic
reproduction number R0 = 7.02 using equation (2.10). The partial reproduction numbers
are R0y = 6.14 and R0o = 0.88. This period, at the beginning of the Covid-19 epidemic
without any kind interventions, characterizes the natural epidemic, allowing the estimation
of the basic reproduction number.

(2) Proportion of individuals in partial quarantine (data from March 24 to April 13) –
Using the previously estimated βy and βo, and letting ε = 1, the estimated value is u= 0.48.

(3) Protective measures (data from April 4 to May 13) – Using the previously estimated βy,
βo, and u, the estimated value is ε = 0.53.

Considering the previously estimated parameters βy, βo, u, and ε based on Ωob, the Covid-
19 fatality data Πob allow us to estimate:

Trends Comput. Appl. Math., 24, N. 4 (2023)
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(4) Additional mortality rates (data from March 16 to May 28) – The estimated values for
high virulence are αy = 0.0018 and αo = 0.0071 (both in days−1) letting ∆ = 15 days. The
first death due to Covid-19 was on March 16, and we considered 15 more observed data in
the input data set due to ∆. The estimates for low virulence are found in [22].

The estimated parameters for l1 = 0.8 and l2 = 0.2 are summarized in Table 3. The probability
of seniors becoming mildly ill k j is lower than youngs [37]. The ratio R0o/Roy is 0.195 for low,
and 0.143 for high virulent variants.

Table 3: The estimated parameters ( j = y,o) considering two SARS-CoV-2 virulence levels (rates
in days−1 and proportions are dimensionless).

Parameter Low (l1 = 0.8) [22] High (l2 = 0.2)
ky (ko) 0.92(0.75) 0.94(0.78)
ε 0.5 0.53
uy (uo) 0.53(0.53) 0.48(0.48)
αy (αo) 0.00185(0.0071) 0.00185(0.0071)
β1y(β1o) 0.78(0.90) 0.69(0.79)
β2y(β2o) 0.78(0.90) 0.69(0.79)
β3y(β3o) 0.78(0.90) 0.69(0.79)
R0y(R0o) [R0] 7.73(1.51) [9.24] 6.14(0.88) [7.02]

Estimations of the epidemic parameters were done considering São Paulo state’s data from Febru-
ary 26 to May 13, 2020, for Ω; and from March 16 to May 28, 2020, for Π. Notice that since April
4, the observed data correspond to the epidemic with interventions (quarantine u and protective
measures ε).

Figure 1 shows the estimated curve of accumulated Covid-19 cases Ω and the observed data Ωob

(a), and the accumulated deaths Π and the observed Πob (b) for the high (dashed line) and low
(continuous line) virulence. Both low and high virulence levels provided quite similar estimated
curves for the input data set.

To assess the contributions of young and senior subpopulations in the overall epidemic, Figure 2
shows the estimated curve of accumulated Covid-19 cases Ωy, Ωo, and Ω (a), and the accumu-
lated deaths Πy, Πo, Π (b) for the high (dashed line) and low (continuous line) virulence. Notice
that Ω = Ωy +Ωo and Π = Πy +Πo are those shown in Figure 1. For low virulence (high viru-
lence), the numbers of severe Covid-19 cases on May 13 are 35408 (32251) and 22719 (24475)
for young and senior subpopulations, with the ratio being 1.56 (1.32). For low virulence (high
virulence), the numbers of Covid-19 fatality cases on May 28 are 988 (910) and 3123 (3406) for
young and senior subpopulations, with the ratio being 0.32 (0.27).

As shown in Figures 1 and 2, both low and high virulence levels of SARS-CoV-2 provided a very
good estimation of the epidemic under interventions. We must, however, choose one of them to

Trends Comput. Appl. Math., 24, N. 4 (2023)
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Figure 1: The estimated accumulated curve Ω and the observed data Ωob (a), and the accumulated
deaths Π and the observed data Πob (b) for the higher (dashed line) and lower (continuous line)
virulence. The natural epidemic corresponding to the low virulence is shown. Estimations were
done considering data from São Paulo State.
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Figure 2: The estimated accumulated curves Ωy, Ωo, and Ω (a), and the accumulated deaths Πy,
Πo, and Π (b) for the higher (dashed line) and lower (continuous line) virulence.

characterize the Covid-19 epidemic in São Paulo, which task is addressed by using the test data
set.

3.2 Test data set – May 14 to November 30, 2020

We aim the evaluation of the estimated parameters’ prediction ability for two different virulence
levels. The model is solved numerically during the test data sets using the parameters given in
Table 2 and those fitted using the input data set given in Table 3. The results are compared with
the observed data Ωob and Πob from São Paulo.
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Figure 3 shows the extension of Figure 1 until November 30, 2020: the accumulated Covid-19
cases Ω and the observed data Ωob (a) and deaths Π and the observed data Πob (b) for high
(dashed line) and low (continuous line) virulence sets. The estimated curve of Ω separates from
the observed trend Ωob around on July 1 for low and on May 7 for high virulent variants; and the
estimated curve of Π separates from the observed trend Πob around on July 21 for low and on
May 16 for high virulent variants. The curves of Ω and Π for low virulent variant accompanied
the trend of observed data in more 55 and 66 days than for higher one. It is worth stressing that,
after splitting, the estimated curves of Ω and Π situate below the observed Ωob and Πob data for
the lower virulent variant, but above the observed data for the higher virulent one.
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Figure 3: The extended curves until November 30, 2020: the accumulated Covid-19 cases Ω the
observed data Ωob (a) and deaths Π the observed data Πob (b) for the higher (dashed line) and
lower (continuous line) virulence. The curves correspond to the prediction of epidemic under
quarantine and protective measures.

To assess the contributions of young and senior subpopulations in the overall epidemic, Figure 4
shows the extension of Figure 2 until November 30, 2020: accumulated Covid-19 cases Ωy, Ωo,
and Ω (a), and the accumulated deaths Πy, Πo, Π (b) for high (dashed line) and low (continuous
line) virulence sets. For low virulence (high virulence), the numbers of severe Covid-19 cases on
May 13 are 242544 (742418) and 142104 (516293) for young and senior subpopulations, with
the ratio being 1.56 (1.32). For low virulence (high virulence), the numbers of Covid-19 fatality
cases on May 28 are 5254 (16080) and 18418 (66767) for young and senior subpopulations, with
the ratio being 0.29 (0.24).

Figures 1 to 4 were obtained using R0 = 9.24 for low and R0 = 7.02 for high virulent variants,
which illustrates the low transmissibility of high virulent one. Also, the number of deaths in high
virulent variant epidemic is very huge compared to the low virulent one. Let us evaluate the ratio
between asymptomatic and symptomatic individuals disregarding the age.

Figure 5 shows the curves of asymptomatic (A) and pre-symptomatic (P) individuals (a), and the
estimated curves of mild (M) and severe (D) Covid-19 cases (b) for the high (dashed line) and

Trends Comput. Appl. Math., 24, N. 4 (2023)
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Figure 4: The extended curves until November 30, 2020: the accumulated Covid-19 cases Ωy,
Ωo, and Ω (a), and the accumulated deaths Πy, Πo, Π (b) for the higher (dashed line) and lower
(continuous line) virulence. The curves correspond to the prediction of epidemic under quaran-
tine and protective measures.
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Figure 5: Estimated curves of asymptomatic (A) and pre-symptomatic (P) individuals (a), and
the estimated curves of mild (M) and severe (D) Covid-19 cases (b) for the higher (dashed line)
and lower (continuous line) virulence. The sum A+P and M+D are shown.

low (continuous line) virulence. Figure 5 also shows the curve of carriers capable of transmitting
the virus (A+P) and the curve of apparent Covid-19 (M+D).

For the low virulence virus, the peaks of asymptomatic (A), pre-symptomatic (P), mild (M),
and severe (D) Covid-19 are 2230000, 195000, 586000, and 66000, and for the high virulence
virus, the peaks are 485000, 664000, 1910000, and 189000. (In the low virulence scenario, the
peak of A increased by 460%, and the peaks of P, M, and D were reduced by 340%, 326%, and
286% compared to the high virulence values.) Asymptomatic and pre-symptomatic individuals

Trends Comput. Appl. Math., 24, N. 4 (2023)
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are carriers, which makes the control of infection more difficult. Comparing the lower and higher
virulence, the ratio between the peaks of carriers (A+P) is 212%, and the ratio between peaks
of apparent Covid-19 (M+D) is 31%.

Additionally, from the numerical simulations (Figure 5), the peaks of SARS-CoV-2 transmit-
ters (A+P+ zyMy + zoMo) for the low and high virulence scenarios are 2680000 and 1990000,
occurring on June 19 and July 21. The ratio of low and high virulence peaks for all infectious
individuals is 135%. The peaks of exposed (E), releasing virus (A+P+M +D), and harbor-
ing virus (E +A+P+M+D) individuals in the low virulence set were 1430000, 3060000, and
4410000, respectively, and for the high virulent variant, the peaks were 1210000 (85%), 3210000
(105%), and 4360000 (99%), respectively. The percentage shown in parentheses is the ratio high
to low virulence. The number of individuals releasing the virus are slightly higher in the high
virulence set, but the number of individuals carrying the virus is nearly equal under low or high
virulence transmission. Notice that exposed individuals (new infection cases) are higher in low
virulence due to a higher R0.

4 DISCUSSION

During the first months of the Covid-19 outbreak (input data set), the absence of mass testing
of SARS-CoV-2 infection and clinical follow-up of infected individuals precluded the detection
of asymptomatic and pre-symptomatic individuals. Considering this initial period, we explained
São Paulo’s Covid-19 data using two broadly different values representing the ratio between
asymptomatic and symptomatic individuals (4 : 1 and 1 : 4). For each proportion l, we estimated
the transmission rates βy and βo, and calculated the basic reproduction number R0. It is important
to remember that the low and high virulent SARS-CoV-2 variants provided quite similar fitted Ω

and Π curves (see Figure 1).

Figure 1 showed the parameters estimation. For high virulent variant, the reproduction num-
ber was R0 = 7.02, with the partial numbers R0y = 6.14 and R0o = 0.88 (R0o/R0y = 0.143);
while for low virulent variant, the reproduction number was R0 = 9.24, with the partial numbers
R0y = 7.73 and R0o = 1.51 (R0o/R0y = 0.195). The ratio between senior and young subpopula-
tions is N0o/N0y = 0.180. The quotients between low and high virulent variants for R0, R0y, and
R0o are 132%, 126%, and 171%, respectively. In an high virulent variant epidemic, the senior
subpopulation is more protected when in interaction with young subpopulation than in a low
variant epidemic. The effect of age on the epidemic was shown in Figures 2 and 4.

Remember that Figure 1 was estimated considering quarantine, and Figure 3 was extension of the
estimated curve until November 30, 2020. In a direct observation, the predicted curve of severe
Covid-19 cases for low variant epidemic matched the observed data 55 more days than the high
virulent one (for fatality cases, more 66 days).

Let us discuss the model predictive ability by comparing the extended curves in Figure 3 with the
observed data for the low and high virulence scenarios. However, it can be observed in Figure
3 that the low virulence epidemic fits very well into the subset of test data from May 13 to

Trends Comput. Appl. Math., 24, N. 4 (2023)
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June 30 (Ω) or July 20 (Π), which is the last day of the quarantine. The first observed point
detaching from the low virulence curve Π occurs on July 21, while the severe Covid-19 curve Ω

splits on July 1, 20 days earlier. Hence, this finding corroborates our assumption ∆ = 15 days in
Π(t +∆) = αD(t) to estimate the fatality rates αy and αo. The effects of the relaxation appeared
on July 1 and since then the observed number of deaths was systematically above the estimated
curve of Π considering the quarantine only (relaxation began by mid-June 2020, and its effect on
the epidemic curve D appeared 9 days later). Hence, the subset of test data from July 1 must be
described by a model incorporating intermittent pulses of relaxation [23], which is not dealt with
here. In [37], the relaxation incorporated in the model fitted very well the test data set considering
the low virulent variant. We concluded that this epidemiological scenario can be explained by the
spread of less virulent SARS-CoV-2 variant during the quarantine and relaxation (test data set).

Figure 5 showed enhanced virulence increasing the deaths due to Covid-19 by around 300%;
however, the transmissibility measured by R0 was reduced to ∼ 76%. The higher virulence in-
creased by around 300% the number of mild and severe Covid-19 cases, potentially more trans-
missible but in isolation; however, the number of asymptomatic, pre-symptomatic, and a fraction
of mild Covid-19 infected individuals transmitting the virus is reduced by 74%. The rate of
SARS-CoV-2 transmission in the population is reduced, and the number of deaths goes up as
virulence increases. Initially, the model variables (compartments) have similar values, but the
peaks of the more virulent SARS-CoV-2 occur around one month later. In particular, the number
of deaths in the more virulent epidemic is three times higher, although both variants presented
similar fatality rates in the first three months.

However, during the test data set, besides the relaxation, the emerging of variants of SARS-CoV-
2 may occur. The persistent transmission of SARS-CoV-2 should result in a plethora of new
mutations and variants. Some of these variants acquired enhanced ability to infect cells and/or
higher levels of replication, which may in turn increase virulence and, consequently, the risk
of death. Moreover, as more viruses are released in the environment, the level of transmission
also increases. However, individuals with severe symptoms are isolated in hospitals, and mild
cases are tested and detected and advised to self-isolate. Conversely, asymptomatic and pre-
symptomatic individuals (carriers) circulate freely and may get in close contact with susceptible
individuals, unlike individuals manifesting any suspicious symptoms (not necessarily Covid-19).
This fact was exposed by our model, that showed that the presence of high virulence viruses
results in more deaths but is less transmissible, i.e., display a lower R0. Therefore, while the
epidemic curve increases slowly, the curve of deaths increases much more quickly than in the
low virulence scenario.

Indeed, the gamma variant was first detected in Manaus by November 2020. At the end of Febru-
ary 2021, São Paulo still maintained part of the population isolated, but the accumulated number
of deaths of 68904 on March 24, 2021, surpassed the 57300 predicted by the epidemic with a
low virulence SARS-CoV-2 variant. This high number of deaths is likely a consequence of the
appearance of more virulent variants (but not so high as l = 0.2 as shown in Figures 1 to 5) during
this period [10]. Based on the model’s analysis, we may assume that more virulent viruses were

Trends Comput. Appl. Math., 24, N. 4 (2023)
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present in the pool of SARS-CoV-2 variants, resulting in more severe Covid-19 cases and deaths.
It should be stressed out, however, that an increased number of severe cases and deaths caused by
the highly virulent variant does not imply increased transmissibility, according to our model. The
omicron variant appeared in South Africa in November 2021. Nevertheless, the omicron variant
was showed to be more transmissible, but having less virulence [35].

5 CONCLUSION

In conclusion, throughout the course of an epidemic fast-mutating RNA viruses acquire new
mutations resulting in a pool of variants. The new variants may display lower or higher levels
of virulence than the original SARS-CoV-2 strain. In a short-run epidemic, the spread of highly
virulent variants increase the number of severe cases and deaths, but, paradoxically, reduce viral
transmission. However, in the long-run highly-transmissible low virulence variants will prevail.
The competition between two strains is left to further work (see [31] for the drug-sensitive and
resistant M. tuberculosis transmission modeling). Therefore, for the short-run epidemic control,
strict isolation of symptomatic (and perhaps also of suspected cases) should be adopted to avoid
the spread of highly virulent SARS-CoV-2 variants which will otherwise result in more severe
cases and deaths.
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APPENDIX A SARS-COV-2 AND VARIANTS OF CONCERN

Like other RNA-based viruses, SARS-CoV-2 mutation rate is relatively high (about 3×10−6 mu-
tations per nucleotide per replication cycle [5]) but not as high as in other RNA viruses such as
HIV or influenza [6]. “Viruses of a particular lineage that acquire one or more non-synonymous
new mutations are referred to as variant of the original virus” [6]. Some of these new variants
are of public health concern (known as ‘variants of concern’ or VOC) either because they have
an increased capacity of causing severe illness or because they are more efficiently transmit-
ted than other variants. For instance, the SARS-CoV-2 VOCs alpha (B.1.1.7), gamma (P.1 or
B.1.1.28), delta (B.1.617) and omicron, that emerged in the United Kingdom, Brazil, India and
South Africa, respectively (see [7] and references therein). Some of these VOCs display high
lethality, high levels of transmission and are able to escape the host immune system. Indeed, in
many cases more virulent variants of SARS-CoV-2 are also more transmissible [8].

Given the relatively high SARS-CoV-2 mutation rate the emergence of new variants is expected
in the course of a pandemic. However, only a few of them are expected to confer significant
selective advantage to the virus. Some of these new variants are of public health concern ei-
ther because they have an increased capacity of causing severe illness or because they are more
efficiently transmitted than other variants.

The original SARS-CoV-2 variant was first detected in Wuhan, China by December 2019. The
first VOC - alpha, appeared in the United Kingdom less than one year later, and quickly spread
throughout the country. The alpha variant carries 23 mutations, including 14 non-synonymous
substitutions, 3 deletions, and 6 synonymous mutations, three of them targeting the spike protein.
These mutations are related to a 50% increase in transmissibility (according to the CDC), making
the virus highly contagious and difficult to contain [9]. The gamma VOC was first detected in
Manaus by November 2020 [10]. From there, this variant disseminated throughout the country
creating havoc and a pattern of high lethality. The gamma variant harbours a total of 25 mutations
(synonymous and non-synonymous) compared with its most closely related ancestral, including
10 amino acid substitutions in the spike protein, some of them associated with a higher degree
of transmissibility [10] [11]. In addition, the viral load in patients infected with the gamma vari-
ant was ∼10-fold higher than in those with other SARS-CoV-2 variants [12]. In Brazil alone,
the gamma variant was responsible for the death of about 400,000 people, in a 6-month period.
The delta variant carries 4 mutations of interest in the spike protein. It was first detected in In-
dia in late 2020. This VOC also displayed increased virulence and transmissibility [13], but its
mutations have also enabled the virus to evade immune response, and for that reason most vac-
cines were less effective against this variant [14]. Finally, the omicron variant, that appeared in
South Africa in November 2021, is the most phylogenetically divergent VOC to date. It is asso-
ciated with enhanced transmissibility, reduced vaccine-induced immunity and increased risk of
re-infection. Omicron harbors more than 50 mutations, 34 of them in the spike protein: 30 amino
acid substitutions, 3 deletions, and 1 small insertion [15]. Half of these amino acid substitutions
occur in the receptor binding domain, which might explain the high transmissibility of the this
variant [16, 17, 18].
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APPENDIX B THE STEADY-STATE ANALYSIS OF THE MODIFIED SQEAPMDR
MODEL

The system of equations (2.3), (2.4) and (2.5), time-varying population, approach an asymptote,
which is not an equilibrium value. However, in term of fractions this system attains steady-state.
Defining the fraction x j = X j/N, for j = y,o, with X j =

{
S j,Q j,E j,A j,Pj,M j,D j,R

}
, we have,

using equation (2.6),

d
dt

X j

N
=

1
N

d
dt

X j−
X j

N
1
N

d
dt

N =
1
N

d
dt

X j− x j (φ −µ−αydy−αodo) ,

and the system of equations (2.3), (2.4) and (2.5) in terms of fractions become, for susceptible
individuals, 

d
dt

sy = φ − (ϕ +φ)sy−λ sy + sy (αydy +αodo)

d
dt

so = ϕsy−φso−λψso + so (αydy +αodo) ,
(B.1)

for isolated and infected individuals,

d
dt

q j = −φq j +q j (αydy +αodo)

d
dt

e j = λ (δ jy +ψδ jo)s j− (σ j +φ)e j + e j (αydy +αodo)

d
dt

a j = l jσ je j− (γ j +φ)a j +a j (αydy +αodo)

d
dt

p j = (1− l j)σ je j−
(
γ1 j +φ

)
p j + p j (αydy +αodo)

d
dt

m j = (1−χ j)γ ja j + k jγ1 j p j−
(
γ3 j +φ

)
m j +m j (αydy +αodo)

d
dt

d j = (1− k j)γ1 j p j−
(
γ2 j +φ +α j

)
d j +d j (αydy +αodo) ,

(B.2)

and for recovered individuals,

d
dt

r = χyγyay + γ3ymy + γ2ydy +χoγoao + γ3omo + γ2odo−φr+ r (αydy +αodo) , (B.3)

where λ is the force of infection given by equation (2.2) re-written as

λ = β1yay +β2y py +β3yzymy +β1oao +β2o po +β3ozomo,

letting ε = 1 (absence of protective measures), with

∑
j=y,o

(s j +q j + e j +a j + p j +m j +d j)+ r = 1.

This new system of equations has steady-states (the sum of derivatives of all classes is zero).

The trivial (disease-free) equilibrium point P0 of the new system of equations (B.1), (B.2) and
(B.3) is given by

P0 =
(
s0

j ,q
0
j = 0,e0

j = 0,a0
j = 0, p0

j = 0,m0
j = 0,d0

j = 0,r0 = 0
)
,
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for j = y and o, where 
s0

y =
φ

φ +ϕ

s0
o =

ϕ

φ +ϕ
,

(B.4)

with s0
y + s0

o = 1.

Let us assess the stability of P0 by applying the next generation matrix theory considering the
vector of variables x = (ey,ay, py,my,eo,ao, po,mo) [32]. We apply method proposed in [33] and
proved in [34]. To obtain the basic reproduction number, diagonal matrix V is considered. Hence,
the vectors f and v are

f T =



λ sy + ey (αydy +αodo)

lyσyey +ay (αydy +αodo)

(1− ly)σyey + py (αydy +αodo)

(1−χy)γyay + kyγ1y py +my (αydy +αodo)

λψso + eo (αydy +αodo)

poσoeo +ao (αydy +αodo)

(1− po)σoeo + po (αydy +αodo)

(1−χo)γoao + koγ1o po +mo (αydy +αodo)


and vT =



(σy +φ)ey

(γy +φ)ay

(γ1y +φ) py

(γ3y +φ)my

(σo +φ)eo

(γo +φ)ao

(γ1o +φ) po

(γ3o +φ)mo


,

where the superscript T stands for the transposition of a matrix, from which we obtain the ma-
trices F and V (see [32]) evaluated at the trivial equilibrium P0, which were omitted. The next
generation matrix FV−1 is

FV−1 =



0
β1ys0

y
γy+φ

β2ys0
y

γ1y+φ

β3yzys0
y

γ3y+φ
0

β1os0
y

γo+φ

β2os0
y

γ1o+φ

β3ozos0
y

γ3o+φ

lyσy
σy+φ

0 0 0 0 0 0 0
(1−ly)σy

σy+φ
0 0 0 0 0 0 0

0 (1−χy)γy
γy+φ

kyγ1y
γ1y+φ

0 0 0 0 0

0 β1yψs0
o

γy+φ

β2yψs0
o

γ1y+φ

β3yzyψs0
o

γ3y+φ
0 β1oψs0

o
γo+φ

β2oψs0
o

γ1o+φ

β3ozoψs0
o

γ3o+φ

0 0 0 0 poσo
σo+φ

0 0 0

0 0 0 0 (1−po)σo
σo+φ

0 0 0

0 0 0 0 0 (1−χo)γo
γo+φ

koγ1o
γ1o+φ

0


and the characteristic equation corresponding to FV−1 is

κ5 [κ3−
(
R1ys0

y +R1os0
o
)
κ−

(
R2ys0

y +R2os0
o
)]

= 0,

with the basic reproduction number R0 being given by

R0 = (R1y +R2y)s0
y +(R1o +R2o)s0

o, (B.5)

where the initial fractions s0
y and s0

o are given by equation (B.4), and the partial basic reproduc-
tion numbers R1y, R2y, R1o, and R2o are given by equation (2.11) in the main text. The spectral
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radius ρ
(
FV−1

)
is the biggest solution of a third-degree polynomial, not easy to evaluate. The

procedure proposed in [33] allows us to obtain the threshold R0 as the sum of coefficients of the
characteristic equation. Hence, the trivial equilibrium point P0 is locally asymptotically stable if
R0 < 1.
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