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Wave Packet Description of Neutrino Oscillation in a Progenitor Star Supernova Environment
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In this work we briefly review the wave packet approach of two generation neutrino oscillation, aiming its
description in a progenitor star supernova environment. We begin calculating the wave packet size in many
situations: solar and supernova plasma medium, considering nuclear interactions, as well as accelerators and
reactors. This quantity is important to calculate the coherence length, which we compare with the oscillation
length to verify if neutrino oscillation will or will not occur. Finally, we compare the wave packet treatment of
neutrino oscillation with the plane wave formalism in a progenitor star supernova environment.
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I. INTRODUCTION

Nowadays one knows that neutrinos really oscillate, based
on the results of SNO[1] and KamLAND[2] which have
solved the so–called solar neutrino problem[3] and estabil-
ished the mass squared difference and mixing angle for the
conversion of the first and second neutrino families. These
results were very important, because one can reach a sim-
ple conclusion: neutrinos have mass and leptons are mixed,
evidences that were also confirmed by K2K [4] and Super–
Kamiokande [5] experiments of atmospheric neutrinos.

Neutrino oscillations have been proposed in the late 50’s
by Pontecorvo[6–8]. The oscillations are generated by the in-
terference of different massive neutrinos, which are produced
and detected coherently because of their very small mass dif-
ference.

The theory of neutrino oscillations in the plane–wave ap-
proximation was developed in the middle 70’s by Eliezer
and Swift[9], Fritzsch and Minkowski[10], Bilenky and
Pontecorvo[11], and reviewed by Bilenky and Pontecorvo in
Ref.[12].

In 1976, Nussinov[13], for the first time, considered the
wave packet nature of propagating neutrinos and inferred the
existence of coherence length, beyond which the interference
of different massive neutrinos is not observed. This is due
to the different group velocities of different massive neutrinos
that causes a separation of their wave packets. In 1996, Nussi-
nov, Kiers and Weiss[14] first pointed out the importance of
the detection process for the coherence of neutrino oscillations
and discussed some implications of the wave packet approach.

In 1981, Kayser[15] presented the first detailed discussion
of the quantum mechanical problems of neutrino oscillations,
pointing out the necessity of a wave packet treatment.

There are two ways of facing the wave packet treatment of
neutrino oscillation: using quantum mechanics[16–20] or us-
ing quantum field theory[21–27]. In this article we use the
quantum mechanical approach, focusing in a supernova envi-
ronment.

This article is organized as follow: in section 2 we de-
scribe a method for calculating the wave packet size in plasma
medium; section 3 briefly reviews the wave packet formalism;
section 4 presents our main results applied to the supernova
case and section 5 concludes our work.

II. WAVE PACKET SIZE

The wave packet size is an important parameter and we
have calculated it based on the model of reference [28]. The
size is determined by the region where the neutrino is pro-
duced. Particularly, for a plasma medium, coherent emission
of electronic neutrinos is constantly interrupted by the electro-
magnetic interaction between the particles that produce neu-
trinos and the plasma particles. Since l is the mean free path of
the particle which produces the neutrino and v is its velocity,
the wave packet size (σx) can be determined by:

σx ≈ l
v
. (1)

By definition, the mean free path can be written as

l =
1

σN
, (2)

where σ is the respective cross section to be considered and N
is the medium particle number density. Considering equipar-
tition of energy with the Coulomb field, we can write:

3
2

T ≈ Z1Z2e2

b
(3)

and

1
2

mv2 ≈ 3
2

T. (4)

T is the plasma temperature and b is the impact parameter.
Using expressions (1), (2) and (3) we can express the neutrino
wave packet size as

σx ≈ 1.26×1023
√

mT
3
2

Z2
1Z2

2N
cm, (5)

where T and m are in MeV and N in cm−3. This expression
can be used to calculate the wave packet size for a solar and
a supernova media – see the second column of Table 5 and 6,
respectively.
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In the discussion above we have calculated the wave packet
size based on electromagnetic interactions. Considering a su-
pernova environment, in which matter density is very high,
we consider the possibility that the wave packet size be deter-
mined by nuclear interactions, since neutrinos also can be pro-
duced by reactions such as NN → NNνiν̄i (bremsstahlung),
where N represents a nucleus and νi a neutrino flavor. Be-
sides, since core density is ≈ 10−14g/cm3, mean distance be-
tween particles will be ≈ 10−13cm, however we assume parti-
cles sometimes, by extrapolation, may reach Fermi distances
and nuclear interactions will have a time scale shorter than
electromagnetic interaction, changing the wave packet size.
In a simple approach, if we consider the nuclear interaction a
thousand times stronger than the electromagnetic interaction,

Vstrong ≈ 1000×Velectro, (6)

we will get wave packets ≈ 10−6 times smaller than wet got
before in electromagnetic interactions.

TABLE I: Wave packet size considering nuclear interactions which
can be important in a supernova environment. (Solar solution –
∆m2 ≈ 7.3×10−5eV 2)

Energy σx(cm) Lcoh(cm) Losc(cm)
100MeV (core) 10−20 7.75 3.40×108

10MeV (core) 10−18 7.75 3.40×107

10MeV (νsphere) 10−16 775.00 3.40×107

TABLE II: Wave packet size considering nuclear interactions which
can be important in a supernova environment. (Atmospheric solution
– ∆m2 ≈ 1.0×10−3eV 2)

Energy σx(cm) Lcoh(cm) Losc(cm)
100MeV (core) 10−20 0.56 2.48×107

10MeV (core) 10−18 0.56 2.48×106

10MeV (νsphere) 10−16 56.56 2.48×106

So, for neutrinos produced in the supernova core, with
10MeV and 100MeV of energy, we got σx ≈ 10−20cm and
σx ≈ 10−18cm, respectivelly. For neutrinosphere, the wave
packet size, considering nuclear interactions, will be σx ≈
10−16cm, considering neutrinos with 10MeV mean energy.
We resume these wave packet sizes values, as well as Lcoh

and Losc, in Table 1, where we have used the mass squared
difference from solar solution (∆m2 ≈ 7.3× 10−5eV 2) – the
same is shown in Table 2, but for atmospheric parameters
(∆m2 ≈ 1.0× 10−3eV 2), and Tables 3 and 4 for two typical
effective mass squared difference inside a progenitor star su-
pernova (∆µ2 ≈ 1.0×108eV 2 and ∆µ2≈ 1.0×104eV 2, respec-
tively).

Wave packets sizes are very important, since they are the
main difference between wave packet formalism from the
wave plane formalism in neutrino oscillation, as we will see
in the following sections.

TABLE III: Wave packet size considering nuclear interactions which
can be important in a supernova environment. (Effective mass
squared difference – ∆µ2 ≈ 1.0×108eV 2)

Energy σx(cm) Lcoh(cm) Losc(cm)
100MeV (core) 10−20 5.66×10−12 0.00025
10MeV (core) 10−18 5.66×10−12 0.000025

10MeV (νsphere) 10−16 5.66×10−10 0.000025

TABLE IV: Wave packet size considering nuclear interactions which
can be important in a supernova environment. (Effective mass
squared difference – ∆µ2 ≈ 1.0×104eV 2)

Energy σx(cm) Lcoh(cm) Losc(cm)
100MeV (core) 10−20 5.66×10−8 2.47
10MeV (core) 10−18 5.66×10−8 0.247

10MeV (νsphere) 10−16 5.66×10−6 0.247

For explicity calculation of the wave packet size for reactor
and accelerator neutrinos, see reference [28]. We present in
Table 5 the wave packets sizes for these two situations.

III. FORMALISM

In this section we present the formalism of the wave packet
oscillation first developing in vaccum and then generalized to
the propagating in matter. In vacuum, we follow the wave
packet formalism desenvolved by references [16] and [28].
We treat the problem unidimensionaly assuming gaussian
wave packets with width σp in momentum space, centered
around average momentum 〈pa〉 of a mass eigenstate.

The conversion probability, at a distance X from the neu-
trino source, considering two families, is given by:

Pα→β(X) =

[
∑
a′

|Uαa′ |2
|va′ |

]−1

∑
a,b

UβaU∗
αaU∗

βbUαb×

exp
{

i
[
(〈pa〉−〈pb〉)− (〈Ea〉−〈Eb〉)

(
va + vb

v2
a + v2

b

)]
X

}
×

√
2

v2
a + v2

b
exp

{
− X2

4σ2
x

(va− vb)2

v2
a + v2

b
− (〈Ea〉−〈Eb〉)2

4σ2
p(v2

a + v2
b)

}
. (7)
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TABLE V: Vacuum wave packet treatment for the solar, reactor and accelerator case.

Experiment ∆m2(eV 2) E(MeV ) σx(cm) Lcoh(km) Losc(km)
Solar 7.3×10−5 10 3.15×10−7 2.44×107 3.40×102

Reactor 7.3×10−5 1 5.1×10−4 3.95×108 3.40×101

Accelerator 1.0×10−3 103 1.0×102 5.65×1018 2.48×103

In the expression above, we see the first exponential term
which is called phase factor and describes neutrino oscillation
as a distance function. From this term we derive the oscillation
length given by

Losc =
4πE
∆m2 , (8)

where E is the neutrino energy and ∆m2 is the vacuum square
mass difference (∆m2 = m2

2−m2
1).

Second exponential term of expression (7) gives us the
called damping and the exponential factors. From the damp-
ing term, we can derive the coherence length

Lcoh =
2
√

2σx2E2

∆m2 . (9)

From equations (8) and (9) we write

Lcoh > Losc. (10)

This condition essentially garantees that neutrino oscilla-
tion will occur. If neutrinos travel a distance X , Losc, given by
(8), should be shorter than X for one sees the oscillation pat-
tern. But it is also fundamental that two mass eigenstates have
to quantum interfere, in order to maintain coherence during
the travel to present oscillation.

For neutrinos in matter, we follow the reference [29]. The
development, in the adiabatic case, is very similar to the vac-
uum case. Conversion probability is given by

Pα→β(X) = ∑
a,b

U∗
αaUβaUαbU∗

βb×

exp

[
−2πi

X
Losc(X)

−
(

X
Lcoh(X)

)2

− (Ea−Eb)2

8σ2
p

]
,(11)

with

Losc(X)≡ 4πEX∫ L
0 dx∆µ2

ab(X)
(12)

and

Lcoh(X)≈ 4
√

2σxE2X∫ L
0 dx∆µ2

ab(X)
. (13)

The interpretation of Losc and Lcoh, in (12) and (13) above,
is similar to the vacuum situation and ∆µ2

ab is the mass squared
diference in matter.

IV. RESULTS

We divide the present section in two subsections: first, os-
cillation in vacuum; second, one discusses oscillation in mat-
ter; both are based on the wave packet formalism presented in
Section 3.

A. Vacuum situation

Testing the solar and atmospheric solutions for solar neutri-
nos (E = 10MeV ), for reactor neutrinos (E = 1MeV ) and for
accelerator neutrinos (1GeV ), we notice that the coherence
length is much larger than the oscillation length, so neutrino
oscillation will occur. Wave packet treatment is not neces-
sary, since plane wave formalism of neutrino oscillation gives
excellent results in analysing the oscillation data available and
because condition (10) is fairly well satisfied in those environ-
ments. Table 5 shows some results of wave packet treatment
for solar, reactor and accelerator situation. Note that even if
we consider other values of allowed neutrino energies in those
environments, as well as values of σx varying of one or two
orders from the values used in Table 5, our conclusions will
not change.

Something different happens when neutrinos are produced
in a supernova environment, as can be seen in Table 6, which
consider only electromagnetic interactions. Neutrinos from
the core (E = 100MeV , maximum energy of the spectrum),
have oscillation length close to coherence length. Hence, we
can not conclude that neutrinos will oscillate. In the last line
of Table 6, we have used a typical value of effective squared
mass difference: Lcoh is still close to Losc. This is an indica-
tive that we must investigate the situation inside the supernova
environment. Neutrinos from neutrinosphere have a situation
less critical. However, when we get an effective mass differ-
ence, oscillation length and coherence length are close to each
other. It is important to notice that uncertainties in determina-
tion of the wave packet size could modify our results. As seen
in Tables 1, 2, 3 and 4, where our calculations were made con-
sidering nuclear interations, condition (10) is never satisfied.
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TABLE VI: Vacuum wave packet treatment for the Supernova case.

Experiment σx(cm) E(MeV ) ∆m2(eV 2) Lcoh(cm) Losc(cm)
Core 1.47×10−12 100 7.3×10−5 1.15×109 3.40×108

100 1.0×10−3 8.43×107 2.50×107

100 1.0×108 8.43×10−4 2.48×10−4

ν− sphere 1.67×10−10 10 7.3×10−5 1.30×109 3.40×107

10 1.0×10−3 9.47×107 2.50×106

10 1.0×104 9.47 0.25
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FIG. 1: Fitting of electronic density.

0 1 2 3 4 5
0,0

0,2

0,4

0,6

0,8

1,0

S
ur

vi
va

l P
ro

ba
bi

lit
y

Log(r/r
0
)

 Plane Wave
 Wave Packet

FIG. 2: Survival probability in plane waves (solid) and wave packet
(dashed) – 40MeV and solar solution (∆m2 ≈ 7.3× 10−5eV 2 and
sin2θ≈ 0.83);r0 = 104km.

B. Matter situation

The analysis inside the supernova claims the electronic den-
sity profile. The supernova data, with 15 solar masses, was
provided by reference [30]. With this pre–supernova profile,
we have done an analytical approach, fitting the electronic
density by log(ne) = 25.50× ( r

r0
)−0.045 (r0 = 104km) – red

fitting curve in Fig. 1 (best Fitting – fitting 1).
With this analytical expression of electronic density, neu-
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FIG. 3: Losc (solid) and Lcoh (dashed) – 40MeV and solar so-
lution (∆m2 ≈ 7.3× 10−5eV 2 and sin2θ ≈ 0.83);r0 = 104km and
L0 = 104km.
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FIG. 4: Survival probability in plane waves (solid) and wave packet
(dashed) – 40MeV and atmospheric solution (∆m2 ≈ 1.0×10−3eV 2

and sin2θ≈ 0.95);r0 = 104km.

trino propagation will be adiabatic, since γÀ 1, with γ (adia-
batic parameter) given by

γ(x)≡ (∆/E)2

2
√

2GF
× (sin2θ)2

(sin2θ̃)3
× 1∣∣∣ dne

dx

∣∣∣
, (14)

where ∆ is the square mass difference in vacuum, E is the
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FIG. 5: Losc (solid) and Lcoh (dashed) – 40MeV and solar at-
mospheric solution(∆m2 ≈ 1.0× 10−3eV 2 and sin2θ ≈ 0.95);r0 =
104km and L0 = 104km.

neutrino energy, GF is the Fermi coupling constant and θ̃ is
the mixing angle in matter, which may be calculated by

sin2 2θ̃ =
∆2 sin2 2θ

(∆cos2θ−A)2 +∆2 sin2 2θ
, (15)

with A = 2
√

2GF neE.
It is also important to calculate the effective mass square

diference in matter (∆µ2
ab):

∆µ2
ab =

√
∆cos2θ−A)2 +∆2 sin2 2θ. (16)

Hence, with all parameters given above in hand, we calcu-
late oscillation and coherence lengths, using expressions (12)
and (13), and probabilities (11). With these values we can
compare with results from plane wave formalism. Let us first
consider wave packets sizes calculated by nuclear interactions
(Table 1), with σx ≈ 10−20cm. Fig. 2 shows the comparison
between survival probabilities in wave packet (dashed line)
and plane waves (solid line) formalisms for oscillation para-
meters necessary for solar solutions (∆m2 ≈ 7.3× 10−5eV 2

and sin2θ ≈ 0.83) and neutrinos with 40MeV energy. We
notice from Fig. 3 that, as long as neutrino propagates in
the supernova environment, both probabilities become the
same and freeze, because of the lost of coherence (oscilla-
tion length larger than coherence length – Fig. 3, where L0 is
104km). Figs. 4 and 5 show, also for neutrinos with energy
E = 40MeV , a similar situation and pattern, however for at-
mospheric solution (∆m2 ≈ 1.0×10−3eV 2 and sin2θ≈ 0.95).

Neutrinos with 5MeV energy will respect the same situation
and graphics will have the same pattern. For a solar and at-
mospheric solutions the wave packet treatment do not give any
different result from the wave plane solution as we have just
showed. LSND solution (∆m2 ≈ 0.5eV 2 and sin2θ ≈ 0.07)
also does not introduce differences between both approachs.
Also, if we modify the wave packet size to 10−18cm, 10−16cm
or values calculated by electromagnetic interactions, as in Ta-
ble 6, no change will happen.

So, if we consider nuclear or electromagnetic interactions
in the production of neutrino wave packets, one will have
freezing on oscillation and coincidence between wave packet
and plane wave probabilities curves.

V. CONCLUSIONS

We have discussed in this paper neutrino oscillation in the
wave packet treatment, which we have applied to solar, reac-
tor, accelerator and supernova neutrinos. This formalism in-
troduces the damping term that has great importance since it
elucidates the coherence between mass eigenstates. As we al-
ready know, solar, reactor, accelerator and high energy neutri-
nos have coherence length much larger than oscillation length,
hence the wave plane formalism is enough for treating those
cases. How about supernova neutrinos? Our proposal was
to verify if the wave packet treatment of neutrino oscillation
would give any different result from the plane wave formal-
ism, using wave packets sizes calculated by electromagnetic
and nuclear interactions. In Tables 1, 2, 3 and 4, where we
have considered nuclear interactions, the coherence length
is much smaller than the oscillation length, so one investi-
gates, based on reference [29], the wave packet formalism in-
fluenced by matter. For a supernova with 15 solar masses,
we verify that, for solar, atmospheric and LSND solutions,
the conversion probability in the wave packet approach is the
same as in the plane wave formalism. The same happens
when we use wave packets sizes formed by electromagnetic
interactions. We also notice the loss of coherence, since the
oscillation length is higher than the coherence length, hence
there will be a freezing in the oscillation pattern. So the wave
packet formalism does not introduce any significant difference
in neutrino oscillation physics.
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