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Abstract. Let S be a semigroup of homeomorphisms of a compact metric space M and suppose
that F is a family of subsets of S. This paper gives a characterization of the F-chain control sets
as intersection of control sets for the semigroups generated by the neighborhoods of the subsets in
F. We also study the behavior of ‘F-chain control sets on principal bundles and their associated

bundles.
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1 Introduction

The concept of chain control set for control systems was introduced by Colonius
and Kliemann [4], [7]. These sets appear as a tool for the analysis of the asymp-
totic properties of control systems (see [4], [5], [6], [7]). Extending this notion
for general classes of semigroups Braga Barros and San Martin [2] defined chain
control sets for a family of subsets of a semigroup acting on a homogeneous
space. In that paper chain control sets were characterized as intersection of con-
trol sets for the semigroups generated by the neighborhoods of the subsets in the
family. This paper shows a similar result for semigroups of homeomorphisms
of a compact metric space. The approach is different from that of [2] because
the semigroup may have empty interior in the group of homeomorphisms. An
important fact which permits our generalization of [2] is that the hypothesis H
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412 CHAIN CONTROL SETS AND FIBER BUNDLES

defined there can be extended to semigroup of homeomorphisms acting on a
compact metric space.

Apart from this general characterization of chain control sets we also study
chain control sets on fiber bundles. The action of semigroups in fiber bundles
arises naturally in many contexts. For instance in nonlinear control systems
the linearized flow evolves on a fiber bundle over the state space of the system
(see [4], [7]). The action of semigroups of diffeomorphisms on fiber bundles
were studied by Braga Barros and San Martin [3]. In [3] the control sets were
described from their projections onto the base space and their intersections with
the fibers.

In this paper we pursue the same kind of results for chain control sets. We
show that a chain control set in the total space of a fiber bundle projects inside
a chain control set in the base space. On the other hand, we also show that a
chain control set in the fiber is contained in a chain control set in the total space.
Assuming that the structural group of a principal bundle is compact we use the
characterization of chain control sets as intersections of control sets to show that
the inverse image by the projection of a chain control set in the base space of the
fiber bundle is a chain control set in the total space.

We believe that these topological results are useful for further developments
of the dynamical aspects of control systems.

2 F-chain control sets

In this section we recall the concept of a chain control set associated with a family
of subsets of a semigroup. We refer to [2] for the definition of chain control sets
for semigroup actions and corresponding results on homogeneous spaces of Lie
groups.

For a semigroup of homeomorphisms of a compact metric space it is shown,
under certain conditions, that a chain control set is the intersection of control sets
for the semigroups generated by the neighborhoods of the subsets in the family.

We begin by assuming that S is a semigroup of homeomorphisms of a compact
metric space M. From now on, and in the whole paper we assume that S and
S~! have the accessibility property, that is, int(Sx) # @ and int(S~'x) # @ for
every x € M.
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We fix a distance d on M and define chain control sets for a family F of subsets
of §.

Definition 1. Let F be a family of subsets of S. Take x,y € M, areal e > 0
and A € F. A (S, &, A)-chain from x to y consists of points xg = x, x1,...,
Xp—1, X, = y in M and ¢y, ..., P,—1 € A such that d(¢;(x;), x;4+1) < ¢ for
j=0,...,n—1. Asubset E C M is called a F-chain control set if it satisfies

1. int(E) # 0.

2. For every x,y € E, there exists a (S, €, A)-chain from x to y, for every
e>0and A € F.

3. E is maximal satisfying these properties.

It is easy to see that the notion of ‘F-chain control set does not change if
an equivalent distance is considered. Also, it follows from the third condition
that two F-chain control sets are either disjoint or coincident. Furthermore,
an application of Zorn’s Lemma shows that any subset satisfying the first two
conditions in the Definition 1 is contained in a F-chain control set.

Next, we show that effective control sets (for the theory of control sets we
refer to [11], [7]) are contained in ‘F-chain control sets. We need to impose the
following conditions on ‘F.

Definition 2. Let F be a family of subsets of a semigroup S. We say that
F satisfies property P; (respectively P,) if for every ¢, ¥ € S,¢ # 1 and
every A € F, there exists a positive integer n such that ¢"y € A (respectively
v € A).

Let’s denote by S4 the semigroup generated by a subset A C S.

Proposition 1. Assume that T is a family of subsets of a semigroup S satisfying
the properties P; and P, and take A € F. Let D be an effective control set for
S. Then D C cl(Sgx) for any x € D.

Proof. Take x,y € D. Letus show that y € cl(Spx). Let Do ={x e D :x €
int(Sx) N int(S~'x)} be the core of D. We know that Dy is nonempty by the
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definition of effectiveness. Suppose first that y € Dy. Since D C int(S~'y) for
every y € Dy (see [3], Proposition 2.2), there exists ¥ € S such that y = ¥ (x).
Also, there exists ¢ € S — {1} suchthat¢(y) = y. By P, we have ¢"¢ € A, and
¢"Y(x) = y,sothat y € Sux. For an arbitrary y take z € Dy. We have seen
that z € Sqax. We have to show that y € cl(Sxz). Take ¢ € S — {1} such that
¢(z) = z and a sequence V,, € S such that ¥,,(z) — y. By P}, ¥,,¢" € S, for
large enough n, and since v,,¢" (z) = ¥,,(2), there exists a sequence p;y € Sa
with px(z) — y. O

As a consequence we have.

Corollary 1. Suppose that F satisfies both P, and P,. Then any effective control
set for S is contained in a F-chain control set.
We can define effective F-chain control sets.

Definition 3. Let ‘F be a family of subsets of S. A ‘F-chain control set is called
effective if it contains an effective control set for S.

We observe that for a family F satisfying both P; and P, a F-chain control set
E is effective if and only if the subset £y = {x € E : x € int(Sx) N int(S~'x)}
is not empty. In fact, if we assume that x € int(Sx) Nint(S~'x) then there exists
an effective control set D such that x € Dy (see [3], Proposition 2.3).

Let M be a compact metric space. Assume that S is a semigroup of home-
omorphisms of M and suppose that d is a metric on M. In the group G of
homeomorphisms of M we consider the metric of uniform convergence

d'(¢, ) = supd(¢(x), ¥(x))

xeM

which is right invariant under G. For a subset A C S we put
B(A,e) ={peG:3Iy € A, d(¢,V¥) < ¢}.

We denote by S 4 the subsemigroup of G generated by B(A, ¢).

We intend to show that points reachable by chains can be reached by the action
of the perturbed semigroup S, 4. For this it is required to consider the following
assumption about the action of G on M.
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Hypothesis H: There exist real numbers ¢ > 0 and n > 0 satisfying the
following property: for all x € M and y € B, (x), there exists ¢ € G such that
¢(x) =yand d(¢(x),x) > cd' (¢, 1y).

In general this condition is not satisfied.

Example 1. Consider the compact metric space

M=|]c,u{0

n=1

where C,, are the circles C, = {(x, y) € R? : x> + y> = 1/n}, with the metric
inherited from the standard metric of R?. All homeomorphisms ¢ of M have
the property that ¢ (0) = 0, and therefore the hypothesis H is not satisfied at 0.
In fact, if ¢ (0) # O then the connected component containing ¢ (0) is a circle.
The connected component containing O is the set {0}. And clearly this set in not
homeomorphic to a circle.

However, we observe that in [2] it was shown that hypothesis H holds for the
action of a Lie group G on a large class of homogeneous spaces G/H, namely
those for which there is a compact subgroup K C G which acts transitively on
G/ H.This class of homogeneous spaces includes the flag manifolds (Furstenberg
boundaries) of semi-simple Lie groups G.

Now, we can relate (S, e, A)-chains with reachability of S; 4.

Proposition 2. Take x,y € M and A C S. Then

1. There exists an (S, €, A)-chain from x to y if y € S, ax. We also have that
there is a (S, €', A)-chain from x to y for every ¢’ > ¢ if y € cl(Se ax).

2. Suppose that the hypothesis H is satisfied and take € such that 0 < ¢ < n.
Assume that xg, ... ,x, € M and ¢y, ..., P,_1, determine a (S, ¢, A)-
chain from x¢ to x,. Then there exists y € Sg 4 such that ¥ (xy) = x,,

where &' = ¢/c.

Proof. 1. Take y € S; sx. Then, there exists ¢ € S, 4 such that y = ¢(x). It
follows from the definition of S; 4 that ¢ = ¢_; ...y with ¢; € B(A,¢),i =
0,...,k—1. Wechoose ¥, ..., ¥x_1 € Awithd' (Y;, ;) <e&,i =0..,k— 1.
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The sequences xp, X1 = ¢0(X0), A ¢k,1(xk,1) =Yy and wo, ey l//k,1
determine an (S, &, A)-chain from x to y. In fact,

di1(xi—1),x;) = dWi—1(xi—1), di—1(xi—1))
= d/(wi—la¢i—l)<8

A

fori = 0,...,k — 1. Consequently there exists a (S, &, A)-chain from x to
y. Now, suppose that y € cl(S; 4x). There exists a sequence ¢, € S, 4 such
that ¢, (x) converges to y. Take ¢’ > ¢ and let ny be such that d(¢,,(x), y) <
¢’ — e. As before, there exist a (S, &, A)-chain from x to ¢,,(x). Let yo =
Xyoio s Yn = Puy(x0) € M, Yo,...,¥,—1 € Abea (S, e, A)-chain from x to
@no(x). Thus d(¥; (y;), yiy1) < e fori = 0,...,n — 1. Therefore, the chain
20 =X,21 = Y1r---»Zn-1 = Yn_1,2n = y and ¥, ... , ¥,_1 € A determine
an (S, &, A)-chain from x to y. In fact,

dWn-10n-1),y) = dWu—1(n=-1), Pny(x)) + d(Py,(x), y)

< ¢

andd(Y;_1(yi_1),yi) <e<égfori=1,...,n—1.
2. Since d(¢;(x;), x;11) < & < n, the hypothesis H implies that there is
Y; € G such that

d(i (i (x)), xi41) = d(Wi(di (1)), @i (x;)) = cd'(Yi, 1y)

i =0,...,n— 1, and therefore d’(v;, 131) < ¢/c = &'. Define 1; = ¥;¢;. We
have

d' (v, i) =d' (Yigi, o) =d' (Y, 1y) < €

because d’ is right invariant. Therefore, t; € B(A, ¢’). On the other hand,

T (x;) = Yigi(x;) = X1, and x,, = T,—1 ... To(X0). O

Proposition 3. Suppose that the hypothesis H is satisfied and assume that F
satisfies Py and P,. Let D be an effective control set for S on M. Then, for each
& > 0and A € F there exists a control set D, 4 for the perturbed semigroup
Se.a such that D C Dy 4.
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Proof. In fact, for x, y € D, we will show that y € S, 4x, for ¢ small enough.
By Proposition 1, there exists, ¢ € S4 such that ¢ (x) is near y. On the other
hand, by the definition of S5 we have ¢ = ¢;...¢, with ¢; € A. Using H,
there is y withd'(y¢,¢) =d'(y,1) < eand y¢p(x) = y sothat y¢ € S, 4 and
y € SE’AX.

The next theorem characterizes the ‘F-chain control sets as intersections of
control sets for the perturbed semigroups.

Theorem 1. Let S be a semigroup of homeomorphisms of a compact metric
space M. Suppose that the action of S on M satisfies H, and consider a family
F of subsets of S satisfying P; and P,. Let D be an effective control set for S on
M, and for ¢ > 0 and A € F, denote by D, 4 the S, 4 control set containing D.
Then

E =()De.s
g,A

is the only F-chain control set containing D.

Proof. Since D C E we have int(E) # . Also, forany x,y € E, y €
cl(Sg ax) forall ¢ > 0 and A € F. Therefore, by the Proposition 2 there exists
a (S, e, A)-chain from x to y for all ¢ > 0 and A € F, which shows that E is
chain transitive. It remains to verify the maximality of E. Takex ¢ Fandy € E
and suppose that for every ¢ > 0 and A € T there are (S, ¢, A)-chains from x
to y and from y to x. Since the action of S on M satisfies H and S, 4 C Sy 4
for ¢’ > &, Proposition 2 shows that y € S, 4x and x € S, 4y foralle > 0
and A € F. However, y € D, 4, so that x € D, 4 for all ¢, A contradicting the
assumption that x ¢ E. Hence, there is no chain either from x to y or from y to
x, which shows the maximality of E. O

Proposition 4. Let the assumptions be as in the previous theorem and suppose
moreover that there is just one invariant control set, say D, for S in M. Then

Dy, 4 is the S¢ a-invariant control set containing the invariant control set for S.
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Proof. By [1, Lemma 3.1] there is only one closed invariant control set, say C,
for S in a compact metric space M if and only if C = (), ,, cl(Sx) # ¥. Define
Cea= ﬂxeM cl(S 4x). Thus, it is enough to show that D, 4 N C, 4 # @. Pick
x € M. Since D C int(S~'y) for every y € Dy we can choose ¢ € S such that
¢(x) € Dy. But F satisfies property P; and therefore ¢" € A for some integer
n (take ¢ = i in the definition of P;). We have that ¢"(x) € D because D
is invariant. Since D C D, 4, and D, 4 is a control set for S, 4 it follows that
D, 4 C cl(Sg ax). O

3 Fiber bundles

In this section we study the behavior of F-chain control sets on principal bundles
and their associated bundles. We refer to [9] for the theory of fiber bundles.

We start by settling some notation. Let G be a topological group. Suppose
that G acts effectively and on the right on a topological space Q. We denote by
Q(M, G) the principal bundle with total space Q , base space M and structural
group G. We denote by p : Q@ — M the canonical projection.

Let Sy be a semigroup of homeomorphisms of Q commuting with the right
action, i.e., Q¢(q -a) = Q¢(q) -a, a € G if Q¢ € Sp. The semigroup Sy
induces a semigroup Sy of homeomorphisms of M. In fact, if y € M and
y = mo(q) we define an element M¢ € Sy as

M¢(y) = mo(Qd(q)),

if Q¢ € Sp.

Suppose that the structural group G acts on the left and transitively on the
topological group F. We consider the fiber bundle associated to the principal
bundle Q(M, G) withtypical fiber . This bundle is denotedby E(M, F, G, Q),
or simply by E, the total space of the bundle. Since we will be interested in the
study of chain control sets we assume, in the paper, that £, Q and M are metric
spaces.

The elements of E are equivalence classes with respect to the relationon Q x F
given by (g, v) ~ (ga,a"'v), a € G. We use the notation [¢, v],g € Q,v € F
for an element of E.

The canonical projection 7y : E — M on the fiber bundle is defined as

me(lg, v]) = mo(q).
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Let Q¢ be ahomeomorphism of Q commuting with the right action of G. Then
Q¢ induces the homeomorphism of E defined by E¢([g, v]) = [Q¢(q), v].
Therefore the semigroup Sy of homeomorphisms of Q induces a semigroup Sg
of homeomorphisms of £ and

SE([qv U]) - [SQ(Q)’ U]

Given g € Q we define the subset

Sq = So(g) N7y (x), x = mp(g)

Through the identification of the fiber over x with G viaa € G —— ¢q - a €
nél (x), S, can be viewed as a subset of G

Sq=1ae€G:30¢ €Sy, 09(q) =q -a}

It follows immediately that S, is a subsemigroup of G if S, # (). We observe
that S, is the subsemigroup acting on the typical fiber.

The semigroups S¢, Sg and S, were also considered in [3].

Suppose that F is a family of subsets of Sp. The family F induces a family
Fwu in the semigroup Sy, a family Fg in S¢ and a family ¥, in S,. In fact,
for each A € F we define Ay = {M¢ € Sy : Q¢ € A and Mop(mp(q)) =
o(Q¢(g)}, Ap ={E¢ € Sg : 30¢ € A and E¢([q, v]) = [Q¢(g), v]} and
A, =1{a € G:30¢ € Aand Q¢(q) = q - a}. Thus we can define the induced
families Fyy = {Ay : A€ F}, Fe={Ap:Aec Fland F, ={A, : A€ F}

Proposition 5. Let F be a family of subsets of S¢ satisfying both P, and P,.
Then Fy, Fe and Ty also satisfy Py and P,.

Proof. In fact, take A € F. There exists n such that Q¢ (Qp)" = o € A if
Q¢, Op € Sp. Thus

Mo (g(q)) = mo((QP(Qp)")(q)) = (Me(Mp)")(7o(q))

and therefore M ¢ (Mp)" € Ay . For the family Fg we have

E¢(Ep)"(lg.v]) = E¢([(Qn)"(q), v]) = [(Qp(Qp"))(q), V]
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and E¢(Ep)" € Ag. Now, take a,b € S, and A, € F,. Then there ex-

ist Q¢, QY € Sp such that Q¢(q) = ¢q - a and Q¥ (q) = q - b. Thus
0o (QV)'(q) = Q¢(g-a") = g-ba". Since Qp(QY)" € Awehaveba" € A,.
We argue in the same way for the P, property. U

The following theorem shows that chain control sets in the total space of a fiber
bundle project into chain control sets in the base of the bundle.

Theorem 2. Let E be a fiber bundle with projection m : E — M. Let ‘F be
a family of subsets in Sg. Suppose that E is compact, and let H C E be a
FE-chain control set. Then there exists a ‘Fy-chain control set B C M such
that m(H) C B.

Proof. Since int(H) # @ and m is an open map, 7 (H) has nonempty inte-
rior. Take ¢ > 0, Ay € Fy and x',y € w(H). Pick x, y € H such that

/

w(x) = x" and mw(y) = y'. Let’s show that there exists an (Sy, &, Ay))-
chain from x’ to y’. Since E is compact, 7 is uniformly continuous so that
there is § > 0 such that d(7(2), 7w (z")) < ¢ ifd(z,7) < 8, 2,7 € E. Let
X0 = X, X[, ...,Xu—1, X, = yin E together with E¢y, E¢, ... , E¢,—1 in Ag
form a (Sg, 8, Ag)-chain from x to y. Since d(x;, E¢;(x;)) < § we have
that d(m(x;), m1(E¢pj(x;))) = d(mw(x;), Mp;(mw(x;))) < & which shows that
7w (x;), M¢; determine a (Sy, €, Apr))-chain from x’ to y'. Since 7 (H) satisfies
properties 1 and 2 in the definition of a ‘Fj,-chain control set it is contained in a
“Fu-chain control set. ]

We recall that we are assuming that Sp and § él have the accessibility property.
However, since we wish to work over effective ‘Fj,- chain control sets, the
following version of accessibility is needed.

Definition 4. Let ¥ be a family of subsets of Sy satisfying both P; and P,.
Suppose that H is an effective ‘F;-chain control set in M and take Hy = {x €
H :x eint(Syx)N int(SA}lx)}. The semigroup S is said to be accessible over
H, if for every g € JTél(Ho), int(Spq) N nél(Ho) = (0.

Lemma 1. Let H C M be an effective Fy-chain control set and suppose that
So is accessible over Hy. Then int(S,) # W ifq € nél(Ho).
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Proof. Take Q¢ € Sy suchthat Q¢ (g) € int(SQq)ﬂrrél(Ho). There exists an
effective control set D for Sy such that x = o (q) € Dy. Thus mp(Qd(q)) =
M¢(mp(q)) € Dy and there exists Qv € Sy such that My (mp(Q¢(q))) = x,
so that Qv Q¢ (g) belongs to the same fiber as g. Now, Q¥ Q¢ (q) € int(Spq)
hence if we leta € G be such that Q¥ Q¢ (q) = g - a then a € int(S,) showing
the lemma. ]

As a converse of Theorem 2, we have

Theorem 3. Let E be a fiber bundle with projection w : E — M. Let 'F be a
Sfamily of subsets in S¢ satisfying both P; and P,.. Suppose that E is compact,
B C M is an effective Fy-chain control set and that Sy is accessible over
By. Then there exists an effective Fg-chain control set H C E and such that
n(H) C B.

Proof. Takex € By={x e B:x € int(SMx)ﬂint(SA_,,lx)}. Then x belongs to
an effective control set C contained in B ([3, Proposition 2.3]). We have shown
in [3, Proposition 3.4] that there exists an effective control set D C E for Sg
with 7 (D) C C. Corollary 1 implies that D is contained in a ‘Fg-chain control
set, say H. Using the fact that chain control sets do not overlap and the Theorem
2 there exists a F),-chain control set B C M satisfying 7(E) C B. O

Let dr be a metric on the total space E of the fiber bundle with typical fiber
F. Let also dp be a right invariant metric on the fiber F. Consider a metric
dy on the base space M such that the canonical projection ng : E — M is
Lipschitizian, that is, there exists a constant ¢ > 0 such that for every x, y € E
we have dg(x, y) < cdy(mwp(x), me(y)).

The characterization of the chain control sets as intersection of control sets of
the perturbed semigroup gives us the following result.

Theorem 4. Let E be an fiber bundle associated to the principal bundle Q
whose structural group is compact. Suppose that M and E are compact and that
Q is connected. Assume that [F is a family of subsets of S satisfying P, and P;.
We also assume that the actions of the groups of homeomophisms on M and E
satisfy the hypothesis H. Let B be an effective Fy-chain control set on M and
suppose that Sq is accessible over By. Then ngl (B) is an effective Fg-chain
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control set on E. Therefore there are as many effective ‘Fg-chain control sets in
E as Fy-chain control sets in M.

Proof. We first show that ((Sa)e ay)E C (SE)ce, A thatis, E¢ € (Sg)ee a, if
M@ € (Sp)e.a,,- Itis enough to show that E¢ € B(Ag, ce)if M¢p € B(Ay, ¢).
This is true because

d'(Ey,E¢) = sup dp(Ey(lg.v]), E¢ (g, v])

[g,v]eE

= sup dp([Qv(q),v], [Q¢(q),v])

[g,v]eE

< ¢ sup du(mo(Qy(q)), mo(QP(q)))

[q.v]eE
= cd'(My, M®).

By the Theorem 1 we have B = (), 4, D: a, Where D; 4, is a control set for
(Sm)e,a,, - Thus 7 Y(B) = ﬂs,AM n*I(DE,AM). Now, [3, Proposition 3.7 and
Proposition 3.9] implies that 7' (Dy 4,,) is a control set for ((Sy)e.a,)E C
(SE)ce.a, and therefore m~1(B) is a Fg chain control set in E, again by the
characterization of chain control sets as intersections of control sets. ]

The next theorem shows that a F,-chain control set in a fiber of a bundle is
contained in a F-chain control set in the total space.

Theorem 5. Let E be the bundle associated to the principal bundle Q with
projections g and 1g, respectively. Suppose that [T is a family of subsets of

So. Take q € nél(x), x € M. Assume that H is a F,-chain control set on F.
Then

1. Any F,-chain control set in nél (x) is contained in a F-chain control set
in Q.

2. lg, H] is contained in a ‘Fg-chain control set in E.

Proof.

1. Let H be a F,-chain control set in rrél(x). Pick z,7 € H. Then for
every ¢ > 0 and A, € F, there exists xo = z, X1, ... >, X,_1, %, = 2’
in nél(x) and >ag, ay, ... ,a,—1 € A, such that >d(x;a;, xj;1) < ¢ for
J=0,...,n—1. Let >Q¢; € A be defined as Q¢;(q) = qa;. Then
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>X0, ..., X, and Q¢;, j = 0,...,n — 1 determine a >’f-chain from
zto 7.

2. Take [g,v] and [¢, v'] in [¢, H]. Since H is a F,-chain control set, for
every ¢ > 0 and A, € ¥, there exist vp = v,...,v, = v in F and
ap, ... ,a,—1 € Agsuchthatdr(a;vj,vjy) <eforj=0,...,n—1
Let Q¢; € A be defined as Q¢ ;(q) = ga;. Then[q, vol, ..., [q, v,] and
E¢;,j=0,...,n—1determinea (Sg, &, A)-chain from [q, v] to [g, V'].
In fact,

di(E¢i(q, vD), [q, vi1D) = dega;, v;1,1q, vjsal)
= de(lg. a;v;D. (g, vj11])
= dr(ajvj,,vjs1)

< &. O

Remark. Since we can construct the invariant control sets in the total space of
an associated bundle in terms of the invariant control sets in the fibers (see [3]) we
could ask if this is also true for the chain control sets which contains the invariant
control set. We have tried to answer this question using the characterization of
chain control sets as intersections of control sets (Theorem 1). The proof does not
work because the semigroup associated (in the fiber) of the perturbed semigroup
in the total space does not coincide with the perturbed semigroup of the fiber
and there is no useful inclusion between them. We observe that Theorem 5 can
be regarded as a lemma in this expected description of the chain control sets in
fiber bundles.
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