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ABSTRACT

An analytical solution of the three dimensional advection- diffusion equations has been formulated
to simulate the dispersion of pollutants in the planetary boundary layer. The solution is based on the
assumption that the concentration distribution of pollutants in the crosswind direction has a Gaussian
shape and the wind speed is constant. The analytical solution has been obtained in two cases where,
the vertical eddy diffusivity is taken to be dependent on: (a) the downwind distance x only and (b)
the vertical height z only. The dry deposition of the diffusing particles on the ground is taken into
account throughout the boundary conditions. The resulting analytical formulae have been applied to
calculate the concentration of I-131 using data collected from the experiments conducted to collect
air samples around the Research Reactor. Statistical measures are utilized in the comparison between
the predicted and observed concentrations. The results are discussed and presented in tables and
illustrative figures.
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RESUMO: MODELAGEM DE DISPERSAO ATMOSFERICA COM DEPOSICAO SECA: UMA
APLICACAO EM UM REATOR DE PESQUISA

Uma solug@o analitica das trés equacdes de difusdo advecgao-dimensional foi formulada para simular
a dispersdo de poluentes na camada limite planetaria. A solugdo baseia-se no pressuposto de que a
distribui¢do da concentrag@o de poluentes na dire¢do do vento lateral tem uma forma Gaussiana ¢
com velocidade do vento constante. A solugdo analitica foi obtida para dois casos, onde a difusividade
turbulenta vertical ¢ levada para ser dependente: (a) somente da distancia a favor do vento x ¢ (b)
apenas da altura vertical z. A deposicdo seca de particulas de difusdo no solo ¢ levada em conta em
todas as condigdes de contorno. As formulas analiticas resultantes foram utilizadas para calcular a
concentragdo de I-131, usando os dados coletados a partir dos experimentos realizados para coletar
amostras de ar em torno do reactor de investigagdo. Medidas estatisticas sdo utilizadas na comparagao
entre as concentragdes previstas e as observadas. Os resultados sdo discutidos e apresentados em
tabelas e figuras ilustrativas.

Palavras-Chave: Dispersdo atmsoférica, difusividade turbulente, depositagdo seca, avaliagdo de
modelo.

1. INTRODUCTION

The atmospheric advection- diffusion equation (e.g.,
Sceinfeld 1986) has long been used to describe the transport
of pollutant in a turbulent atmosphere. Its analytical solution
is of fundamental importance in understanding and describing
physical phenomena (Pasquill and Smith 1983). The analytical
solution has many advantages over numerical solution, since

all parameters appear explicitly in the solution, so, their effect
can be easily investigated (Nieuwstadt, 1980). The analytical
solution is used to examine the accuracy and performance
of the numerical solutions (Runca and Sardei, 1975; Liu and
Seinfeld, 1975; Runca, 1982). An analytical solution that has
received much attention and has been studied extensively is the
Gaussian plume model. This model assumed that wind speed
and turbulence diffusion coefficients are invariant with height.
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In this paper we present an analytical treatment of the
three dimensional advection-diffusion equation under the
assumption that the concentration distribution of pollutants
in the crosswind direction has Gaussian shape. Also, the wind
speed is assumed constant. The analytic solution has been
derived in two cases:

(1) The vertical eddy diffusivity depends on the
downwind distance x only.

(2) The eddy diffusivity depends on the vertical height
z only.

The dry deposition of the diffusing particles on
the ground is taken into account throughout the boundary
conditions. Also, the radioactive decay of the pollutant is taken
into consideration. Each of the resulting analytical solutions
has been applied to estimate the concentration of I-131 by
using data collected from the experiments conducted to collect
air samples around the Research Reactor. Statistical measures
have been used to compare the performance of the analytical
models derived here. The results of this study are discussed and
presented in tables and illustrative figures.

2. MODEL DESCRIPTION

The dispersion of contaminants in a turbulent medium is
usually described by the advection- diffusion equation, which
reads

o€, oC, aC, doC_ 9 (K achr d [K acj_

o Vo VT U ) Ty LY gy
d dC
+£(Kzg]+S+R, (1

where C is the mean contaminant concentration, S represents
the source term, R is the removal term, and u, v, w are the
wind components and K, K, and K, are the eddy diffusivity
coefficients along the x, y and z directions, respectively.
Equation 1 was simplified by considering the following
assumptions;
1- Steady-state conditions, that is
2-
%« =0, (2
ot
3-Themean wind blowing along the x axis, so that v=w=0,
4- The x transport by the mean flow is greatly outweighs
the eddy flux in that direction, that is

uac>>a(K E)C] (3)
ox ox \ X odx

5- There in no source and removal of contaminants , i.e.,
S=0 and R=0.

Volume 29(3)

Under these assumptions Equation 1 reduces to

W22 iy KJu 2 (i, L. @
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By assuming the Gaussian concentration distribution
in crosswind direction (Huang, 1979; Irwin et al., 2007), the

solution of Equation 4 in a three dimensional can be written as:
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where, C(x,2) is the crosswind integrated concentration and 6,
is the lateral dispersion parameter.

The crosswind integration of Equation 4 from -oo to +
oo leads to:

C(x,y,z) =C(x,2)

C(x,z) 8C(x,z))
=— 1K R 6
N ox Bz( Z 9z ©
where
oo
C(x,2) = [C(x,y,2)dy- (M

The mathematical formulation of C(x,z) is obtained by
solving Equation 6 under the following boundary conditions:

(a) The crosswind-integrated concentration decays in
the vertical direction:

C(x,2z) >0 as z—>oo ®)

(b) The law of conservation of the flux of pollutant can
be written as:

uC(0,z) = Qd(z—h) O]

where h is the height of the mixing layer, Q is the emission rate
and 9 (.) is the Dirac delta function.

(c) The dry deposition of pollutants on the ground surface
is taken into account through the boundary condition:

dC(x,2) _
Z oz

K

VdC(X,Z) at z=0, (10)

where, vy is the deposition velocity.
(d) the pollutants are removed immediately upon contact
with the top of the mixing layer, i.e.,

Cx,z)=0 at z=h. mn

The analytic solution of Equation 6 is derived in two cases:
2.1 The first case

The eddy diffusivity depends only on the height z above
the ground, and takes the form:
K, =ku,z (12)
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Therefore, Equation 6 becomes:

2
u dC(x,2) ~ ku,z 0°C(x,2) tku, dC(x,2)
ox 072 0z

(13)

where, k is the von-Karman’s constant and is taken to be 0.4,

and u« is the friction velocity.
Using the separation of variables technique:

C(x,2) = y(x) ¢(2) (14)
which transforms Equation 13 into two ordinary differential
equations:

The first equation is:
ku,
v T2y =0 (15)
dx u

and its solution has the form:

_g)\gx (16)
yx)=yoe Y

where, -\? is aseparation constantand \y,, is an integration constant.
The second equation is:

2
zd—(2p+@+x2<p=0 17)
dz dz
On using the transformation
w=2Mz (18)
The above equation becomes as:
2
w2de 90 20 g (19)
dw? dw

which is the Bessel equation of zero order and its general
solution is given by:

o(w) =cJy(w)+¢,Y,(w) (20

where J; is the Bessel function of the first kind of order 0, and
Y, is the Bessel function of the second kind of order 0.

Returning to the original variable, the general solution
of Equation 6 can be written as:

ku*}L2

Cx,2) = [AJ,27) + BY, @W2)]e U @

Application of the boundary condition Equation 10 at
z=10 on the above equation, yields B =0, and Equation 21
becomes as:

~ ku* 2x
C(x,2)=Al,2Mz)e U 22)

Application of the boundary condition Equation 9 on
Equation 22 gives:
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Qn
A=t (23)
uw/h T, 2xv/h)

Application of the boundary condition Equation 11 on
Equation 22 yields:

Jy(@/h)=0 (24a)
On putting A_2A,, (n=1.2,...... ), one gets:
Jo@han)=0 (24b)

So, the values of A, can be determined from the zeroes
of Equation 24b.
The general solution of Equation 4 takes the form:

ku*x}L2 _

J,@Wz)e U e

2
262
C(x,y,2) = °y

QL
ucy\/ZTCh J,20Vh)
(25)

2.2 The second case

The eddy diffusivity depends only on the downwind
distance x, and has the form:

K, =ku,x (26)
So, Equation 6 becomes:
2
u dC(x,2) ~ kuux 0°C(x,2) 27)
ox 07>

The separation of variables technique Equation 14
transforms Equation 27 into two ordinary differential equations;
The first equation is:

v X520 (28)
dx u
and its solution has the form:
_A20

29
W) = ype 2 @

The second equation is:

2 2
7o
dZ2 ku,

¢=0 (30)

And its solution has the form:

L, I V.
NS VK, 31
O(z)=ce +c,e
So, the general solution of Equation 6 has the form:

1&gz -1y 22s
[ku, ku, —£—x
C(x,2)=| Ae +Be 2u (32)
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Application of the boundary condition Equation 8 on
Equation 32 yields A =0, and the condition Equation 9 gives:

"
u
B= Q eV ¥ (33)
uh
Therefore, Equation 32 becomes as:
ir
- (z-h) A2
[ku —ATx2
cxz=2 e * e 2u (34)

u

And from the boundary condition Equation 10 we get:
2
v
A2 =-—94 (35)
ku.x

The general solution of Equation 4 can be written as:

ez e <Y
Cix Z):# . ku, x 2u . ch
Y J2n uhcsy
(36)
3. RADIOACTIVE DECAY

In the case of short-lived radionuclides, the radioactive
decay will reduce the concentrations of a radionuclide as
it disperses downwind; the corrected concentration can be
obtained by multiplying the initial source strength, Q, by the
following depletion factor (IAEA, 1982):

- X

Fo=c fu (37)
where, A, is the radioactive decay constant of the radionuclide
with the units of reciprocal time, and represents the fraction of

the radionuclides that decay per unit time.

4. STATISTICAL ANALYSIS OF THE MEASURED
AND PREDICTED CONCENTRATIONS

The most commonly statistical measures used for model
evaluation were chosen for the present analysis are (Fariba and
Hanadi, 2004 and Davidson et al., 2005):

(1) The normalized mean square error is defined as

NMSE =(C, -C,)*/C, xC, (38)
where C,, and C,, are the observed and predicted concentrations,
respectively. It gives information on the overall deviations
between the predicted and observed concentrations. A good
model should have NMSE value close to zero

(2) The correlation coefficient

Volume 29(3)

R =(C,-Co)(C, —Cy)/o,0, (39)

where o, and o}, are the standard deviations of the observed
and predicted concentrations, respectively. The value of R lies
between 0 and 1 and for good performance of a model it should
be close to unity.

(2) The fractional bias is given by

FB = (Co —Cp)/0.5(Co +Cp) (40)

It provides information on the tendency of the model to
overestimate or underestimate the observed concentrations. A
good model should have FB value close to zero.

(4) Factor of two and factor of five:

FAC2 = fraction of data (%) for which 0.5 <C,/C,< 2
(41)

FACS = fraction of data (%) for which 0.2<C/C,< 5
(42)

The value of FAC2 and FACS5 should be close to unity
for good model performance.

5.ANAPPLICATION ON ARESEARCH REACTOR

The resulting analytical models are used to calculate
the concentration of Iodine I-131 released from the Research
Reactor. The data used was obtained from the experiments
performed to collect air samples around the Reactor under
neutral and stable conditions. The samples were collected at a
height of 0.7 m above the ground. The emissions were released
from a stack of height 27 m. The roughness length of the area
around the Reactor was 0.6 m (Khaled, 2009). The deposition
velocity of lodine v4 = 0.01 m/s and the decay constant A, of
Todine I-131 has the value 9.95x1077 per second.

Summary of the meteorological conditions and the
observed concentrations during the experiments presented in
Tables 1, 3 and 4 are taken from Khaled, (2009). The values
of lateral dispersion parameter 6, were calculated using the
Briggs (1973) formulae in urban conditions, see Table 2.

6. RESULTS AND DISCUSSIONS

The concentrations of lodine I-131 below the centerline
of the plume C (x, 0, z) in Bq/ m® were calculated in neutral and
stable atmosphere by using the new models Equations 25 and
36, the results are presented in Tables 3 and 4. The comparisons
between the observed and predicted concentrations of I-131 in
neutral and stable conditions are represented graphically as in
Figures 1 and 2.
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Table 1 - Summary of meteorological conditions during the experiments (Khaled, 2009).

Exp. Ujg AT/Az  Atmospheric L U U7 mixing height (h)
(m/s) (°C/100) stability (m) (m/s) (m/s) (m)
1 4.8 -0.52 D 0 0.67 5.80 2680
5 1.9 -0.12 E 55 0.50 3.80 209

Table 2 - Formulas recommended by Briggs (1973) for o, (x) and 5, (x); 10°<x <10* m.

Atmospheric oy (x) o, (X)
stability (m) (m)
D 0.16x (1+0.0004x) ™ 0.14x (1+0.0003x)™
E and F 0.11x (1+0.0004x) " 0.08x (1+0.00015x) "

Table 3 - Observed and predicted concetrations of [-311 in stable condition.

Predicted conc. in. Bq/m3 by

Model 1 Eq. (25)

Model 2 Eq. (36)

distance Obs. Conc.

(m)

100 0.25
110 0.26
120 0.28
130 0.28
140 0.27
150 0.26
160 0.25
170 0.21
180 0.19
190 0.16
200 0.11
300 0.04
400 0.01

0.25 0.60
0.22 0.56
0.20 0.51
0.19 0.48
0.17 0.45
0.16 0.42
0.15 0.40
0.14 0.38
0.13 0.36
0.12 0.34
0.12 0.32
0.08 0.22
0.06 0.17

Table 4 - Observed and predicted concetrations of I-311 in neutral condition.

Predicted conc. in. Bq/m3 by

Model 1 Eq. (25)

Model 2 Eq. (36)

distance Obs. Conc.

(m)

100 4.10
110 3.80
120 3.80
130 3.70
140 3.40
150 3.20
160 3.10
170 3.00
180 2.90
190 2.70
200 2.40
300 1.40
400 0.50

2.60 0.68
2.16 0.68
1.84 0.68
1.59 0.67
1.40 0.65
1.24 0.64
1.12 0.63
1.01 0.61
0.93 0.60
0.85 0.59
0.79 0.57
0.45 0.46
0.31 0.38

A scatter diagram of the predicted concentrations by the
new models and the corresponding observations under stable
and neutral cases is shown in Figures 3 and 4, respectively. The
dotted lines indicate a factor of two and dashed lines indicate a
factor of five departures from a perfect prediction (solid line).

To evaluate the performance of the derived models
statistical analysis is performed on the observed and predicted
concentrations under stable and neutral conditions. The results of

the statistical measures used to evaluate the model performance
are shown in Table 5.

Tables 3 and 4 and Figures 1 and 2 show a very good
agreement between the observed and predicted concentrations
by Equation 25 under neutral condition, and a reasonable
agreement by Equation 36 in stable case. Also, show a less
agreement between the observed and predicted values by
Equation 25 in stable case and by Equation 36 in neutral case.
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Table 5- Statistical measures evaluating the model performance.
Predicted Models R NMSE FB FAC2 FAC5
Model 1 (Eq. (25))
E 0.81 3.26 -1.30 0.0 0.62
D 0.88 0.02 0.06 0.92 1.0
Model 2 (Eq. (36))
E 0.82 0.56 -0.68 0.54 0.85
D 0.92 3.50 1.32 0.08 0.62
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Figure 1- Comparison between the predicted and observed I-131
concetrations along the plume centerline in stable case.

Figures 3 and 4 and Table 5 reveal that each of Equation
25 and Equation 36 over predicts the observed concentrations
in stable case and under predicts in neutral case.

The statistical measures (Table 5) show that a very good
agreement is obtained between concentrations observed and
predicted by Equation 25 in neutral conditions, with NMSE
and FB values nearest zero, R (0.88), 92% of the predicted
concentrations within the factor of two and all the predicted
values within the factor of five. Also, show a reasonably
agreement by Equation 36 in stable case, with NMSE (0.56)
and FB (-0.68), R (0.82), FAC2 (54%), and FACS5 (85%). Each
of Equation 25 in stable case and Equation 36 in neutral case
gives similar values for the statistical indices which indicate a
less agreement between observed and predicted values.

7. SUMMARY AND CONCLUSIONS

An analytical solution of the three dimensional advection-
diffusion equations has been formulated in two cases where, the
vertical eddy diffusivity is taken to be dependent on: (a) the
downwind distance x only and (b) the height z only. The solution
is based on the assumption that the concentration distribution of
pollutants in the crosswind direction has a Gaussian shape and
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Figure 2- Comparison between the predicted and observed I-131
concetrations along the plume centerline in neutral case.
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Figure 3- Scatter diagram of the observed and predicted concentraions
by the new models in stable case. Dashed lines indicate a factor of five,
dotted lines a factor of two, solid line is the one-to-one line..

the wind speed is constant the dry deposition of the diffusing
particles on the ground is taken into consideration throughout the
boundary conditions. The resulting formulae have been applied
to calculate the concentration of I-131 using data collected
from the diffusion experiments conducted around a Research
Reactor. Statistical analysis was performed on the observed
and predicted concentrations to evaluate the performance
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5 N Gone. Predicted by: HUANG, C. H. A theory of dispersion in turbulent shear flow.
// L~ #Eq(25) AEq. (36) . Atmospheric Environment, v. 13, p. 453-463, 1979.
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Figure 4- Scatter diagram of the observed and predicted concentraions
by the new models in neutral case. Dashed lines indicate a factor of
five, dotted lines a factor of two, solid line is the one-to-one line..

of the derived models. The results of this study have been
discussed and presented in tables and illustrative figures. The
statistical measures reveal that Equation 25 presents a very good
performance in neutral case.
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