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Phase-Field Simulation for Non-isothermal Solidification of Al-Cu Binary Alloy
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Based on the principle of dilute solution approximation, a phase field model for dendritic 
growth during the non-isothermal solidification process was proposed by coupling the phase field, 
concentration field and temperature field, and was adopted to investigate the dendritic growth of 
Al-Cu binary alloy during the non-isothermal solidification process. Also, the simulations of free 
dendritic growth in an undercooled melt of Al-4.5%Cu binary alloy with different perturbation 
intensity and anisotropy were carried out by the present phase field model. The results show that 
during the non-isothermal solidification process of Al-4.5%Cu binary alloy, the dendrite grow into 
undercooled melt with the solute rejection and latent heat release at the front of solid/liquid interface, 
and the solute enriches at the dendrite root and high temperature appears at the dendritic growth 
front. With the increase of perturbation intensity, the dendritic growth becomes more developed and 
more branches appear. Moreover, the anisotropy coefficient also has a great effect on the dendritic 
growth, and the growth speed of dendrite increases with the increase of anisotropy coefficient.

Keywords: phase-field method, binary alloy, dendritic growth, solute distribution, non-isothermal 
solidification.
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1. Introduction
Recently, it has become a popular method to simulate 

the dendrite growth in the solidification process of steel 
by numerical method1. However, it is difficult to calculate 
dendrite growth for traditional method, because it must track 
the solid-liquid interface accurately. The phase field method is 
a simulation method for describing the evolution of complex 
interfaces in non-equilibrium state and does not need to track 
the interface front2. Phase field method is usually needed to 
couple with temperature field, solute field and other external 
fields to simulate dendrite growth during solidification, thus 
the process of dendrite growth, solute segregation and other 
complex process during solidification can be reproduced. 
The effect of dynamics, perturbation, anisotropy and other 
factors on microstructure formation also can be studied by 
phase field method3.

The initial purpose of phase-field method is to simulate 
the dendrite growth of pure matter in undercooled melts, 
and then Wheeler et al.4,5 established the pioneer model 
(WBM model) for simulating dendritic growth of binary 
alloys during the solidification process, which was widely 
adopted to predict the solidification structure of alloys by 
the following researchers6-8. However, the model is required 
to be performed under the condition of limited interface 

thickness. Kim et al.9-14 also developed a phase field model 
(KKS model) for alloy solidification, which eliminates the 
limit of the thin interface thickness, and it was widely adopted 
to predict the solidification structure of alloys in the past few 
decades. Ode et al.14 used the KKS model to study Ostwald 
ripening, isothermal dendritic growth of Fe-C alloys, based 
on the dilute solution theory. Zhang et al.15 and Niu et al.16 
studied the effects of undercooling and anisotropy on the 
primary dendrites morphology of Fe-C alloys.

In this work, the phase field model proposed by Kim et al. 
was adopted to coupled with the solute field and temperature 
field to simulate the solidification process of Al-Cu alloy under 
non-isothermal conditions, then the effects of anisotropy 
and perturbation intensity on dendritic growth were studied.

2. Phase-field Model

2.1 Governing equations for phase field

Phase field method introduces a phase field variable ϕ to 
represent the phase state of the material in the system. The 
liquid phase and solid phase are respectively indexed by ϕ= 
0 and 1. When ϕ is among 0 and 1, it means the solid-liquid 
interface. The governing equation for the phase field can 
be expressed as:
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					              (1)

where M is the phase field mobility related to the driving 
force of the interface, t is the time, F is the Helmholtz free 
energy function, and can be determined by:

					              (2)

where V is the volume, ε is the gradient energy coefficient 
setting the scale of the surface tension, T is the temperature, 
f(ϕ ,T) is the free energy density, which is defined as the 
sum of the fraction-weighted free energies of liquid and 
solid phase and an imposed double-well potential and can 
be determined by

					              (3)

where fs and fL represent the free energy densities of the solid 
and liquid phases respectively. g(ϕ) is a double-well potential, 
W is its height. The interpolation function h(ϕ) represents 
a normalized area under the potential. They are given by
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Thus, the governing equations for the phase field is 
given by

 					              (6)

where fϕ is the result of equation (3) for solving partial 
differential of ϕ, it can be given by

 					               (7)

where h’(ϕ) and g’(ϕ) respectively represent the first partial 
derivatives by ϕ. cl and cs represent the concentrations of 
the liquid phase and the solid phase respectively, ce

l and ce
s 

are the equilibrium concentrations of the liquid phase and 
the solid phase respectively.

In order to take the anisotropy of solid/liquid interface 
into consideration, the parameter ε(θ) related to the interface 
energy is expressed as:

 					              (8)

where k is 4 for the four-hold anisotropy, v represents 
anisotropic magnitude. θ is the angle between normal direction 
of interface and the reference axis (usually is x-axis).

2.2 Governing equations for solute diffusion

The governing equation for the concentration field can 
be expressed as:

					              (9)

where c represents the concentration of the solute, Di(ϕ) 
represents the diffusion coefficient of the solute. fc and fcc 
represent the first and second partial derivatives of f by c, 
respectively. According to the dilute solution approximation, 
the following expressions can be derived:
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where the µs and µl in the formula represent the chemical 
potentials of solid phase and liquid phase respectively.

2.3 Governing equations for temperature field

The temperature field is also coupled in the calculation. 
The effect of latent heat release on temperature field is 
considered in this work. The influence of latent heat is 
estimated by the sum of the variation of phase field variables 
in the corresponding temperature field meshes. So the thermal 
diffusion equation can be expressed as:

 					              (12)

where α is the thermal diffusivity, T is the temperature, L is 
the latent heat, cp is specific heat. And the thermal diffusivity 
can be calculated by:

 					              (13)

where ρ is the density and Cp is the specific heat.

3. Calculation Process

In the present study, numerical simulations were 
performed for the Al-4.5%Cu binary alloy with a uniform 
melt temperature 900k (33.3 K undercooling) in a domain 
size of 12 µm×12 µm. The top, left, and right boundaries are 
insulated, the heat in the calculation domain is extracted to 
the environment through the bottom, and the temperature at 
the bottom boundary is set to be room temperature (300K). 
The calculation domain is divided into 1200×1200 cells 
and each cell is initialized with characteristic parameters, 
such as, nominal composition, temperature, phase state, etc. 
We assume a nuclei with the preferred growth orientation 
parallel to the coordinate axes nucleates at the center of 
the calculation domain at the beginning of the simulation. 
Without another specification, the model configuration is 
used in the following simulation cases.

In order to simulate the perturbation of the interface 
at the actual solidification process, random perturbation is 
added in this work. It was given as follow:
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where χ is a random number between -1 and 1. ~  is the 
perturbation intensity factor.

In the calculation, the explicit finite difference method is 
used to solve the discrete solution of the phase field equation 
, solute diffusion equation and thermal diffusion equation. 
The calculation process is implemented in terms of Visual 
C++, and visualization of the calculation results is treated 
by the commercial software Tecplot. The thermophysics 
parameters of Al-Cu binary alloy adopted in the present 
study are listed in the Table 1.

4. Results and Discussion

4.1 Effect of perturbation intensity

4.1.1 Dendrite morphology
Figure 1 shows the snapshot of dendrite morphology 

in an undercooled melt of Al-Cu binary alloy with different 
perturbation intensities after 4.7×10-5s. It can be seen that 
with the increase of perturbation intensity, the solid/liquid 
interface of the primary trunk becomes more unstable, and 
the secondary dendrite arm begins emitting from the primary 

trunk. The secondary dendrite arm growth has undertaken a 
great competition, and some secondary dendrite is inhibited 
by the well-developed secondary dendrite. Especially for 
the secondary dendrite arms at the root of primary dendrite 
trunk, they suffers from a great competition, and thus they 
are less developed. Also, with the increase of perturbation 
intensity, the dendrite grows more developed and the tertiary 
dendrite arms appears for the perturbation intensity of 0.02. 
Therefore, for the higher perturbation intensity, the dendrite 
grows with more complicated arm branching.

4.1.2 Solute and temperature distribution

Figure 2 shows the copper distribution in an undercooled 
melt of Al-Cu binary alloy with different perturbation 
intensities after 4.7×10-5s: (a) 0, (b) 0.01, and (c) 0.02. It 
can be seen that the distribution of solute is consistent with 
that of dendrite growth. The lowest concentration of Cu in 
the dendrite center is due to the undercooling caused by 
the curvature effect of dendrite tip during solidification, 
which decreases the solidus temperature, and the diffusion 
rate of solute in the solid phase is much smaller than the 
growth rate of dendrite. Cu enrichment occurs at the solid-
liquid interface of dendrite growth, which is due to solute 
redistribution during solidification. The concentration of Cu 
in solid phase is lower than the initial concentration, and the 

t t g162
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2
2z z
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Table 1. Thermophysics parameters of Al-Cu alloy.

Parameter Values

Equilibrium distribution coefficient, ke 0.14

Liquidus slope, me (K /mol) 640

Solute diffusivity in liquid phase, Dl  (m
2/s) 3×10-9

Solute diffusivity in solid phase, Ds (m
2/s) 3×10-13

Interface energy, σ (J/m2) 0.093

Melting point, Tm (K) 933.3

Latent heat of melting, L (kJ/ kg) 389

Specific heat, Cp (J /(kg·K))) 1130

Thermal conductivity, k (W/(m·K)) 192.6

Density, ρ (kg/m3) 2800

Figure 1. Snapshot of dendrite morphology in an undercooled melt of Al-Cu binary alloy with different perturbation intensities after 
4.7×10-5s: (a) 0, (b) 0.01, and (c) 0.02 
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diffusion rate of solute in liquid phase is much lower than 
that of dendrite growth, thus solute enrichment appears at the 
dendrite front. Figure 3 shows the temperature distribution 
in an undercooled melt of Al-Cu binary alloy with different 
perturbation intensities after 4.7×10-5s: (a) 0, (b) 0.01, and 
(c) 0.02. It can be seen that the distribution of temperature is 
also consistent with dendrite growth. The latent heat release 
during the solidification process makes the temperature 
higher in the solid phase than that in the liquid phase, and 
the temperature near the liquid surface is higher than that 
at the center. At the dendrite tip, the temperature gradient 
is maximal due to the large interfacial movement rate, and 
the latent heat release. At the dendrite root, the temperature 
gradient is minimal due to the small interfacial movement 
rate. And the maximum temperature in the solid phase 
decreases with increasing perturbation intensity.

4.2 Effect of anisotropy

4.2.1 Dendrite morphology

Figure 4 shows the snapshot of dendrite morphology 
in an undercooled melt of Al-Cu binary alloy with different 
anisotropies after 4.7×10-5s: (a) 0.03, (b) 0.04, and (c) 0.05. 

It can be seen that with the increase of anisotropy, the dendrite 
trunk becomes longer, the dendritic growth are developed 
with more secondary dendrite arms, and the secondary 
dendrite also grows longer, which indicates that anisotropy 
can promote the growth of the main dendrite and secondary 
dendrite. And also the tertiary dendrites appears with the 
increase of anisotropy, therefore, the anisotropy has an effect 
on the dendritic growth, and with the increase of anisotropy, 
the dendrite grows more developed.

4.2.2 Solute and temperature distribution

Figure 5 shows the copper distribution in an undercooled 
melt of Al-Cu binary alloy with different anisotropies after 
4.7×10-5s: (a) 0.03, (b) 0.04, and (c) 0.05. It can be seen that 
the solute is enriched at the root of primary dendrite trunk 
and secondary dendrite arm, thus the copper concentration in 
the interdendritic liquid is higher than that of dendrite arm. 
The enrichment of Cu at the front the solid/liquid interface is 
due to the solute redistribution during solidification process, 
the concentration of Cu in the solid phase is lower than the 
nominal concentration, the solute diffusion velocity in liquid 
phase is less than that of dendrite growth, and the rejected 
solute at the solid/liquid interface cannot be fully diffused 

Figure 2. Copper distribution in an undercooled melt of Al-Cu binary alloy with different perturbation intensities after 4.7×10-5s: (a) 0, 
(b) 0.01, and (c) 0.02 

Figure 3. Temperature distribution in an undercooled melt of Al-Cu binary alloy with different perturbation intensities after 4.7×10-5s: 
(a) 0, (b) 0.01, and (c) 0.02 
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Figure 4. Snapshot of dendrite morphology in an undercooled melt of Al-Cu binary alloy with different anisotropies after 4.7×10-5s: (a) 
0.03, (b) 0.04, and (c) 0.05 

into the liquid phase, thus solute enrichment appears at the 
dendritic growth front. Figure 6 shows the temperature 
distribution in an undercooled melt of Al-Cu binary alloy with 
different anisotropies after 4.7×10-5s: (a) 0.03, (b) 0.04, and 
(c) 0.05. It can be seen that the maximum temperature appears 
at the dendritic growth front, where the latent heat releases 
more during non-isothermal solidification process, and its 

distribution is consistent with the concentration distribution. 
With the increase of anisotropic intensity, the dendrite grows 
with more branches, but the solute is still enriched at the 
root of dendrite and the maximum temperature also appears 
at the dendritic growth front. Thus, the anisotropic intensity 
affects the dendritic growth, but it does not has great effects 
on the concentration field and temperature field.

Figure 5. Copper distribution in an undercooled melt of Al-Cu binary alloy with different anisotropies after 4.7×10-5s: (a) 0.03, (b) 0.04, 
and (c) 0.05 

Figure 6. Temperature distribution in an undercooled melt of Al-Cu binary alloy with different anisotropies after 4.7×10-5s: (a) 0.03, (b) 
0.04, and (c) 0.05 
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5. Conclusion

1.	 A phase field model is proposed to investigate the 
dendritic growth of Al-Cu binary alloy during the 
non-isothermal solidification process by coupling 
the phase field method, solute diffusion and 
temperature transfer.

2.	 During the non-isothermal solidification process 
of Al-4.5%Cu binary alloy, the dendrite grow into 
undercooled melt with the solute rejection and latent 
heat release at the front of solid/liquid interface, 
and the solute enriches at the dendrite root and high 
temperature appears at the dendritic growth front.

3.	 The perturbation intensity and anisotropy have great 
effects on the dendritic growth of Al-4.5%Cu binary 
alloy. With the increase of perturbation intensity 
and anisotropy, the dendrite grows with more 
developed, and the tertiary dendrite arm appears 
for the high perturbation intensity and anisotropy. 
But, the perturbation intensity and anisotropy do 
not have a big effect on the concentration field 
and temperature field, the solute is still enriched at 
the root of dendrite and the high temperature also 
appears at the dendritic growth front.
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