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We illustrate the importance of mass scales and their relation in the specific case of the linear sigma model
within the context of its one loop Ward identities. In the calculation it becomes apparent the delicate and
essential connection between divergent and finite parts of amplitudes. The examples show how to use mass
scales identities which are absolutely necessary to manipulate graphs involving several masses. Furthermore, in
the context of the Implicitly Regularization, finite(physical) and divergent (counterterms) parts of the amplitude
can and must be written in terms of a single scale which is the renormalization group scale. This facilitates,
e.g., obtaining symmetric counterterms and immediately lead to the proper definition of Renormalization Group
Constants.

I. INTRODUCTION implicitly the presence of a regulator in the integrals and al-

gebraically manipulate the integrand until such a separation is
achieved. The divergent parts are left in the form of integrals
which enable us to recover the result of any regularization pre-

A field theory predictivity, or the ability to obtain results .
scription.

valid to all orders of perturbation theory, relies on logical con- . .
P Y 9 The reason we have chosen the chiral model is related to

ditions: the renormalization program has to be a systemati X . \
and unambiguously fixed algorithm that satisfies the fundai;ne presence of the matrix, and to show it can be handled in

mental properties of locality and causality: it should corre-2-dimensions without difficulties. The presence of three dif-

spond to the addition of local counterterms to the Lagrangiarﬁerem masses in this model help us illustrate the scale change

density. In general, any renormalization procedure involveén?rchhan'smk'r.' the con_tex(; of V\;a:ld |de.nt.|t|eti. tion Il
two steps [1]: 1) A choice of Regularization followed by a |stvzlrc])r |sdor|ganc|jzt?1 asl 0 O,ENV‘Q\’/' IcTT E iec l'(‘??‘d ,\['.‘f
subtraction procedure. 2) A set of renormalization condition resent the model and the relevant Ward- fakahaski identities.

in order to define the parameters of theory at a given scale. n sec;tlon Il we verify that ph|ral symmetry helps. taming
This scale acquires a very crucial role. From the mos he divergent content of this model. In the section IV we

naive point of view it is an arbitrariness coming from the fact rieﬂy recall the Implicit Regula_rization P_rescription. _In the
that the separation of a divergent amplitude in a finite plus di_secnon V we show the_ mechanism of using the rela'_uons b_e-
een mass scales. Final comments can be found in section

vergent part is defined up to a constant. In several approach
in the literature it appears in different ways, for example in Di- "
mensional Regularization [2] it appears for dimensional rea-
sons. In Differential Renormalization [3] it appears as an inte-
gration constant. In our scheme it appears in the rather subtle
way, as we will see. . . : .
The purpose of this rather technical work is to perform an The linear sigma moglel has a renormah;able Lagrangian
analytical evaluation of all amplitudes at one loop level whichconstructed by J. Schwinger, J.C [9]. Polkingorne [11], M.
are necessary for agxplicit verification of the Ward identi- C€ll-Mann and M.Levy [10]. In this model the fields are:
ties of the chiral linear sigma model with fermions. In this No(p,n) the nucleon isodublect (fermionsjy, (Th, T, )
work we illustrate the importance of mass scales and their repion isotriplect (pseudoscalarg, sigma (isoscalar). The chi-
lation in the specific case of this model within the context offal symmetric Lagrangian is
its one loop Ward identities. Besides, we use the unrenor-

Il. THE LINEAR SIGMA MODEL

malized amplitude to illustrate the communication between Lo = iNg ;'9N0+% [(0u00)% + (04T0)?] (1)
finite(physical) and divergent (counterterms) parts of the am- 5

plitude in order to check the Ward identities. The examples _&(024_?,(2)) _ E(GZJFﬁ(ZJ)Z

show how to use mass scales identities which are absolutely 2 _o 4°7°

necessary to manipulate graphs involving several masses. Fur- —GoNo (0o +iYT.T)No

thermore, in the context of the Implicitly Regularization [4] ) i i

[5][6], finite(physical) and divergent (counterterms) parts of | "€ chiral breaking term is usually

the amplitude can and must be written in terms of a single

scale which is the renormalization group scale. This facil- Lq = CoO, @)

itates, e.g., obtaining symmetric counterterms and immedi- o-e

ately leads to the proper definition of Renormalization Groupwherec, is a parameter.

Constants. The explicit chiral symmetry breaking terms, as is well
Our technique to handle such amplitudes is to assume onlknown, will give rise to a nonvanishing vacuum expectation
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value of the sigma fiel&k g, >= v,. We therefore perform points functions (quadratically and linearly divergent). In a
a shift in order to have the Lagrangian in terms of fields withgeneral way this fact allows to establish algebraic relations

zero expectation value as below. among the subtraction constants of the divergent Green func-
tions of a theory and, therefore, it is a useful tool in the renor-
So = 00— Vo (3)  malization procedure. Nevertheless Ward Identities can be

violated by some used regularization scheme [7] like gauge

The redefined Lagrangian reads symmetry in the Quantum Electrodynamics. For the linear

- sigma model chiral symmetry it is really regularization inde-
Lr=Let L “) pendent. In an explicit calculation of one loop amplitudes
where we verify that all quadratically and linearly divergent inte-
_ grals cancel in the verification of the relative Ward Identities.
L = No(i @—GoVo)No This cancellation occurs at the level of the evaluation of the
+1/2[(apso)2 (B 3MB)E] z;%(i:rgg.ce and therefore no specific regularization method is
+1/2[(9,T%)% — (5 + AoV5) TG 5) We will use the mass parametgrsvl andm corresponding

respectively to the free fields of the pion, sigma and nucleon.
The first Ward identity that we consider is

L = —~GoNo(So+1YT.To)No “FVieo(p,0)] = Dg(p) ~Drl(p?)  (12)

2212
—Ro/4(s5 +qu€) whereDg(p?) andDy(p?) are the sigma field propagator and
—NoVo(S5 +T5) %o (6)  pion field respectivelyV,z,(p,0) is the three point function

, i with a pion leg at zero external momentum. The second Ward
We can now read off the nucleon, pion and sigma MeSOfYentity can be written as

and

masses
. 1
My = GoVo @ iF [Vmn (P, 0)] = 5 {TaVS,gl(p)} . (13)
In the expression abovg means anticomutato§( p) is the
M2 = 12 + AoV (8)  nucleon propagator antlm (p, 0) is another three point func-

tion. Only two point functions have quadratic and linear di-
s o vergences. We therefore conclude that the above two Ward
M3 = 15+ 3hoVg (9 identities will be enough to verify the one loop cancellation

' . of the integrals containing quadratic and linear divergences.
We also define, for purposes of Ward Identities, seven ver- Let us first analyze the identity in equation (12). The in-

tices functions, ywth mesons having zero momentum and thgerse of the pion propagator is given by
fermions on their mass shell

D—l 2 — 2 2 ZT[ 2 14
VNT[NaVNONaVT[47Vo'47Vn202aVn20,Vo3 (10) " (p ) P H R(p ) ( )
where
The indices indicate the interaction involved. The set of Feyn- 5 5 5
man rules we have used are those of Ref. [8] With< 0 >, 2R(p%) = Zg7(p) +27(p9) (15)

o being the renormalized field. The renormalized quantitie

; he indices indicate renormalized amplitudes R and countert-
are introduced as follows,

erms are indicated by CT. Since the contribution comes from

N, = VZEN only two diagrams, we write
(So,Vo,To) = V/Za(s,v,T) Z(p?) = Z3(p?) + 25(P?) (16)
w2 o= i(pz+6pz) where the indices 1 and 2 indicate the contributions of each
Zp diagram. The explicit perturbative expressions for this contri-
Go = Zy/(ZrVZ8)G butions are given in terms of Feynman amplitudes and can be
Ao = (Z)\/Zé))\ (11) written as
R 2 2 2 2
which are enough to render the model finite. iZ7(p?) = 8G*[pulfy, (P, M) — lquad( P, )] a7)
and
lll. A LITTLE HELP FROM CHIRAL SYMMETRY iZ3(p?) = 4F 2N 2l 10g( PP, 12, M?) (18)
where

Now we will verify that chiral symmetry helps “taming”
the divergent content of the model. The Ward Identities re- (02 2 — d*k kH
late three point functions (logarithmically divergent) with two ~'in(P~>1T) = A 2103 (@A) [(p—RZ—r]’

z

(19)
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z

5 B d?k 1 and
lquaa P, ) = A (214 [(p— k)2 — 1P (20 Z g% — K+m
| (=36 S 2y G2
an Z A (2 (I —m2)[(p— k)2 — 2]
d*k 1

(21)  Since{y.,y*} =0, by the Ward identity (13) one can see the
(2m)* (k2 = M?)[(p—k)* — 1] cancellation of the linearly divergent contributions and as be-
The indexA in the integral means only an implicit regulariza- fore no specific regularization method is required.
tion and a specific regulator needs never be used.

We also have the inverse sigma propagator at one loop or-
der.

|Iog(p27 P-Za MZ) = A

IV. THE IMPLICIT REGULARIZATION

Dot (p?) = p? — M? = 33(p?) (22) Now a word about the Implicit Regularization Technique
which we are using are in order. A simple example of its work-
ing procedure can be found in several references [4][5][6], and
59(p?) = 59 (p?) + 3%( p? 23 we give here a simple illustration. In order to illustrate the pro-
R(P) = 2¢r (P (P) 3) cedure, consider the following divergent amplitude, typical of
and since the contribution comes from three diagrams, wene loop order:

In the same way as before

write 7
d*k 1 (33)
2°(p?) = 23 () + Z3(P%) + 23(p°). (24) A (2103 [(k+ p)2 — m?] (K2 — m?)
Here The symbolA under the integral sign presupposes, as dis-

N NP SRR cussed, an implicit regularization. Now, in order to separate
127 (p%) = 8Gpulin (P ’mz) the logarithmic divergence from the finite part, we use the fol-
— lquad(p?, m?) — 2mPliog(p%, P, m?)], (25)  lowing identity in the factor involving the external momentum

p:

i>g pZ :18F2)\2|0 p2,M2,M2 (26) 1 _ N (—1)J(p2+2pk)J
3(p?) ol ) T — 3, S,

(—)N* (PP +2p-K)

(k2 =) [(k+ p)? — ]
The cancellation of the quadratically and linearly divergent o i
contributions can be seen in only the terrﬁ%(pz) and I_n.the above_ expre§S|dN is chosen so that the .Iast term is
Z‘l’(pz). Since the integral!ﬁuad(pz,rr?) andlhln(p27ff12) are Imlte_under Lnteggztlo?hoveli. Noltlce alsot that in the flrs} _
the same for both contributions(p?) and=J(p?).) and erm in equation (34), the external momentum appears only in
] 1 the numerator and thus after integration it can yield at most

since the Ward Identity is given by the difference bEtWeerlpolynomials inp multiplied by divergences. For our present

them, the cqncellatllon is obvious and no specific regularlzaéxt,jm]ple we neel — 0, since we are dealing with a logarith-
tion method is required.

Let us to analyze the second Ward identity (13). In thisrnIC divergence. We can rewrite (33) using (34) as

and N+1

i29(p?) = 6F 2\ 2liog(P?, 12, 12) (27) - (34)

case we must consider the inverse of the nucleon propagator £ 44y 1 2 4 P2+ 2p-k
including its one loop correction A A (k—m2)2 (24 [(k+p)Z—m?| (K2 — m;,)52 '
S8 =p-m+H(p) (28) (33)

Now only the first of these two integrals is divergent. The
(we used the notatiogp = y*py,).In an analogous fashion as in others can be easily integrated out to yield

the preceding case, we have i

| = liog(MP) — —— Zo (P, p? 36
SN(8) =28 (0) +3 () (29) oal™") ~ (g o™ P) 39
and as the contribution comes from two diagrams, we get  where
z
2R =22 () + 22 (P) (30) oy A%k 1
|Iog( ) - A (2.,.[)4 (kz_ rnz)z (37)
The explicit perturbative expressions for this contributions are
given in terms of Feynman amplitudes and
z Z
. d*k K-+m 1 °z(1—2) —m?
SN(p) = G2 31 2y _ pAL=2 7y
[ 1(/p) A (2_,_[)4 (kz_mz)[(p_k)z_Mz] (31) Zo(mz,p ) 0 dzln( e ) (38)
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Note that, since no explicit form for the regulator has been The final result of the IRT manipulation for integral

used, one can make immediate contact with other regulariza- Z
tions. Details of calculations of several one loop amplitudes d*k 1 (45)
and their associated Ward identities by using this method can A (2m* (K2 —&2)[(p—k)2— &3]

be found in [5].
can be written as

i
V. SCALE CHANGE MECHANISM liog(£3) — Wzo(aﬁ,zg, p%;&3) (46)
In this section we will present the mechanism of using theor

relations between mass scales skillfully. We will see how it is i

possible in this scheme to change scales in the Feynman am- liog(§3) — 520(85,87,p% &) (47)
plitudes and how this change is intimately connected to the fi- (41)

nite parts of these same contributions. In fact, this mechanisrgy

is quite general and comes stems from the freedom we have |

when separating , by means of an identity, a finite from a di- ||og(f]2) _ 220(557557 p2;n2) (48)

vergent contribution in a Feynman amplitude. This becomes (4m)
specially useful and adequate in theories involving different

. . ; Let us now proceed to the explicit verification of the Ward
masses, as is the case of the linear sigma model or the SU(3) . .
version of the Nambu and Jona Lasinio model. As we will See|d)ent|t|es (12) and (13) and show that an exchange of mass

this mechanism is rather essential in order to verify the Waréscale) in the finite part (43) precisely corresponds to a mass

identities by using the complete amplitude, i.e., divergent pluseXCh‘"‘r.1ge in the counterterms (4;)' Aiter all calculations we
finite contributions. can write the one loop Ward identity (12) as

Let us begin by using the two definitions already used in the

i
IRT [4]. We start with a definition for basic divergent object. —16m7G?[ljog(MP) — WZO(mZ’ e, p?; )]
The log divergent quantity :
Z g%

liog(&2) = dk 1 (39) 252 2 ! 2 M2 2 M2

log\G1 A (2m0)% (kz_ai)z +FA“{18[ljog(M*) — (4_,_[)220('\/' ,M“ p~; M9)]
as explained in the previous section , the inde the inte-
gral means only an implicit regularization abgis any mass. 5 i s 2 o o
Alternatively we can use the identity +6[liog(K°) — WZO(IJ- Nl o Ty)

11 (#-8 @)
(k-8 (-8 K-8k -&)
_ y z o ~4llg(M?) = — > Zo(42, M2, pM2)]} - (49)

and integrate without restrictions the finite integrals in order (4m)

to obtain the identity must be equal to

i 2

liog (£2) = | 2—'|n(al). 41 i

109(&1) = log(&2) (4m2 "\ & (41) —16m2G2{ljoq(M?) — a2 4n)zzo(mz, m?, p?; m?)]
Notice that in a theory without mass an infra-red regulator can
always be introduced using the identity (40) with=0. The
function which identifies all one loop finite parts can always +F2A?{[14l10g(M?) 4 Bliog (1°)]
be written as

Z

1 2x(1—X) +x(E2 — &3) — &2 i 2 M2 12 a2

2 §2 2:52)— dxln<px( 1762 1>, i 4Z0(12, M2, p; M

Zo(&1.€2,P%&2) 0 (—&2) (41-[)2[ ( )
(42)
where the functiorzy(€2,&3, p%; €3) is defined havind, as 5 2 oo 5 2 2 o
mass scale and then we can use the identity —1829(M", M7, p M%) — 6Z0 (W%, 1", P75 1)} (50)
£2 Note that in the last term of eq.(49) we have the freedom to

2E B ) - 2@ B (). @9 wrieitas
to chgnge the scale of the functions. For an arbitrary sgale ,4[||og(“2) _ %ZO(MZ, w2, p?: le)] (51)
we will have (4m)

222 2.2\ 222 2.22 &5 One can easily verify that whatever the choice of scale (in-
Z0(&1,85,p7iN%) = Z20(81.85, P71 &) +In <r]2> - (49 cluding an arbitrary one), in the finite part by the relation (43),
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the counterterms are automatically adjusted by the relation VI. CONCLUSION
(41) in such a way that the Ward identity is always completely
satisfied. This becomes more clear in the Ward Identity (13),

which can be expressed as In the calculation it becomes apparent the delicate and es-

sential connection between divergent and finite parts of ampli-

[ > 2. tudes and the examples show how to use mass scales identities
TaysMG*{3(liog () - (4n)220(“ ., p?i )] which are absolutely necessary to manipulate graphs involv-
ing several masses in a way as to show its equivalence to oth-
ers involving different (than the previous) masses.

—[liog(m?) — MIWZO(MZ,mZ, p?;m?)|} (52) One of the advantages of the present technique is that we
have all counterterms in an explicit form. This simplifies the
renormalization procedure, since this can be done directly in
the Lagrangian. The renormalization procedure due to some
i symmetry require counterterms with the same mass and then
TaYsMG{[liog (M?) — (any? Zo(M?,1?, p%; )] we can introduce the arbitrary scale, which has been shown to
play the role of the sliding scale of the theory (see Ref.[5]).

which must be equal to

Hiog(17) = 7120 . i)
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