
Brazilian Journal of Physics, vol. 32, no. 3, September, 2002 705

A Novel Percolation Theory for High

Temperature Superconductors

E.V.L. de Mello, E.S. Caixeiro, and J.L. Gonzal�ez

Departamento de F��sica, Universidade Federal Fluminense,
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We present a percolation theory for the high-Tc oxides pseudogap and Tc dependence on the hole
level. The doping dependent inhomogeneous charge structure is modeled by a distribution which
may represent the stripe morphology and yield a spatial distribution of local Tc(r). The temperature
onset of spatial dependent superconducting gap is identi�ed with the vanishing of the pseudogap
temperature T �. The transition to a superconducting state corresponds to the percolation threshold
among regions of di�erent Tc. As a paradigm we use a Hubbard Hamiltonian with a mean �eld
approximation to yield a doping and temperature dependent superconducting d-wave gap. We
show here that this new approach reproduces the phase diagram, explains and gives new insights
on several experimental features of high-Tc oxides.

I Introduction

High-Tc oxides has been discovered �fteen years ago[1]

but many of their important properties remains not well

understood. Among these, the pseudogap phenomenon,

that is, a discrete structure of the energy spectrum

above Tc, identi�ed by several di�erent experiments[2],

has its nature not yet been clari�ed. Such open problem

has attracted a lot of experimental and theoretical e�ort

because it is general belief that its solution is related to

the understanding of the superconducting fundamental

interaction.

The evidence of such energy gap above the

superconducting phase is clearly demonstrated by

tunneling[3, 4] and angle-resolved photoemission

spectroscopy[5, 6] experiments. In the resistivity mea-

surements its presence is seen by a decrease in the linear

behavior below T �[7, 8] and in the speci�c heat as a sup-

pression in the linear coeÆcient 
 of the temperature[9].

There is also mounting experimental evidences that

the hole doped inhomogeneity into the CuO2 planes,

common to all cuprates, is directly related to the pseu-

dogap phenomenon. In a given family, the under-

doped compounds near the doping onset of supercon-

ductivity have the more inhomogeneous charge distri-

butions and the larger T �. As the doping level in-

creases, the samples become more homogeneous while

T � decreases[10, 11, 12]. For overdoped compounds

T � disappears or becomes equal to Tc. The inhomo-

geneities were long supposed to be important in the

studies of high temperature superconductors[13] but

only after the discover of the spin-charge stripes[14],

they have become a matter of systematic studies. In

the spin-charge stripes scenario, regions of the CuO2

planes are hole-rich (the stripes) and others regions are

hole-poor which �ll the space between the stripes.

Recently, magnetic excitations as the vortex-like

Nernst e�ect have been reported above Tc[15] and a

local Meissner state, which usually appears only in the

superconducting phase, has been seen as a precursor

to superconductivity[16]. Such inhomogeneous diamag-

netic domains develop near T � and grow continuously

as T decreases towards Tc. Near Tc, the domains appear

to percolate, according to Fig.3 from Iguchi et al.[16].

Based on all these experimental �ndings, about the

pseudogap phenomenon, local charge inhomogeneities

and a non percolative local Meissner state between T �

and Tc, we propose a new scenario to explain the high

Tc superconductors phenomenology: due to the doping

dependent charge inhomogeneities in a given compound

with average charge density �m, there is a distribution

of local clusters with spatial dependent charge density

�(r), each with its superconducting transition tempera-

ture Tc(r). T
� is the largest of all Tc(r). As the temper-

ature falls below T �, some clusters become supercon-

ducting, but they are surrounded by metallic and/or an-

tiferromagnetic insulating domains and, consequently,

the whole system is not a superconductor. The num-

ber of superconducting clusters increases as the temper-
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ature decreases, so the superconducting regions grow

and, eventually, at a temperature Tc, they percolate

and become able to hold a macroscopic dissipationless

current. Exactly as the Meissner state domains shown

in Fig.3 of Iguchi et al.[16]. Similar ideas were discussed

by Ovchinnikov at al[17]. They were concerned mainly

with the microscopic mechanism which leads to a dis-

tribution of Tc(r) and its e�ect on the density of state.

In order to show that these ideas are able to make

quantitative predictions and reproduce the high-Tc ox-

ides phase diagram, we have performed calculations on

a Hubbard model and a gap equation is obtained within

mean �eld approach to derive T ���. Afterwards, using

the percolation approach, we show that we can repro-

duce also the experimental values for the Bi2212 Tc��.

II The Charge Distribution

The presence of microscopic charge inhomogeneities

distribution in the CuO2 planes in a striped con�gu-

ration is well documented[14]. It also implies in strong

modi�cations for the local structure as the local Cu�O

bond length changes its size with the average local dop-

ing level[10, 11, 18].

The consequence of these intrinsic microscopic

charge inhomogeneities distribution in the CuO2

planes, is the existence of two phases which are spon-

taneously created in the CuO2 planes; regions which

are hole-rich form the stripes and others regions which

are hole-poor (the antiferromagnetic insulator region)

and are created between the charge-rich stripes (the

metallic region). The exactly form of these charge dis-

tributions is not known and it is presently matter of

research[10, 11, 18] but we can draw some insights from

the STM/S results of Pan et al.[12]. Based on these

STM/S data, we have chosen a combination of a Pois-

son and a Gaussian distribution. For a given compound

with an average charge density �m, the hole distribu-

tion P is a function of the local hole density �, P (�; �m).

It is divided in two branches: The low density branch

represents the insulating regions, and the high density

one represents the metallic regions. As concerns the

superconductivity, only the properties of the hole rich

branch are important since the current 
ows through

the metallic region. Such distribution may be given by:

P (�) = �(�� �c)exp(�(�� �c)
2=2(��)

2)=

(�2)(2� exp(�(0:10)2=2(��)
2)) (1)

The plus sign is for the hole-rich (�c � �m) for

�m � �, the minus to the hole-poor branch (�c = 0:10)

for � � 0:10 and P (�) = 0 for 0:10 � � � �m.

From the experimental STM/S Gaussian histogram dis-

tribution for the local gap[12] in an optimally doped

Bi2Sr2CaCu2O8+x (�m � 0:32) (see Fig.2d of Ref.12),

we get that the half-width for the metallic branch is

about half of the mean doping value, that is 2�+ = 0:16,

since the local gap is proportional to the local hole den-

sity. Furthermore �+ is related with the degree of in-

homogeneities, and we estimate the �+ values for the

other compounds using the fact that it decreases with

the hole density.

The distribution P (�) for �m = 0:32 and �+ = 0:08

is shown in Fig.1a.. As a general feature for a family

of compounds, based also in the experimental results of

Pan et al.[12], for samples with �m � 0:5, the charge

distribution becomes a simple Gaussian centered at �m
with � � 0:04, which re
ects the non-existence of the

stripes phases for overdoped samples.

The values of �� for a given sample are chosen in

order that percolation in the hole-rich branch occurs

exactly at a given density �p. Thus T
�(�p) is the maxi-

mum temperature which the system can percolate and

which we identify as equal to Tc(�m). According to the

percolation theory, the threshold of percolation occurs

in a square lattice when 59% of the sites or bonds are

�lled[19]. Thus, we �nd the density where the hole-

rich branch percolates integrating
R
P (�)d� from �m

till the integral reaches the value of 0.59, where we

de�ne �p. Below Tc(�m) the superconducting region

percolates and, consequently, it is able to hold a dissi-

pationless supercurrent. To estimate Tc(�m) we need

to calculate T � as function of �.

III The Phase Diagram

To develop the dynamics of the hole-type carriers in

the CuO2 planes, we adopt a two dimension extended

Hubbard Hamiltonian in a square lattice of lattice pa-

rameter a

H = �
X

�ij��

tijc
y
i�cj� + U

X

i

ni"ni#

+
X

<ij>��0

Vijc
y
i�c

y
j�0cj�0ci� (2)

where tij is the hopping integral between sites i and j;

U is the Coulomb on-site correlated repulsion and Vij is

the a phenomenological attractive interaction between

nearest-neighbor sites.

Using a BCS-type mean-�eld approximation to de-

velop Eq.(2) in the momentum space, one obtains

the self-consistent gap equation, at �nite tempera-
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tures [20, 21, 22]

�k = �
X

k0

Vkk0

�k0

2Ek0

tanh
Ek0

2kBT
; (3)

with Ek =
p
"2
k
+�2

k
; which contains the potential

Vkk0 . For a d-wave order parameter, U is summed out

of the gap equation and the amplitude of the attrac-

tive potential V is the only unknown variable which

becomes an adjustable parameter[22, 23]. "k is a dis-

persion relation. The hole density and the gap equa-

tion, are solved self-consistently for a d-wave order

parameter[22, 23].

In Fig.1b we plot the temperatures of vanishing gap

T � as function of �, derived with the above equations.

Here we use V = �0:150eV which reproduces well the

experimental values of T �� � for the Bi2212 system[7].

The hopping parameters are within 15% to those taken

from ARPES measurements [24] with a nearest neigh-

bor hopping tij = 0:12eV (tij = 0:147eV in ref.24) and

further hopping parameters up to �fth neighbor. The

particular form of the T � curve depends on the values

of these hoppings. Notice that the density of holes has

a factor of 2 with respect to the values given by Ref.[7],

but in agreement with ref.[21] as it is more appropriate

for the Bi2212 system[25].
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Figure 1. 1a) The probability distribution for the optimal
compound with �m = 0:32. 1b)The calculated onset of van-
ishing gap T �(�). The thick arrow shows T �(�m) and the
dot-dash arrow shows how Tc(�m) is found. The experimen-
tal points and the symbols are taking from Ref.[7]

The T � � �m and Tc � �m diagrams are obtained
as follows: A compound with an average hole content
higher than the onset of superconductivity for Bi2212,
that is, �m � 0:15, has its metallic branch with lo-
cal densities �(r) varying from �m to higher values. In
this range, T � is a decreasing function of �. There-
fore for temperatures above T �(�m), there is neither
any gap nor any superconducting region and T �(�m)

marks the appearance of a gap in the sample. That
is why T �(�m) is the T

� of the system. On the other
hand, Tc(�m) is calculating integrating

R
P (�)d� from

�m till the integral reaches the value of 0.59 (the inte-
grated region is marked with vertical lines in Fig.1a),
where we de�ne �p. Only at T � T �(�p) (see Fig.1a
for �p = 0:48) the compound may hold a supercon-
ducting current since the superconducting regions per-
colates through the sample. Thus T �(�p) is the perco-
lating threshold and it is equal to Tc(�m) as one can
see following the dot-dashed line in Fig.1a and 1b).

It is worthwhile to mention that the percolating ap-
proach could also be used with others methods to cal-
culating T �� �m, like, for instance, the one which uses
the Hubbard-Holstein Hamiltonian[27].

IV Discussion

The fact that T � decreases continuously with � in the
superconducting region (�m > 0:15), as seen in Fig.1b,
is very suggestive and it is in agreement with the early
ideas regarding a phonon mediated superconducting in-
teractions: Materials whose vibrating atoms interact
strongly with the electrons, and are poor metals, should
become superconductors at higher temperatures than
those good metals, whose atoms interact weakly with
electrons[26]. For cuprates, as the doping level of the
samples increases, it is well known that the compounds
change from very poor metals in the normal phase to
very good metals with typical Fermi liquid behavior for
overdoped samples. Since T ���m is a decreasing func-
tion of doping for any cuprate family beyond the onset
of superconductivity, such behavior may be a strong in-
dication of the phononic superconducting interaction.

There are several observations and measurements
that can be well explained within the percolating ap-
proach, we will discuss here only a few examples.

1-Harris et al.[28], through ARPES measurements,
have reported the anomalous behavior of �0(�m) which
decreases steadily with the doping �m although Tc in-
creases by a factor of 2 for their underdoped sam-
ples. In the overdoped region, since Tc also decreases,
the behavior is the expected conventional proportion-
ality. It is well known that superconductors have a
constant value for the ratio 2�0=kBTc, being 3.75 for
usual isotropic order parameter and 4.18 for dx2�y2
solution[29].

At low temperature, since the superconducting re-
gion percolates through di�erent regions, each with a
given �0(r), tunneling and ARPES experiments detect
the largest gap present in the compound. Consequently,
�0(�m) must be correlated with the onset of vanishing
gap T �(�m) which is the largest superconducting tem-
perature in the sample, and not with Tc(�m). As we
show in Fig.2, correlating the values for T �(�m) with
�0(�m), we are able to give a reasonable �t for the data
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of Harris et al.[28] on Dy � BSCCO and explains the
di�erent energy scales pointed out by Harris et al. and
several others authors.
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Figure 2. The zero temperature gap for 9 samples as mea-
sured by Harris et al[28] and our calculations.

2- The resistivity for underdoped and optimum
doped compounds deviates at T � from the linear behav-
ior and falls faster as the temperature[2, 7] decreases.
This behavior can be understood by our model, with
the increasing of superconducting cluster numbers and
size, as the temperatures decreases below T �. Each
superconducting cluster produces a short circuit which
decreases the resistivity below the linear behavior be-
tween T � and Tc.

3- As mentioned in the introduction, the existence
of superconducting cluster between T � and Tc easily ex-
plains the appearance of local diamagnetic or Meissner
domains, and, if there is a temperature gradient in the
sample, the local 
ux 
ows and produces the dynamic

ux 
ow state[15].

4- Another important consequence is that the pair-
ing mechanism must be investigated by experiments
performed mainly at T �. A such experiment was ac-
complished by Rubio Temprano et al.[30], which mea-
sured a large isotope e�ect associated with T � and
an almost negligible isotopic e�ect associated with Tc
in the slightly underdoped HoBa2Cu4O8 compound.
The results strongly support the fact that electron-
phonon induced e�ects are present in the superconduct-
ing mechanism associated with T �.

V Conclusions

We have demonstrated that the percolating approach
for an inhomogeneous charge distribution on the CuO2

planes provides new physical explanations for many ex-
periments performed on high-Tc oxides and quantitative
results for their phase diagram.

Contrary to some current trends, in which Tc is re-
garded as a phase coherence temperature and the ex-
istence of a gap phase without coherence between Tc
and T �, in our approach, Tc is a percolating temper-
ature for di�erent regions which, due to the inhomo-
geneities, possess di�erent local superconducting tran-
sition T �(r). Similarly, instead of having a supercon-
ducting gap �sc and an excitation gap � associated
with T �, we have a distribution of locally dependent
�sc(r).

The percolation method introduced here can be ap-
plied in any cuprate and yields also several new impli-
cations which will be discussed elsewhere, but one of
the most interesting is that one can search for materi-
als with very large Tc's if a better control of the local
doping level is achieved.
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