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On the eigenvalues of Euclidean distance matrices
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Abstract. In this paper, the notion of equitable partitions (EP) is used to study the eigenvalues
of Euclidean distance matrices (EDMs). In particular, EP is used to obtain the characteristic poly-
nomials of regular EDMs and non-spherical centrally symmetric EDMs. The paper also presents

methods for constructing cospectral EDMs and EDMs with exactly three distinct eigenvalues.
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1 Introduction

Ann x n nonzero matrix D = (d;;) is called a Euclidean distance matrix (EDM)
if there exist points p!, p?, ..., p" in some Euclidean space %" such that

di=|p —p/|* forall i,j=1,...,n,

where | || denotes the Euclidean norm.

Let p',i € N = {1,2,...,n}, be the set of points that generate an EDM
D. An m-partition = of D is an ordered sequence 7 = (N{, Mo, ..., N,) of
nonempty disjoint subsets of N whose union is N. The subsets Ny, ..., N, are
called the cells of the partition. The n-partition of D where each cell consists
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238 ON THE EIGENVALUES OF EUCLIDEAN DISTANCE MATRICES

of a single point is called the discrete partition, while the 1-partition of D with
only one cell is called the single-cell partition.

An m-partition ¥ = (Ny, N,, ..., N,) of an EDM D is said to be equitable
ifforalli, j =1,...,m (case i = j included), there exist non-negative scalars
a;; such that for each k € N;, the sum of the squared Euclidean distances from
pF to all points p’, [ in Nj,is equal to o;. i.e.,

VkeN, Y du=ay, foralli,j=1 . m. (1)

IENJ'

The notion of equitable partitions for graphs, which was introduced by Sachs
[13], is related to, among others, automorphism groups of graphs and distance-
regular graphs [4]. Schwenk [15] used equitable partitions to find the eigenvalues
of the adjacency matrix of a graph. Hayden et al. [7] also used equitable parti-
tions, albeit under the name block structure, to investigate EDMs generated by
points lying on a collection of concentric spheres. In particular, they devised
an algorithm for finding the least number of concentric spheres containing the
points that generate a given EDM. Their investigation was based on the block
structure of EDMs and the corresponding eigenvectors.

Many of the results on the spectra of graphs obtained using equitable parti-
tions have analogous counterparts in the case of EDMs. In particular, we show
(see Theorem 3.1) that the characteristic polynomial of an EDM can be written
as the product of the characteristic polynomials of two matrices associated with
partitions. Theorem 3.1 is then used to determine the characteristic polynomials
of regular EDMs and non-spherical centrally symmetric EDMs. We also present
methods for constructing cospectral EDMs and non-regular EDMs with exactly
three distinct eigenvalues.

Recently, EDMs have received a great deal of attention for their many impor-
tant applications. These applications include, among others, molecular confor-
mation problems in chemistry [2], multidimensional scaling in statistics [9], and
wireless sensor network localization problems [16].

We denote the identity matrix of order n by /, and the n-vector of all 1’s

T

by e,. Eunm = eneg denotes the n x m matrix of all 1’s, and £, = e,e,

denotes the square matrix of order n of all 1’s. The subscripts of /, e and E
will be deleted if the order is clear from the context. For a matrix 4, diag 4
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A.Y. ALFAKIH 239

denotes the vector consisting of the diagonal entries of 4. Finally, the spec-
trum of a matrix A4, denoted by o (A4), is the multiset of the eigenvalues of 4.
If 4 has eigenvalues A, ..., A, with multiplicities mq, ..., m; respectively,
then o (D) = {A]", ..., A ).

2 Preliminaries

Let D be an n x n EDM, the dimension of the affine span of the points p!, ..., p"
that generate D is called the embedding dimension of D. Let J, := I, — e, enT /n
denote the orthogonal projection on subspace

M:=et={x e W :e'x =0} ()

It is well known [14, 18] that a symmetric matrix D with zero diagonal is an
EDM if and only if D is negative semidefinite on M. Hence, EDMs have exactly
one positive eigenvalue. Let Sy denote the subset of # x n symmetric matrices
with zero diagonal; and let S¢ denote the subset of # x n symmetric matrices 4
satisfying Ae = 0. Following [3], let 7 : Sy — Sc and K : S¢ — Sy be the
two linear maps defined by

T (D) := —%JDJ, 3)

and
K (B) := diag (B)e” + e(diag (B))" — 2B. 4)

It, then, immediately follows [3] that 7 and K are mutually inverse, and that
D in Sy is an EDM of embedding dimension 7 if and only if 7" (D) is positive
semidefinite of rank 7.

Let D be an n x n EDM of embedding dimension » generated by the points

p', ..., p"in . Then the n x r matrix
T
!
P =
pnT

is called a realization of D. Given an EDM D, a realization P of D can be ob-
tained by factorizing T (D) into 7 (D) = PPT. Note that if P is a realization
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240 ON THE EIGENVALUES OF EUCLIDEAN DISTANCE MATRICES

of D, then P’ = P Q is also a realization of D for any r x r orthogonal matrix
Q. Obviously, P and P’ in this case are obtained from each other by a rigid
motion such as a rotation or a translation.

An EDM D is said to be spherical if the points that generate D lie on a hyper-
sphere, otherwise, it is said to be non-spherical. 1t is well known [6, 17] that an
EDM D of embedding dimension 7 is spherical if and only if rank D =7 + 1,
and that D is non-spherical if and only if rank D =7 4 2. A spherical EDM D is
said to be regular if the points p!, ..., p" that generate D lie on a hyper-sphere
whose center coincides with the centroid of p', ..., p". It is not difficult to
show that [12, 8] an EDM D is regular if and only if e is an eigenvector of D
corresponding to the eigenvalue %eT De.

3 Equitable partition for EDMs

It immediately follows from (1) that the discrete partition of D is always equi-
table with «;; = d;;; while the single-cell partition of D is equitable if and only

if D is regular. In the latter case, oy = %eT De. 1t also follows from (1) that
Vi=1,....,m and Vk € N; wehave (De); = Y _a;. (5)
j=1
Let 7 = (N1, N3, ..., Ny) be an m-partition of an n x n EDM D where
[Ni| =n; fori =1,..., m. Define the n x m matrix P; = (p;;) such that
n;? if i e N,
Pij = ‘ (6)

0 otherwise.

P, is called the normalized characteristic matrix [5] of 7 since its jth column
is equal to n}l/ ? times the characteristic vector of N ;, and since PNT P, =1,.

Next we present a lemma whose graph adjacency matrix counterpart was
proved by Godsil and McKay [5].

Lemma 3.1. Let w be an m-partition of an EDM D. Then m is equitable if and

only if there exists an m x m symmetric matrix S = (s;;) such that
DP, =P,S. @)
Furthermore, if 7 is an equitable partition then s;; = (n;/n;)'? a;;.
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Proof. Assume that 7 is equitable then forall k € N; and forall j =1,...,m
we have
12 1/2 ni\'"?
- - 12 ( M
(DPij =n; 2> dy = n; Py = (n))™V (n—) aij = (P S,

IENj Y

where Sij = (l’l,’/l’lj)l/zaij.
On the other hand, assume that (7) holds for some partition 7. Then for all
ke N;andall j =1, ..., m, we have

(DPyg =n; ") dy = (PrS)y = (n)™sy;.
leN;

Therefore, ) ;. N, dy = (nj/ n)V 2sl-]-, which is independent of k. Hence 7 is
equitable. O

Given an m-partition 7 of EDM D withm < n — 1, let P,bethen x (n —
m) matrix such that [P, P,] is an orthogonal matrix. Let x4(A) denote the
characteristic polynomial of matrix 4. Then we have the following two results:

Theorem 3.1. Let w be an equitable m-partition of an n x n EDM D, where
m<n-—1. Then

xp(A) = xs(A) x5, (®)
where S is defined in (7) and S = F_’NT DP,.

Proof. It follows from (7) and the definition of P, that PHTD157, =S PHT P, =0.
Thus,

pPr _ AL, — PID P, 0
det {11, — | | D[Py Pr]| =det I
P 0 Ay_y — PI'D P,

Hence,

det(A], — D) = det(Al,, — S)det(Al,_,, — S). ]

Note that in case of discrete partitions, i.e., in case m = n, we have S = D
thus xp(A) = xs(1) follows trivially. An analogous result for graphs, namely
that the characteristic polynomial of S divides the characteristic polynomial of
a graph was obtained by Mowshowitz [10], and by Schwenk [15].
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Theorem 3.2. Let w be an equitable m-partition of an n x n EDM D, where

m<n-—1. Then
Xx5(X) divides x_»1py(A), )
where S is as defined in Theorem 3.1.

Proof. It follows from (5) and the definition of P, that IBNT De = 0 and
Ple = 0. Thus,

- _ _ | S
PI'T(D)P, =0 and PI'T(D)P, = —EPHTDPN =-3
Hence,
Pr }
det (AL, +2| | T(D)[Pr Px]
&
AL, +2PI'T (D) P, 0
= det _ _ .
0 A, _m +2PI'T (D) P,
Therefore,

det (A1, + 27 (D)) = det (AL, + 2P T (D) Py) det (Aly_y — S). O

4 Applications of Theorem 3.1

In this section we show that Theorem 3.1 provides a new method for determin-
ing the characteristic polynomials of regular EDMs and non-spherical centrally
symmetric EDMs. It also provides a method for constructing cospectral EDMs.

Let V, be the n x (n — 1) whose columns form an orthonormal basis for
subspace M defined in (2), i.e., V;, has full column rank and satisfies

Vie, =0, VIVi=1IL_, VV) =J,=(I,—esel/n). (10)

4.1 xp(A) of regular EDMs

The characteristic polynomial of a regular EDM was obtained in [8, 1]. The
method used in [1] is based on a characterization of the nullspace of an EDM in
terms of its Gale subspace. Next we determine the characteristic polynomial of
regular EDMs as a corollary of Theorem 3.1.
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Corollary 4.1 ([8, 1]). Let D # 0 be an n x n regular EDM of embedding

dimension r, then

n

1 r
Xp() = 27! (A - —eTDe) [0+ 2u,

i=1

where ;, fori =1, ...,r, are the nonzero eigenvalues of T (D).

Proof. Let D beann x n regular EDM. Then, as we remarked earlier, the one-

cell partition 7w of D, in this case, is equitable. Since P, = \/Lﬁe and P, = V,

we have S = 1e” Deand S = VI DV, = =2 V[T (D)V,. Thus,

1 r
xs(\) =1 — —e Deand x5(0) = A" [ [ + 2u)
n

i=1

since the nonzero eigenvalues of S are equal to the nonzero eigenvalues of the
matrix —27 (D). O

4.2 xp(X) of non-spherical centrally symmetric EDMs

Let Dy be the 2n x 2n EDM generated by the points p', ..., p",..., p*,
where p"*' = —p’ foralli = 1, ..., n. Assume that D, is non-spherical. Then

D; is called a non-spherical centrally symmetric EDM. It is easy to see that

D A4
D, = ;
A D
where D is the n x n EDM generated by the points p!, ..., p", and

A = diag (T (D)) el + e, diag (T (D))" +2T (D). (11)

The characteristic polynomial of D;, which was obtained in [1] using a char-
acterization of the nullspace of an EDM in terms of its Gale subspace, is given
by

1 2n 4
2 =272 (22— r—el Diey, — A+ 2u0), 12
XD, (A) < oy Cmie o ll]( i) (12)
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where r is the embedding dimension of Dy, u;, i = 1,...,r, are the nonzero
eigenvalues of 7' (D)), and x; € %" is the unique vector satisfying

Dix) = ey, e2Tnx1 =0, and x; L Nullspace of D;. (13)

Note that such x; satisfying (13) exists since D; is non-spherical. A simple
method to compute x; is given in [1]. Next, we establish (12) using Theorem 3.1.

The n-partition 7 of D corresponding to the normalized characteristic matrix

P 1 I,
V2| L
is, obviously, equitable. Since

13 _ 1 I
T = \/E —]n ’
it immediately follows that S = PJTT DiP, = D + A = 2 (diag (T (D)) enT +
e, diag (T(D)") and S = P'D/P, = D — 4 = —47T (D). Hence, the

nonzero eigenvalues of S = the nonzero eigenvalues of —47 (D) = the nonzero
eigenvalues of —27 (D) since

T(D]):[ T (D) —T(D)}

I -1
o T { }@T(D), (14)

-1 1

where ® denotes the Kronecker product. Hence, x5(A) = A" []i_, (A 4+ 2u,),
where u;,i = 1, ..., r, are the nonzero eigenvalues of T (D).

In order to establish (12), we still need to determine xs()). To this end, note
that 7 (D) Diey, =2nT (D) diag (T (D;)) =0, where the first equality follows

from (4). Then we have the following technical lemma.

Lemma 4.1. Let Dy be an 2n x 2n non-spherical EDM satisfying

T (Dy)Djey, = 0.

Then ’
e, Dj ey, 2n
Dieyy = 2oyt xy, (15)
2n x| X

where x| satisfies (13).
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Proof. Let (y) denote the subspace generated by y € :?". Then it is shown
in [1] that

Nullspace of T (D1) = (e, ) ® (x;) @ Nullspace of D;.

Thus,

Dieyy = Bean + yxi, (16)
for some scalars 8 and y. The result follows by multiplying equation (16) from
the left with el and x| respectively. O

Therefore, it follows from (15) that x] = (x” xT) for some vector x € R"

and .
e, D1 e, 2n

n
2n xlTxl

Now, from the definition of V), in (10) we have VnT SV, = 0. Hence,

o[ ]

Se, = (D+ A)e, = x. 17)

xs(A) = det | Az, — enT

2/n
o - ;/_ VIx
X1 X1
= det
1
x"Vy A — e, Diey,
x1 X1 2n
Thus,
) a(r—=—el D n_ oty
= e | — x'V,Vix
xs ) el "
ne2 2n
X1 X1
T

since xTV, VI'x = xTx = x[x;/2. Hence, (12) is established.

4.3 Constructing cospectral EDMs

Two EDMs are said to be cospectral if they have the same eigenvalues, i.e., if
they have the same characteristic polynomial. In this subsection, we present a
method for constructing two cospectral EDMs.
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Given a scalar 4 > 1 and an n x n regular EDM D generated by the points
p', ..., p" let D; and D, be the two 2n x 2n EDMs constructed from D as
follows. D, is generated by the 2n points p', p2,..., p", —up', —up?, ...,
—up"; and D, is generated by the 2n points p', p?, ..., p", up', up*, ...,
up”. Next we show that D and D, are cospectral.

T
e, De,

L=+ e,. Thus it follows from

Since D is regular, we have diag (7 (D)) =
(3) and (4) that

D Al D A2
D, = 5 , and D, = 5 ,
Ay wD Ay pD

1
A1 = — el De,(u* + 1)esel +2uT (D), (18)
2n2 " !

where

and {
Ay = — e} De,(u* + 1)eyel —2 T (D). (19)
2”2 n n

Note that Aje, = Aye, = ~e! De, (u* 4 1)e,. Therefore, the 2-partition 7

2n-n
of D; and D, corresponding to the normalized characteristic matrix

P 1 e, O
T | 0 e,
w0

o v |’

1 1(2+1)
5

is equitable. Since
Py

it immediately follows that

1
Sy =P'DP, = ;enTDen =PID,P, =S,.

(12 1 2
2(u+) 2

Furthermore,

_ _ _ vipv, —uvVIDV, 1 —
S = HTDIPHZ[ }:[ H ®VIDV,,

—uVIDV, u2vIDV, —u w?
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I [VHTDV,, MVnTDVn:| [1 1
P pr—

, eV DV,
uwV,Ipv, w*vIpv, wop

But the eigenvalues of S; are equal to the eigenvalues of S,. In particular, the
nonzero eigenvalues of S; = the nonzero eigenvalues of S, = (1 4+ 1?) times the
nonzero eigenvalues of VnT DV, = (1 + p?) times the nonzero eigenvalues of
—2T (D). Therefore, D, and D, are two cospectral EDMs. Furthermore, D,
and D, are not regular since p > 1.

5 Constructing EDMs with three distinct eigenvalues

EDMs have two or more distinct eigenvalues since the eigenvalues of an EDM
D can not all be equal. Moreover, EDMs with exactly two distinct eigenvalues
are precisely those generated by the standard simplex, i.e., EDMs of the form
D = y(E — I) for some scalar y > 0. The problem of obtaining a complete
characterization of EDMs with exactly three distinct eigenvalues, just like its
graph counterpart, seems to be difficult.

Neumaier [ 11] introduced the notion of strength for distance matrices as a mea-
sure of their regularity. According to Neumaier regular EDMs are of strength
1 while regular EDMs with three distinct eigenvalues, where one of the eigen-
values is a zero are of strength 2. The following theorem follows from a more
general result due to Neumaier [11].

Theorem 5.1. Let D be a regular EDM with exactly three distinct eigenvalues
such that its off-diagonal entries have exactly 2 or 3 distinct values. Then any

two rows (columns) of D are obtained from each other by a permutation.

Next we present two classes of non-regular EDMs with exactly 3 distinct
eigenvalues. The first class consists of non-regular EDMs of order n + 1 obtained
from n x n regular EDMs with 3 distinct eigenvalues by adding one row and one

column of equal entries.

Theorem 5.2. Let D be an n x n regular EDM such that o (D) = {eTDe/n,
-, —A;fl*rl } Assume that either (eTDe/n + )»1))»1 =na?or (eTDe/n +
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1
nn—1)

D «ae,
Dl:y|:aer 0 :|

is a non-regular EDM of order n + 1 with exactly 3 distinct eigenvalues.

)»2))»2 = na? for some o > #eTDe, o # el De. Let y be some positive

scalar. Then

Proof. It is easy to see that D, is a non-regular EDM since o #

1T

premi De.
Now assume (e’ De/n 4+ A)A; = na?. Let V be the n x (n — 1) matrix whose
columns form an orthonormal basis for subspace M defined in (2), thus V' V7T =

J=1—ee’/n. Let
Q_[en/ﬁ 0 V}

0 1 0
Then
e’ De/n an'/? 0
0'DI0=y| an'? 0 0
0 0 ViDy

But it is well known [1, 8] that (=27 (D)) = o (V' VTDVVT) = { — A},
—k;_l_”, 0}. Thus (VI DV) = { — A, —Xg_l_r‘ } Furthermore, the sub-

matrix
e'De/n an'/?
an'/? 0
has eigenvalues —A; and %eTDe + A1. The result follows since Q is an orthog-
onal matrix. O

Note that, taking o = #eT De in Theorem 5.2 is equivalent to placing point

p"*1 at the center of the hyper-sphere containing p', ..., p". Also, note that

1

= n(nfl)eTDe, then D; becomes a regular EDM.

The second class consists of non-regular EDMs of order n + 1 obtained from
EDMs of the form D = A(E, — I,), A > 0, by adding one row and one column
of equal entries. The proof of the next theorem is similar to that of Theorem 5.2.

Theorem 5.3. Let y be a positive scalar and « > (n — 1)/2n, o # 1. Then

E,— I, ae,
D1=J/|: ael 0 :|
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is a non-regular EDM with exactly 3 distinct eigenvalues, i.e., o(D;) =
{Al, —A2, —y”’l} where

1
A= Ey(n — 14+ (n —1)? + 4an)

and

1
ho=gyn—1- V(i —1)2 + 4a2n).
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