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Vehicle Modeling by Subsystems

Computer simulations have become very popular in the automotive industry. In order to
achieve a good conformity with field test, sophisticated vehicle models are needed. A real
vehicle incorporates many complex dynamic systems, such as the drive train, the steering
system and the wheel/axle suspension. On closer inspection some force elements such as
shock absorbers and hydro-mounts turn out to be dynamic systems too. Modern vehicle
models consist of different subsystems. Then, each subsystem may be modeled differently
and can be tested independently. If some subsystems are available as a set of nested
models of different complexity it will be even possible to generate overall vehicle models
which are well tailored to particular applications. But, the numerical solution of coupled
subsystems is not straight forward. This paper shows that the overall vehicle model can be
solved very effectively by suitable interfaces and an implicit integration algorithm. The
presented concept is realized in the product ve-DYNA, applied worldwide by automotive
companies and suppliers.
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Modeling Concept

For dynamic simulation the vehicles are usually eted by
multi body systems (MBS), van der Jagt (2000). Egfyy, the
overall vehicle model is separated into differembsystems, Rauh
(2003). Fig. 1 shows the components of a passeogermodel
which can be used to investigate handling and pidgerties. The
vehicle model consists of the vehicle framework aabsystems for
the steering system and the drive train.

The vehicle framework represents the kernel ofrtioelel. It at
least includes the module chassis and moduleshimiheel/axle
suspension systems. The vehicle framework is soppleed by
modules for the load, an elastically suspended nengiand
passenger/seat models. A simple load module jksistthe mass
and inertia properties of the load into account. describe the
sloshing effects of liquid loads dynamic load medate needed,
Rill and Rauh (1992). The subsystems elasticalspended engine,
passenger/seat, and in heavy truck models a suspediver’s
cabin can all be handled by the presented genexiclfody model.
For standard vehicle dynamics analysis the chassisbe modeled
by one rigid body. For applications where the cisaféexibility has
to be taken into account a suitable flexible frammlel is presented.
Most wheel/axle suspension systems can be deschipegypical
multi body system elements such as rigid bodiedsli joints and
force elements, Rill (1994). Using a modified inefli Euler
algorithm for solving the dynamic equations, axiegensions with
compliancies and dry friction in the damper elemzart be handled
without any problems, Rill (2004). Due to their ustness leaf
springs are still a popular choice for solid axl&hey combine
guidance and suspension properties which causeg pnahlems in
modeling, Fickers and Richter (1994). A leaf springdel is
presented in this paper which overcomes these gurahl

The steering system at least consists of the stgervheel, a
flexible steering shaft, and the steering box whiohy also be
power-assisted. Neureder (2002) has developedyasophisticated
model of the steering system which includes complies, dry
friction, and clearance.
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Figure 1. Vehicle model structure.

Tire forces and torques have a dominant influencevehicle
dynamics. The semi-empirical tire model TMeasy tmesnly been
developed to meet both the requirements of usendtiness and
sufficient model accuracy, Hirschberg et. al. (2002omplex tire
models such as the FTire Model provided by Gip$6©8) can be
used for special applications. The module tire drsdudes the
wheel rotation which acts as input for the drivairtrmodel. The
presented drive train model is generic. It takekadble differentials
into account, and it combines front wheel, rear elfamd all wheel
drive. The drive train is supplemented by a modidscribing the
engine torque. It may be modeled quite simply bfirst order
differential equation or by the enhanced enginguermodule en-
DYNA developed by TESIS.

Road irregularities and variations in the coeffiti®f friction
present significant impacts on the vehicle. A roaatlel generating
a two-dimensional reproducible random profile wasvied by
Rill (1990).

This modeling concept is realized with a MATLAB/Sikmk®
interface in the product ve-DYNA which also incledsuitable
models for the driver, TESIS.
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Vehicle Modeling by Subsystems

M odule Flexible Frame

Multi Body Approach to First Eigenmodes

The chassis eigenmodes of most passenger carstfta0Hz.
Hence, for standard vehicle dynamic analysis thassis can be
modeled as one rigid body. The lower chassis stfnof trucks and
pickups results in eigenmodes startingfat 10Hz , Fig. 2.

Figure 2. Chassis eigenmode of a pickup at f=11.2 Hz.

The first eigenmodes consist of torsion and bendifighe
chassis. These modes can be approximated by alodli chassis
model where the chassis is divided into three pE&its 3.

Figure 3. Flexible frame model.

Free Body Motions

The position and orientation of the reference fraxge y. , z

which is fixed to the center body with respectite tnertial frame
X Yo Z IS given by the rotation matrix

COY4c 'Siryoc Coﬁoc 0 Sjﬁoc_
A= Siny,e €094 Ox 0 1 0 |x
0 0 1| | siB. O coﬁoci 1)
0 0 0
x|0 coxry. -Simmr,.
1 sina,, cosry |
and the position vector
Xoc
foc,0 =| Yoc |» ()
Zc

where the comma separated subscript indicates that the
coordinates of the vector frod to C are expressed in the inertial
frame. The generalized coordinates roll, pitch, gae anglea,.,

Boc» Voc as well as the coordinates. , y,.. z. of the vector
loc.o describe the free body motion of the vehicle.
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Modal Coordinates

The motions of the front and rear body relativethe center
body are small compared to the free body motiorth@tenter part.
Hence, the linearized rotation matrices

1 Ve B+ 1 Ve A=
A =| Ver 1 -a¢ |, Ar=| K= 1 -ax|. 3
B O 1 Br Ok 1
and the position vectors
Xer Xer
ferc = rCKF.C | Yer | fere = rc};,c *| Yer 4)
Zer Zn

are used to describe the orientation and positidgheofront and rear
body relative to the center part. The vectefis, and rly. denote

the initial position of the front and rear body.
The generalized coordinates

=
=

describe the motions of the front and rear bodgtinat to the center
body. These motions are approximatedrjy eigenmodesg, e,,

Bers
ﬂCR ’

Ye
Yr

Xor
XeRr

Yers
Yers

Zee
Zers

ey Ver

Ucr Ver

., &, now
r 7| M
- m;
Yr = | €1 €2, --Brnm || .
Ef
- L Mam
- (6)
r 4| M
_ m
Yr = | €1, €R2: --Bram || .
L ER 1l
BRIV
where m, m,, .., m,_ are modal coordinates, an. and E

representéxn,, matrices containing the eigenmodes.

Generalized Coordinates

The flexible chassis is modeled by 3 rigid bodieseh The
orientation and the position of the bodies are idtesd by free body
motions and modal coordinates

Ye =[Xoc Zoc doc Boc Vocn"ln"z---n'\qMIr (7

where the6 free body motions and the,, modal coordinates are
collected in the vectory. . The dimension ofy. depends on the
numbern, of modal coordinatesy, =6+n,, .

Equations of Motion

To generate the equations of motion Jordain’s Ri@cwith
generalized speeds is used. For a multi body systemisting of
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m rigid bodies it results in a set of two first orddifferential
equations

Ky z,
Mz = q.

®

The kinematic matrixK follows from the definition of the
generalized speeds. The elements of the mass mdtriare given

g },

where m, is the mass an®, the inertia tensor of bodi . Finally,
the components of the generalized forces and tsrgreedefined by

)

0z, 0z,

A,
0z

0y,
K 0z,

M 9

ij

T
VO k

oz,

0]
0z

[FAk _ma&} + [TAk ~ O,y ~ Wy, Xekw(k} +(10)

CIi:Z

k=1

where F, , T, denote the forces and torques applied to bldy

and a, , ag are remaining parts of the accelerations whicmato
depend on the derivatives of the generalized speeds

Applied Forcesand Torques

The forces and torques applied to the bodies carritten as

Fo = Fca(t + Fcag]p + Fca;p ’
Fo = R -FE, (11)
Fo = RO-FE

and
To= T T TE,
T: TFe><t -TEY, (12)
T = -1,

where the superscriptsext and cmp denote external and

compliance forces and torques.

Applying Jordain’s Principle, one part within thgquations of
motion describes the whole chassis motion. The dange forces
and torques are internal forces for the whole éhaswd, therefore,
do not show up in the corresponding parts of theeg®ized force
vector.

If we assume that the compliance forces and torcares
proportional to the motions of the front and ready then, we will
get

cmp
CR

Taw

CR

Fe|_ _
Tg{;" - CCF yF and - CCR yR ’ (13)

where ¢, and c; mark 6x6 stiffness matrices. The modal
coordinate approximation Eq. 6 results in

m m
F&¥ Fom
ch:p =c. E; ™| and chfp = Eq mz . (14)
CF CR
My m
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Within Jordain’s Principle the compliance forcesl aorques are
reduced to generalized forces which are calculaged

m m
cp — =T cmp — =T mz
O =ErCor Ee and ;" =EzcrBr| 7|, (15)
My M
where
c, O 0 C O 0
0 ¢ : 0 c :
BeeE=, o AdEGRE= . T 0 (19
0 0 c, 0 0 c,
are n,xn,, stiffness matrices. which are defined by the modal

stiffnessesce,, Cr,\ - Cry, . Thus, to

describe the motions of a flexible chassis only saigenmodes
and modal stiffnesses have to be provided.

and Cg, Cgpy -+ Cgy,

Results

Depending on the vehicle layout, a flexible framas ha
significant influence on the driving behavior, BigThe rear axle of
the considered bus is guided by four links. Hdre,arrangement of
the links generates a steering effect which dependse roll angle
of the rear part of the chassis and, therefore ais the torsional
stiffness of the chassis.

0.4 { {
lateral acceleration
0.3 /‘__.____
0.2
/ — chassis flexible
0.1 o H
-=== chassis rigid
0
-0.1
6
5 roll angle
_ 4
34 —— chassis flexible
J, ==== chassis rigid
2
1 '/‘A
l torsion angle
TV
-1
0 2 4 6 8 10

Figure 4. Step input on bus with rigid and flexible Frame.
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Module L eaf Spring

M odeling Aspects

Poor leaf spring models approximate guidance amsgession
properties of the leaf spring by rigid links andpaate force
elements, Matschinsky (1998). The deformation ef ltsaf springs
must be taken into account for realistic ride andndiing
simulations.

Within ADAMS leaf springs can be modeled with sciciated
beam-element models, ADAMS/Chassis 12.0. But, aliegrto
Fickers (1994) it is not easy to take the springtgmsion into
account. To model the effects of a beam, ADAMS/8pluses a
linear 6-dimensional action-reaction force (3 translatioaad 3
rotational) between two markers. In order to previddequate
representation for the nonlinear cross sectionallys20 elements
are used to model one leaf spring. A subsystemistoms of a solid
axle and two beam-element leaf spring models woblle

f =6+ 2[0(2006)= 24¢ degrees of freedom. In addition, the beam-

element leaf spring model results in extremelyf diifferential
equations. These and the large number of degresesfom slow
down the computing time significantly.

For real time applications the leaf springs musirioeleled by a
simple, but still accurate model. Fig. 5 shows aet@f a solid axle
with leaf spring suspension, which is typical fight truck rear axle
suspension systems. There are no additional lidkece, only the
forces and torques generated by leaf spring daflestguide and
suspend the axle.

front
leaf eye
bushing

Figure 5. Axle model with leaf spring suspension.

The position of the axle centek and the orientation of an axle

Similar to Fickers (1994) each leaf spring is medeby five
rigid bodies which are connected to each othergheiscal joints,
Fig. 5.

Each leaf spring is connected to the frame viaftitnat leaf eye
X . Furthermore each leaf spring is attached to taelde aty ,
and again to the frame & . In C the center part of each leaf
spring is rigidly connected to the axle. The freye bushings are
modeled by spring/damper elements i, y-, and z-direction.
The shackles are modeled by radial and a latenahggdamper
elements. Within each leaf spring the angies ¢, , and ¢, , ¢,

describe the motions of pa-Q and partR-S relative to the
center part. The outer partQ-X and P-Y perform their
rotations, @,, ¢,, and ¢, , ¢, , relative to partP-Q and partR-

S. As each leaf spring element is considered agid rrod, the roll
motions can be neglected. The angles are colléctéd 1 position
vectors

T

)
Ve [ 00.02,00.00 iy =[ 0202020 9T )

T T
Voo =[ 000 080D ]y =[¢Q D0 P @] (19)

wherey,., ¥, andy,,, Y, describe the momentary shape of the
front and the rear part of the left (1) and théri@) leaf spring.

A fully dynamic description of a solid axle with dwfive link
leaf spring models would result irf =6+ 2[18= 22 degrees of
freedom. Compared to the beam-element model thia ieally
significant reduction.

But a dynamic description of the five link leaf sygr model still
includes some high frequent modes which will capsgblems in
the numerical solution of the equations of moti&s. mass and
inertia properties of the leaf spring model parts gmall compared
to the solid axle, a quasi static solution of theeinal leaf spring
deflection should be accurate enough within theraesehicle
model.

A quasi static solution provides the position vextof the leaf
spring parts as functions of the axle position eoect
Yie = Yar (yA) YR = le(yA) v Yor = Yor (yA) v Yor = yZR(yA) . Hence,
the subsystem solid axle with two leaf springs bafy f =6
degrees of freedom.

Initial Shapeand Pretension

At first it is assumed that the leaf spring is lechin the xz-
plane of the leaf spring fixed frame , y,, z and its shape in the
design position can be approximated by a circlectvtis fixed by
the points X , C and Y . By dividing the arcX -Y into 5 parts of
equal length the position of the link8, R, S, Q and the initial
VaerS Of the ang|e¢01' w()l’ ¢02' wOZI ¢03’ ~’//03: ¢047 ~’//o4 can be
calculated very easily.

In design position each leaf spring is only prekzhcdoy a
vertical load which results in zero pretension ésrdn the y, -

fixed reference frame, , y,, z, are described relative to a chassiglirection, F; =0, Fjs =0 and zero pretension torques around the

fixed frame X3, Vg, zz Dby the displacement§, 7, { and the
rotation anglesa, B, y which are collected in theéxl axle
position vector

ya=[&nd.a.By] (17)

J. of the Braz. Soc. of Mech. Sci. & Eng.
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z -axis, T, =0, T, =0, Tz =0, T =0. In addition the torques
around thex, -axis vanish,T, =0, T, =0, Tz =0, Ts=0.

To transfer the vertical preloaB, to the front eye bushing and
the shackle, the joint®, Q, R, S must provide torques around

October-December 2006, Vol. XXVIII, No. 4 /433
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the y, -axis, Fig. 6. The pretension forces in the froyg bushing The deflectionw and the forceF are related to each other via

F . F4 and in the shackl&,, can easily be calculated from thethe stiffnessc

equilibrium conditions of the five link leaf sprimgodel, E=cw (22)

X X p—
FOB+FOSUYZ = 0,
z z
Fog + Fo + Fos Uy,
X z X X z
e Fo + ey Fos Uz =Ty Fos Uy,

If we transfer the beam model to the five link lspfing model
(20)  and look at the front half, Fig. 4, one will get

1 |
o O

w=ag, +al¢, + ¢, (23)

where a defines the length of one link, and small defl@asiin the
X_, z, plane were assumed. The torques aroundythexis in the

joints P and Q are proportional to the deflection angl¢sand ¢,
T =c, ¢ and TJ=c, ¢,. (24)

The equilibrium condition results in

Fopz { FoBx T =2ag and T = a% - (25)

Toay X
Z (S The leaf spring bending mode due to a single farae be
! FOBZ /\ FOBx i i 1
approximated very well by a circular arc. Hence thlative angle

Fos ] Tosy I ¢ between connected links is equ#,=¢,:=¢ and Eq.23 can be
z ; L X W
v 9) C 2 simplified tow=3ag or 0r¢=3—. From Egs. 24 and 25 follows
a
Fac /1 (
Figure 6. Pretension forces and torques. w

c¢—=2aE and ¢, ﬂ=a£. (26)
'3a 2 * 3a 2
where u,, refers to the unit vector in the direction of tteackle,

Using Eq. 22, one finally obtains
and ry,, ry, are thex and z components of the vector from g=a. 22, y

pointing from X to Y . The pretension torques in the leaf spring o 3,
joints around they, -axis, Tp,, Tos » Tok. Tos follow from G, =3a°¢, and ¢, B 27
TV 412 EX—rX EZ = where the beam stiffnes€s was replaced by the vertical leaf spring
pr i Of PXX *® stiffness ¢, . Assuming symmetry, the stiffnesses in the reartgo
~Too * Tox FoaTox Fos, =0

(21) are given byc, =c, and c, =c, . The stiffnesses around the
y z z _ 2 1 4 3
TOR + rRY 0s uYZ_rRY FOS uYZ - O

vertical axis Cyr Gy G
y z X _pX z
Tos + rs« Fos Uy rs« Fos U, = 0

(2
way. The torsional stiffness of the leaf springneglected in this

and ¢, can be calculated in a similar

. . . approach.
where r;, i=P,Q,RS, j=X,Y are vectors pointing from to
j- Actual Shape
) The energy of a flexible system achieves a minimeatue,
Compliance

E - Min, in an equilibrium position. The energy of theefilink
The leaf spring compliance is defined in the desigsition by leaf spring model is given by

the vertical and the lateral stiffnes, and C, . In Fig. 7a the leaf

1 l
spring is approximated by a beam which is suppostedoth ends E = 2WT Cs Wy + C¢ o+ E [,,1 %, ¢35+ ES ://3‘//3
and is loaded in the center by the fofee 1 1 1 (28)
+=c, @2 c +"Co, W2 +—Cy W2,
a) beam model IEZL 2% 92" szz ¢4¢“ 2”4‘/’4 RIR T
o\ wo /O where w, is the 3x1 displacement vector and, is the 3«3
Fl stiffness matrix of the front eye bushing,, wy are the radial
Fr24 _
Q a X and lateral shackle displacements, awmg,, cy denote the
b) link model a2 P2 L ow] corresponding stiffnesses
1 | > .
1 G700y XL

Figure 7. Leaf spring stiffness.
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According to Egs. 18 and 19, the actual shapeefdaf spring orientation of the solid axle. Similarly to Eq. 32e displacement

is determined by the position vectorg =[ 4,,%., ¢, 4,] and velocities are given by

T .
y% =.[¢2,1//2,¢4,1//4] : If the. leaf | spring energy becomes a U= Oug y, and u&=au—3 y,. (34)
minimum, the following equations will hold A 0y
Finally, the shackle force reads as
%:O, :jz ;e :7%:0, aaE =0. (29) y
! g 4 Ya Fs =FgUg + Fq Ug - (35)

As the shackle displacementg,, wy do not depend ory,
and the front bushing displacement vectoy does not depend on Forces Applied tothe Axle

y, the conditions in Eq. 29 form two independent sétsonlinear The leaf springs act like generalized force element this
approach, Fig. 8. Guidance and suspension of tie a&de is done

tions f =0 and f =0, wh denotes th .
equations f,(y;, Y,) and f,(Y,, Ya) where y, denotes the by the resulting force

dependency of the actual position and orientatiothe solid axle.

These equations are solved iteratively by the NewXlgorithm. F=F,+F,+F,+F, (36)

Starting with initial guesses?, yJ one gets an improvement by

solving the linear equations and the resulting torque
of + T=ruxFo, 1 Xk, + e XFo + 1,0 XFe o, 37
71[y1k 1_y”:_ fl(ylyA) AB1" Bl a2Fe2 T lastFs1t Mas #Fs 2 ( )
M k=0 30 i "
My e 1 =012.. (30)  where Mgt = Faga(Ya) + - Tas2(Ya) describe the momentary position
672 [yz - yz} = fa(Y2Ya) of the front eye bushings and the shackles relatitke axle center.

Here, the Jacobiand: 22 can be calculated analyticall

ere, the Jacobiang - 5~ can be calculated analytically.

L eaf Spring Reaction Forces

The actual forces in the front leaf eye bushinggiven by

FB = FOB +CB WX + dB UX 1 (31)

where F,; denotes the pretension force a@, d; are 33
matrices, characterizing the stiffness and dampmogerties of the
front leaf eye bushing. The displacement veatgr in the front leaf
eye bushing depend on the generalized coordingtesaind vy,

which describe the actual shape of the front lpahg part and the
actual position and orientation of the solid a¥Bg.solving Eq. 30, _ _
y, is given as a function of/,. Hence,w, only depends oy, Figure 8. Forces applied to the axle.

and its derivative can be determined by

As the forces in the front eye bushinds,, F;, and the

Uy = oWy Ve (32) shackle forcesky,, Fs, depend on the axle statg,, y, only, the
0Ya resulting forceF and the resulting torqu& are also functions of
_ _ _ the axle state only. Since, hereby each leaf spents as a
where y, describes the velocity state of the solid axle. generalized force element, it can easily be integranto the vehicle
The radial and lateral components of the shackieefocan be framework. By suppressing high frequent leaf spergenmodes, it
calculated from is perfectly adopted to real-time application.
F =URFos +Co Wey + O Vi @NAFg = UG Fog +Cq Wy +dg g, (33) Bending M odes

The quasi-static approach reproduces all signifidzending
modes of the leaf spring, Fig.9. A leaf springtiffey in the lateral
in the radial and lateral shackle direction, and, ¢y , d, dy direction than in the vertical direction. Hencalisplacement in the
are constants characterizing the stiffness and ompoperties of front eye bushing is noticeable only on lateral f lespring
the shackle. The shackle displacements and wy depend on the deflections.

generalized coordinatey,;, and y, which describe the actual
shape of the rear leaf spring part and the actwasitipn and

where F4 represents the pretension foreg,, ug are unit vectors

J. of the Braz. Soc. of Mech. Sci. & Eng. Copyright 0 2006 by ABCM  October-December 2006, Vol. XXVIII, No. 4 / 435
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good conformity to measurements, Fig. 10. The nealiity in the
spring characteristics is caused by an additionahstop and by
the change of the shackle position during jouncd esbound.
Obviously, the five link model is accurate enough.

Free Body M odule

-06 -04 -0.2 0 0.2 0.4 0.6 X_
Position and Orientation

To describe the momentary state of the bdglythe frame x.
Ve, Z located in the center of gravity is used. In additsensor

points S monitor position, velocity, and acceleration atdfic
body points, Fig. 11.

free body 4

06 04 -02 0 02 04 06 X, jzgiﬁent

Figure 9. Bending modes. . .
g g vehicle-fixed

reference frame

i zp

Model Performance

The five link leaf spring model was integrated iatwe-DYNA

Ford Transit vehicle model. r
Ye M rubber  BM
Overall Force Characteristics mount
18 T T T y X
g [ Five Link Model B 0
| © Measurements
Yo road-fixed
14 inertial frame
_ 12 Figure 11. Elastically suspended body.
2
=, 10
8 8 The frameB is fixed to the vehicle. The suspension of bdgly
i on the vehicle, frameB may consist of force elements and/or
6 rubber mounts. The road-fixed fran@eis considered as an inertial
4 frame. The position of frameB with respect to the road-fixed
o inertial frame0 is given by the position vector
0@ X
-100 -80 -60 -40 -20 0 20 40 60 B
Vertical Displacement [mm] fos.o=|Ys |- (38)
Overall Force Characteristics %
18 T T T
= Five Link Model The orientation of the frame axes is described bytation
O Measurements matrix. Three elementary rotations are put togefhilee sequence
14
_ 12 A)B = A/e A?B Abs (39)
Z 10 yaw pitch roll
[0
o .
S} results in
L
A = [cos,/.?B cosyB]
€065 COS -COIESINY SiNAgSiNyg SirugSinyg
* +sinag sinf; coy/g +Cox SiNS; CoSYy
-(1)0 80 -60 -40 -20 0 20 40 60 Pog = CO%15 COYp -Sing COs/g (40)
Vertical Displacement [mm] C0Sf3;COSY  +Sinag Sinf; oS/ +C0o SiNf; CogY
Figure 10. Comparison to measurements. -SinGg sinag cosGg €O COM;,

Using this model at the rear axle instead of a ganematic
approach means only 85% more computer run timecéjereal
time applications are still possible. The simulatiesults are in
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Hence, position and orientation of the vehicledixeference 1 0 -sing, ae| [
frame are described by 6 generalized coordinatgs/,,z; and ; -
% 0 cow, sim, cof, || B, |=| @, |, (48)
aB'ﬁB'yB N

0 -sina, cosry, COB, || Ve | |Ws,
The position and orientation of the elastically mereded body

with respect to the reference frarBeis defined by where the solution of Eq. 48 is given by

e yB = (%Bz Cosag +w03y SimB ) COﬁB ’
rBE'B = Yel- (41) BB = ~Ug, SinaB +w03y cosrg (49)
ZE dB = %Bx + yB COSGB
and The momentary state of the reference frarBe is fully
_ characterized by6 generalized coordinatesg,Yg,Zs, ag, Bs, Ve
; 0 0 COZBE (1) S'fE and 6 generalized speedg, , Vys, Vos,» Wipes Vpy s P -
= cosr, - simr |x x ) i )
fee _F F . The velocity and the angular velocity of the eleaty
0 sina. cow| |- sif. 0 cof (42) suspended body with respect to the inertial frariegiven by
cosy, —Sing
X | siny. -cog, . Voe,8 ~ Voss T Wosg X lees T Fees: (50)
0 0 1 Ohep = Wppt W s

) where the derivative of the position vector and ahgular velocity
Generalized Speeds of the elastically suspended body follow from thgsE41 and 42.

The velocity of the reference framB with respect to the They read as

inertial frame0 is given by

Xe
X8 fees=| Ve (51)
Vog.o = Foeo=| Yg (43) ZE
. and
ZB
The velocity denoted in the inertial frame can fasformed to 10 .sm,BE de
the reference frame Wep=|0 cosa -—sim, coB. || Be |- (52)
. 0 sinag cosr. cof. || Ve
Vog,e = Aue Fos,0- (44)

By using the components of the velocity
By this, the orthogonality of the rotation matrix

.
Ao = A= A (@5) Yoo =|Vee, Ve, Ve (53
was already taken into consideration. and the angular velocity
The angular velocity of the reference frarBe with respect to .
the inertial frame0 may be expressed directly in reference frame W ﬂ%gx W, %EZJ (54)
B
as generalized speeds, Eg. 50 can be written aesaf kKinematical
1 0 - sinG, as differential equations
Wy = cosa,  sim, cof; || 4, |- (46)
0 -sina, cosr, Co8, || v Xe | |Vog, Vog | |[Wee, | |Xe
Ve |= Vo, Vo, | | Gbe, | *| Ye (55)
The 6 components ofv,,, and @y, Wwill be chosen as 7e Ve, Voo, | |G, | L%

generalized speeds now. First order kinematicalferdiftial
equations connect this speeds with the derivatiése

and
X8 Vosx : . -
- v (47) 1 0 sinfe de e, ~ Cha,
)ZIB = Ao VOBV 0 cosr, - simr. COB. || B |=| e, s, |- (56)
B 0Bz

0 sina.  cosr. COB. || Ve | | w -~y
and
Where as the 6 generalized coordinatesye, z-,a;, 5z, Ve

describe the position and orientation of frafBerelative to frame
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B, the 6 generalized speeds,, Vo, Vor,: Vo Wy W, are the v, :q}-,B(rBE,B-'-a)BE,BXrej,Bj’ (66)
components of the absolute velocity and angulaocigi of body
E. where rg 5 and a5 are given by the Egs. 51 and 52. The forces

) Fies Fis and the torqueg; 5, T, , applied to body and chassis
Accelerations ' . ' '
are determined by

The accelerations of bodi with respect to the inertia frame 0

can be expressed in reference fraBieThey read as Fie= f[uIJ ,v”qu'B v Fis="Fs, (67)
Qe T \:/OE.B + g g X Vog s » (57) and
aDE,B = a)OE,B + a)OB,B X wOE,B ]
Tie=Tge*Fiss Tig=lax XFjigs (68)
where
. where f describes an arbitrary spring/damper characteristi
VoE,B :[VOEX Vg, VOEZ:| (58)
Equationsof Motion
and . . .
Applying liner and angular momentum to the eladfca
) ) ] T suspended body, one obtains
Gk B :|:(‘-’0Ex WeE, OJOEZ:| (59)
MeVoeg=Feg ~Me |0 + Mg X Ve, (69)
follow from the Eqgs. 53 and 54. eTER [ ? BEE B)
and
Force Elements
If a force element is attached to the chassis it poand to the Oc s bee =Tes ~ e XOc lhe s ~Oc o[ Wi p X Wee s ), (70)
body at pointj , the momentary position of force elemantwill o
be defined by where m., ©,, denote mass and inertia tensor of the free body,
60 Fes, Tzp are the resulting forces and torques applied ¢ofttee
= +r. ,—TI.
fie rBE'? 5.8~ foix s (60) body, andg is the vector of gravity expressed in the bodyedix
5.8 reference frame. These equations are coupled Wwi¢h chassis
where equations of motion only by the applied forces tordques. Due to

the particular choice of generalized speeds, nosnmsinertia

_ coupling terms appear.
e = Ao Tk (61) By using this modeling technique, Seibert and R1D98)
showed that the comfort of a passenger car is fiignily
sk » T are given by data, and. , follows from Eq. 41. The influenced by the engine suspension system. The lfogly model
actual length can be calculated from can also be used to model an elastically suspetidest’s cab, Rill

(1993).
ui? =y rijTB lig (62)

Subsystem Drive Train
and the unit vector

Generic Model Structure
18 (63)

The subsystem drive train, Fig. 12, interacts oe band with
the engine and on the other hand with the wheebnck, the

. o o  angular velocities of the wheels}, ..., @, and the engine or the
describes the momentary direction of the force efemif , gear output angular velocityy, respectively are input quantities.
For this reason, the calculation of the engine uergnd the

dynamics of the wheel rotation are performed ireotfubsystems.

Via the tire forces and torques, the drive traircasipled with the

steering system and the vehicle frame work.

denotes the initial length of the force elemeng tlisplacement of
the force element will be formed by

Ui = ui(j) -ug. (64)
The displacement velocity follows from
d
Vi :Q}Ba(ﬁ;,s]- (65)

Using Eq. 60, Eq. 61, ang « =0 one gets
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front differential

Equation of Motion

The equation of motion for the drive train is dedvfrom
Jordain’s Principle, which reads as

wheel front left

wheel front right

Y(0.é1-t) 5w =, (75)

where ©; is the inertia of body, ¢ denotes the time derivative of
§ CsF the angular velocityt; is the torque applied to each body, ahd)

describe the variation of the angular velocity. Ao Eq. 75 for
o ™ the different parts of the drive train model resirt

It .
digeepeﬁ{ial_@___\w\_T_ engine front drive shaft left (O cos—te; —t,c)day, = 0

Ews Cso front drive shaft right (Og, ax, —ts, +t.c) dews, = (
front differential housing (Our ére) e = 0
front differential input shaft  (©,: cr +tg) deg =0,

OgF +——

(76)

OsR <J—

front drive shaft (Og cog —tg —t.c)da =

rear drive shaft (Og s —te +tc) Sz = |
center differential housing (Onc irc) dwyc = ,0
center differential input shaft (O d@ic +ts,) S =0,

(77)

wheel rear left
wheel rear right

rear differential rear differential input shaft (0, e +ts) S = 0
Figure 12. Drive train model. rear differential housirtg (GHR (f-JHR) 5%R =0
rear drive shaft left (Og, cuss —ts; —tig) Tk, =
The drive train model includes three lockable défgials. The rear drive shaft right (654 Csa— s, +tLR)5a)54=O.
angular velocities of the drive shaftsy, : front left, a,: front Using the Egs. 71, 74, and 72 one gets:
right, ay : front, ay, : rear, wy, : rear left, ay, : rear right are used

(78)

as generalized coordinates. (Oc: dosi~tey ~ ¢ )54, =0,
The torque distribution of the front and rear diéiatial is 1:1. If (O sz —ts; +te ) e, =0,
r- and r, are the ratios of the front and rear differenttade will o (1. .1 15 o 15 }:O
o HE 2081 2(4)52 2 (23] 2 W, g
g
1 1 1 1
- 1 1 {en: (ErF COSI"'E"F d)52j+ts= (Erp 6%1"’5& 5“-’52):01
%F - Ea)Sl-'-Ea)SZ’ (71)
- r . (eg:ws:_tsr _th)dws: =0,
e P e (eszd)sa_tsz*'tm)dwm:ov (79)
11 (Onc (s + (1) o)) (O e + (1) S i) = O,
“r = Ew53+5w54' (72) (Olc(:urcd)s:+(1_ﬂ)rcws¥)+tsoj(ﬂrc5ws= +(1—,u)rcé'w9)= 0
W = e Wg - {@R(%,—Rws3+%ers4)+t9}(%rR5wsg+%rRJ%4j:0,
The torque distribution of the center differentsaformed by 1 1 1 1
[ HR(E@B"’E&E"JJ{EJ(‘ISS*.EJ%AJ:0’
t._ u
g_l—,u’ (73) (Ossd)SS_tss_tLR)st3:0'

(6545)54_t54+tLR)6ws4:0-
where t., t; denote the torques transmitted to the front ard re
drive shaft, andu is a dimensionless drive train parameter. A value
of x=1 means front wheel driveD< <1 stands for all wheel 9% and using the abbreviations=1-, O =B 7 Oy,
drive, and £ =0 is rear wheel drive. If the ratio of the center©@rc = OucHE O, and O, = O, +: 0, finally leads to three

Collecting all terms withdwy,, da,, dwy , dwy, dw,,

differential is given byr. then blocks of differential equations
We = Mg +1-p)wg ostol |.oovler oo i et -
c (74) st Z HE | st :1 HE Ws2 I+, Iete,
QC = rC %C 1 (80)

1
holds. Z EIF wat esz"'zeaF}wSZ = tSZ_tLF_ErFt§'
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(O O Jixe + VOLc i = te +lie =~ Uit 1)
HV Oy +[®S?-H/ZGE|CJ(’:)5R = tg Tl TVIcty,
1 1 1
653+Z G)EIR wsst Z@aR Wss = tss + tLR 2rR tSR ’
1 1 1 (82)
Z fm ws3 T 654+Z@E|R}a)54 =ty tg - ErR tw

which describe the dynamics of the drive train. Doédts simple
structure, an extension to a 6x6 or 8x8 drive traith be straight
forward.

Drive Shaft Torques

The torques in the drive shafts are given by

ty = Cyafs where: 2@, Wy~ sy,
ts, = Csoafs,, where:  ads, = w,—ws,;
te = Cqads, where: 2y = W Wy
tsy = CsoofPso, where:  adg, = W~ Wy (83)
tg = Cxafg, where:  afy, = Wy - Wy,
tss = Csaafss, where:  ags; = Wi~
ty, = C54A¢s4f where: A¢54 = W, T Uy,
and cg,, Cg, Csps Cs3y Csys Cq s Cx denote the stiffnesses of the
drive shafts. The first order differential equataran be arranged in
matrix form
=K w+Q,, (84)
where
.
wEay, Wy W W Gy G (85)
represents the vector of the angular velocities,
N :[A¢511 afsy, 2P, sfso APx, afsy A¢SAT (86)
contains the torsional angles in the drive shafts,
Q=lw, w, 0, -w, 0 w, a)4]T (87)
is the excitation vector, and
-1 0 0 0 0 0]
0O -1 o0 0 0 0
%rF L 1 0 o o
K=l 0 0 ur. vrg O 0 (88)
1 1
0 0 0o -1 ErR ra
0 0 0 0O -1 o0
| 0 0 0 0 0 -1

forms a 7x6 distribution matrix.

440 / Vol. XXVIII, No. 4, October-December 2006

Georg Rill

Locking Torques

The differential locking torques are created byeahanced dry
friction model consisting of a static and a dynapact

te = th o,
te = tLSc +tLDc ) (89)
te = tr+ik.

The dynamic parts are modeled by a torque propwtito the
differential output angular velocities

tLDF = dLF (‘dsz - wsl) )
tEc = d (a)ER - wst)” (90)
tLDR = dLR(wS4 - wss)

where d ., d, d are damping parameters which have to be
chosen appropriately. In steady state operatinglitions, the static
parts t5, t., tS, will provide torques, even if the differential

output angular velocities are equal. From the Bs.81, and 82,
one gets

1
th = E(tsz _t51) ,
1
th = E(tSR —te +(2u-Dr, tso)l (91)
1
th = E(tS4 _tss)'

By this locking torque model, the effect of drycfion inside the
differentials can also be taken into account.

Numerical Solution

The equations of motion 80, 81, and 82 can be combin a
matrix differential equation

M w=09(2¢, w), (92)

where w, a¢ are given by the Egs. 85, 86, and the mass matrix
is built by three 2x2 submatrices

M, 0O O
M= 0 M., 0], (93)
0 0 M,

where the elements dfl. , M., and M follow from the Egs. 80,
81, and 82. The vector of the generalized torgsiegitten as

1

o +1 _ErF te

1
ts, T _E Mets

e+t Ut

R ) e
t g —% (9
2Tl
ABCM



Vehicle Modeling by Subsystems

Because the model also includes the high frequewé ¢haft The change ofy with respect toag leads to a 6x7 matrix
vibrations the differential equations for the dritrain are stiff.
Hence, implicit integration algorithm should be diséor the r 1
numerical solution. Vehicle dynamic equations cansblved very Cs O Sl 0 0 0 o0
effectively by a modified implicit Euler algorithrRill (2004). 1
The implicit Euler-formalism for Eq. 92 and Eq. &&ults in 0 c, _ErF Co 0 0 0 O
M St =M of +h q[qﬁ"”,af”], (95) 99 _ 0 O Ce —UTCsy 0 0 O (102)
dagp |0 O 0 VI Cgp Cx 0 o
A¢k+1:A¢k+h[Ka)<+1+Qo), (96) 0 0 0 0 _%rRCS? Css 0
where h is the integration step size, and the supersctiptand 0 o0 0 0 —ErR e O cg
k+1 indicate the states at and t+h. Applying the Taylor- 2 .
B k
expansion tog at ag“+hag" and o, one gets The term which is finally needed in Eq. 100 is syatnic and
reads as
q[A¢k*1,cJ‘*1] = q[A¢k+hA¢k,(/f] 1 1
B -y = —rXe TGy 0 0 0
s %9 (A¢k+1 —(ag* + hA¢k)) 97) . 4 2
aA¢ 3 _ZrFZCSF —Cs, %rFCSF 0 0 0
+ | [a)‘” —(d‘). 1 1
ow e Cs PRI -z —HVréCs, 0 0
94 o) 2 2 ,(103)
By using the Egs. 84 and 96 the second term onige side 029 0 0 -—uvrilcy, —C& 1chSC ;chSF
can be written as 2 2
5 N 0 0 0 ErRr:SR —Cq3 —‘%rgcSR
Lap s thag)) = (a9 10 p g 1 .
N [N 0 0 0 Ss R -,
= %9 (h(Ka"0, Fh(KaF+0,) (98) ’
N where the abbreviations
9q
= h K ("' -a)).
0a¢ ( ) Ca = Csf"%rrz Cer s Cs; = Csz"':llrrz Cs
Now, the implicit algorithm in Eq. 95 can be apgrated by C¢ = Cg +irlcy, Cr = CxtVviricy, (104)
(5] _ 1 2 (] _ 1 2
Ma)(+1:Ma}(+hq[A¢k+hA¢k,a)<]+ Css = CS3+er Cx Csa = CSA+er Cx
(99)  \were used.

+h 99 g 490 (W),
0a¢ ow
System Performance

which finally results in
y Locking the differential improves the traction ofvahicle. In

-1 Fig. 13 the simulation results of a vehicle wittarevheel drive
P h{M _ﬂK _aq] q[A¢k+hA¢'<,(J), (100) starting on au -split surface are shown.

0a¢p  Ow
8 T T T T
where the partial derivativedq/da¢ and dg/dw can be calculated G| oa et angutar Velocmi ——
quite easily. -
- —
Partial Derivatives 2 ,/ ///
Only the dynamic locking torqueg; , t. andt7, depend on 0
the angular velocities. Hence, one obtains 1000 ‘
torques _ drivi.ng
[—d d 0 0 0 0 ] 750 [ ====locking
LF LF
d. -d, 0 0 0 0 £ s00 a%
ﬂ: 0 0 _dLC dLC 0 0 (101) 250
w 0 0 d. -dg 0 0
0 0 0 0 -di dg % o5 1 15 2 ; 2.5[ , 3 35 4 45 5
ime |S.
0 0 0 0 dr -dx

- - Figure 13. Vehicle starting on p- split.
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At first all differentials are unlocked. The letar wheel which

Georg Rill

[4] Hirschberg, W.; Rill, G.; Weinfurter, H.: Uséppropriate Tyre-

is running on a low x-plate immediately starts spinning. At Modeling for Vehicle Dynamics in Standard and LirSituations. Vehicle

t =2.5s the rear differential is locked. Now, the lockitgrque,

which is generated by the drive train model forbegh wheels to
run with the same angular velocity.

Conclusion

Vehicle modeling by subsystems make a large varigty
applications possible. The combination of simplésystems and
modules results in a vehicle model with a minimunmber of data
and a very good run time performance. Such “ligbtlets* can be
used to develop enhanced control strategies fastretéc safety
devices. Depending on the focus of interest, mand aore
subsystems and modules may be replaced by enhanesd Then,
sophisticated design studies or a comfort anar@gossible. If the
modified implicit Euler algorithm is also applie@d the critical
subsystems drive train and steering system the ricahgolution of
the overall vehicle model still will not be timereguming.
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