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deterministic setting may lead to compromised safety margins. In this setting, Reliability-Based Design
Optimization (RBDO) appears as an alternative, allowing one to optimize dam performance, but respecting
specified reliability constraints. In this paper, we employ an efficient and accurate Single-Loop Approach
(SLA) in the RBDO of a concrete dam. Considering dam equilibrium reliability constraints, we find the
optimal dam base and optimal placement of drainage galleries, for different dam heights and different target
reliability index (Sr). We show how the governing failure mode changes for each optimal solution: for large
Br, sliding limit state is the active constraint; for smaller S values, the eccentricity limit state function is
found to be the active constraint for the optimum dam. We also investigate how the importance of random
parameters change for each optimum solution: for large S and failure controlled by sliding, the cohesion and
friction angle along dam base interface with foundation rock are the most relevant uncertain parameters for
dam equilibrium. For smaller S with failure controlled by eccentricity, the more relevant uncertain
geotechnical parameters are the base length of the dam, the specific weight of concrete, and the coefficient of
drainage gallery inefficiency.

Keywords: reliability-based design optimization, concrete dam, reliability index, dam design, single-loop
approach.

Resumo: O desempenho e a seguranga das estruturas geotécnicas sdo afetados por incertezas. No entanto, o
projeto de barragens ainda hoje ¢ feito usando métodos deterministicos e codigos de projeto. A otimizagdo da
barragem em um cendrio deterministico pode levar a margens de seguranga comprometidas. Nesse cenario, a
Otimizagdo de Projeto Baseada em Confiabilidade (RBDO) surge como uma alternativa, permitindo otimizar
o desempenho da barragem, mas respeitando as restri¢des de confiabilidade especificadas. Neste artigo,
empregamos uma abordagem de loop tinico (SLA) eficiente e precisa no RBDO de uma barragem de concreto.
Considerando as restrigdes de confiabilidade de equilibrio da barragem, encontramos a base 6tima da
barragem e a localizagdo otima das galerias de drenagem, para diferentes alturas da barragem e diferentes
indices de confiabilidade alvo (8;). Mostramos como o modo de falha governante muda para cada solugdo
otima: para B grande, o estado limite de deslizamento ¢ a restri¢do ativa; para valores menores de S, a
fungdo de estado limite de excentricidade ¢ a restri¢@o ativa para a barragem otima. Também investigamos
como a importancia dos parametros aleatérios mudam para cada solugdo otima: para grandes B e falhas
controladas por deslizamento, a coes@o e o angulo de atrito ao longo da interface da base da barragem com a
rocha de fundag@o sdo os parametros incertos mais relevantes para o equilibrio da barragem. Para 8 menores
com ruptura controlada por excentricidade, os pardmetros geotécnicos incertos mais relevantes sdo o
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comprimento de base da barragem, o peso especifico do concreto e o coeficiente de ineficiéncia da galeria de
drenagem.

Palavras-chave: otimizagdo de projeto baseado em confiabilidade, barragem de concreto, indice de
confiabilidade, projeto de barragem, abordagem de loop tinico.
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1 INTRODUCTION

Geotechnical structures are designed under significant uncertainty in parameters. In concrete dams, the traditional
approach for verifying stability is based on deterministic methods that use empirical safety factors (FS) or partial factors
of safety for every failure mode. These empirical FS allow us to design conservative dams, without explicitly
considering the uncertainties in geotechnical parameters. Different specialized standard agencies [1]— [8] and some
authors [9], [10] give suggestions of minimum FS. These values determine if the structure has an acceptable level of
safety or not. If minimum values are not met, the existing structures need to be strengthened and/or their use changed.
In turn, the design procedure starts with an initial definition of the cross-section geometry, which is progressively
updated until the safety criteria are met. However, these FS do not quantitatively measure the safety margin of the
design and do not account for the influence of different design variables and their uncertainties on the overall system
performance [11], [12].

Probabilistic methods can be employed to determine the probability of failure of a structure under different loading
conditions. Probabilistic methods consider geotechnical parameters as random variables, which brings more confidence
regarding the performance and safety of structures [13], [14]. In large dams, the development of national dam safety
regulations was historically based on the classical approach (deterministic analysis). The ICOLD bulletin [15]
encouraged theoretical investigations for the future adoption of a probabilistic approach to dam safety. This bulletin
states that the logical trend, in the design phase, goes from the predominantly deterministic approach of global FS to
the semi-probabilistic method of partial safety factors. For existing dams, the standards-based approach is recognized
to be increasingly inadequate [16]. Due to their inherent conservatism, deterministic approaches may not be cost-
effective for design of new dams, nor for safety evaluation of existing dams [17]. In those cases, the probabilistic
approach has gained acceptance for the safety management of specific dams, for which the economic resources are very
important. Reliability methods have been considered systematically to support decision-making regarding the operation
or during the design of a dam.

In reliability theory, the first-order approximation to the probability of failure (Py) is obtained by approximating the
limit state at the design point by a hyperplane, which leads to (Equation 1):

Py = @(=p) (M

where ®@(.) is the standard Gaussian cumulative distribution function (CDF) and g is the reliability index [18]- [20].
The minimum distance of the limit state function to the origin of standard Gaussian space is the so-called reliability
index (f), and the point over the limit state with minimum distance to the origin is called the “design point”. By defining
a target reliability index (f;) with large distance to the failure domain, the chance of unsatisfactory performance can
be reduced. In dam structures, S should be a function of the expected performance level [21]. Increasing the safety of
structural systems usually implies additional costs, and sometimes cost savings can result in jeopardized safety [18].
The optimum design mostly involves a tradeoff between safety and economy [22].

Deterministic Design Optimization (DDO) allows finding the shape or configuration of a structure that is optimum
in terms of mechanics, but the formulation grossly neglects parameter uncertainty and its effects on structural safety [23].
Consequently, a deterministic optimum design obtained without considering such uncertainties can result in an
unreliable design [12]. Reliability-Based Design Optimization (RBDO) has emerged as an alternative to properly model
the safety-under-uncertainty part of the problem. Uncertainties in geotechnical engineering come from loads,
geotechnical properties, and calculation models [14], [24], [25]. The purpose of RBDO is to find a balanced design that
is not only economic but also reliable in the presence of uncertainty [26]. With RBDO, one can ensure that a minimum
(and measurable) level of safety is achieved by the optimum structure [23].
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Although the idea of RBDO is attractive, its implementation is generally not easy because of the coupling between
reliability assessment and cost minimization. Methods used to solve RBDO problems are usually classified into three
groups [19], [27]:

(1) Bi-level RBDO approaches: reliability index approach (RIA) [28]— [30] and performance measure approach (PMA)

[30], [31];

(2) Mono-level RBDO approaches: Single Loop Single Variable (SLSV) [32], Single Loop approach (SLA) [33], [34],

Mono-Level RBDO [35], Reliable design space [36];

(3) Decoupled RBDO approaches: Traditional Approximation Method (TAM) [37], Sequential Optimization and

Reliability Assessment (SORA) [38], Sequential Approximate Programming (SAP) [39], [40].

The above methods are very efficient for problems with linear and moderate nonlinear limit state functions.
Traditionally, RBDO is conducted through the double-loop approach (also known as bi-level approach), in which the
inner loop computes the reliability constraint, and the outer loop conducts the optimization. For this reason, the double-
loop RBDO method is computationally expensive and, therefore, may be impractical for large-scale design problems.

Some studies have been carried out addressing RBDO of geotechnical structures in recent years. Chiti et al. [41]
used subset simulation for RBDO of a concrete gravity dam. Zhao et al. [42] employed an Artificial Bee Colony (ABC)
algorithm for RBDO analysis of retaining walls and spread footings. Zevgolis et al. [43] proposed a probabilistic
geotechnical design optimization framework for large open-pit excavations. Zhao et al. [44] employed least square
support vector machine (LSSVM) and artificial bee colony (ABC) algorithm for reliability-based support optimization
of rock bolt reinforcement around tunnels. Santos et al. [45] used the FORM-based ant colony optimization (ACO)
algorithm for reliability-based design optimization of geosynthetic-reinforced soil walls. Ji et al. [46] used the inverse
FORM approach for reliability-based design in geotechnical engineering. Raviteja and Basha [47] presented a target
reliability-based design optimization (TRBDO) approach of V-shaped anchor trenches for municipal solid waste
landfills. Mahmood [11] used the FORM method with a minimization algorithm to illustrate the optimization of a
retaining wall.

Using guidelines of specialized standards and considering uncertainties, this paper investigates the optimum
location of gallery drainage and best geometry of a concrete dam using a mono-level Single-Loop Approach (SLA).
We address a realistic dam design problem herein, but using analytical limit state functions. The combination of using
analytical functions and an efficient single-loop optimization approach allows us to find the optimal dam base and
optimal placement of drainage galleries, for different dam heights and different target reliability index. We also exploit
how the governing failure mode changes as a function of the target reliability index (8y) employed as design constraint,
and as a function of dam height. We also investigate how the importance of random parameters change for each
optimum solution.

The remainder of this paper is organized as follows. The basic formulation of RBDO is presented in Section 2. The
application problem is described in Section 3. Implementation details of dam RBDO are described in Section 4. The
results of the optimization analysis are presented and discussed in Section 5. Concluding remarks are presented in
Section 6.

2 FORMULATION OF RELIABILITY-BASED OPTIMIZATION

2.1 Formulation of reliability analysis

Let X = {X;, X5, ..., X,,} and d = {d;,d,, ..., d,} be vectors of structural system parameters. Vector X € R™rV
contains ng, random variables, and may include dimensions and geometry, resistance properties of materials or
structural members, loads, and model error variables. Some of these parameters are random in nature; others cannot be
defined deterministically due to uncertainty. Vector d € R™RV contains np, design variables whose values are to be
determined to maximize the performance of the system, or to minimize weight, cost, etc. Typical variables in vector d
are nominal member dimensions, partial safety factors, reinforcement ratio, design life, parameters of inspection and
maintenance programs, etc.

The existence of uncertainty implies uncertainty in the performance of the structure, that is, the possibility of a
structural failure. The boundary between safety and failure domain is given by limit state functions g;(d, X), such that
(Equation 2):

Dy;(d) = {x|g;(d,X) < 0},
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D,;(d) = {x|g;(d,X) > 03}, i=1,..,n, 2)

where Dg;(d) is the failure domain, Dg; is the safety domain, and n;¢ is the number of limit state functions. Each limit
state describes one possible failure mode of the structure. The probability of structural failure, or probability of failure,
for the i*" failure mode, is given by (Equation 3):

Py = Plg;(d,X) < 0] = fDﬁf;((X) dx )

where f; (X) represents the joint probability density function of the random variable vector X and the integral is carried
out over the failure domain. The probabilities of failure for individual limit states can be evaluated using traditional
structural reliability methods such as first- and second-order reliability methods (FORM and SORM), as well as by
Monte Carlo simulation (SMC). For multiple limit states, system reliability techniques have to be employed [18]- [20].

2.2 Reliability-Based Design Optimization (RBDO)

The RBDO is the generic name given to (structural) optimization that explicitly takes uncertainties into account.
When the formulation of optimization uses reliability constraints, one obtains what has been called Reliability-Based
Design Optimization (RBDO). A typical formulation reads (Equation 4):

Find d* which minimizes f(d)

Subject to: P;(d) < Pppyi =1,..,n5,d €S (@)

where Py;(d) is the failure probability for the it" failure mode, Pgr; is the allowable failure probability for the ith failure
mode, n,g is the number of limit states, and S = {d i, dimax ). The target safety or target reliability, for the i*" failure
mode, is rp; = (1 - PfTi). Using reliability index £ as the safety measure, Equation 4 can also be written as (Equation
5):

Find d* which minimizes f(d)

Subject to: B;(d) = Bri,i =1, ...,n,5;d €S ®)

The main difference between RBDO and deterministic optimization is the introduction of uncertainties by considering
them random variables instead of fixed values. A design with the RBDO process assures the safety of the structure
when the parameters involved in the analysis are of random nature. In contrast, deterministic optimization cannot ensure
the safety conditions [48]. An illustrative scheme of deterministic optimization (DO) and RBDO is depicted in Figure 1. In
this figure two limit state functions are shown.

_ Probabilistic constraint

|/

/ -
" FEASIBLE REGION
RBDQ design

< \Objective Function
7" values

2 ‘ g](xpxz):o
& (xy,x)=0 \DO design

X

Figure 1. Illustrative scheme of deterministic optimization (DO) vs RBDO (based on [48]).
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Failure probabilities or reliability indexes can be evaluated by classical structural reliability methods such as FORM,
SORM, or SMC. However, the computational cost of evaluating these reliabilities needs to be considered, as reliability
analysis is now performed within an optimization loop. Hence, structural reliability calculations must be repeated
hundreds to thousand times. This will often require the use of specialized methods, which can reduce the overall
computational burden [18]-[20].

The RBDO [49]-[51] is a natural extension of DDO, where deterministic constraints are replaced by probabilistic
design constraints. RBDO does not account for the economic consequences of failure, since the safety level is a
constraint, and not an optimization variable. DDO and RBDO can both be used to achieve mechanical structural
efficiency. The safety-economy tradeoff is addressed by the risk optimization formulation [23], [28], [52]-[54], which
is outside the scope of this study.

2.3 Single-Loop Approach (SLA)

The SLA method is a single-loop RBDO algorithm [33], [34], which operates by replacing the reliability constraint
by the first-order optimality conditions. This method eliminates the need for inner reliability loops without increasing
the number of design variables, as is the case with some other single-loop algorithms [55]- [57]. Concurrent
convergence is thus obtained, whereby optimal design and target reliability are obtained simultaneously in the same
optimization loop. SLA has been found to be more efficient, robust and accurate than many of the competing methods
[27], [50].

SLA [33] approximates the design point of each reliability constraint by solving the first order Karush-Kuhn-Tucker
(KKT) conditions for each iteration k. The formulation is given by (Equation 6):

Find d;; which minimizes f(d)

Subject to: g;(d,x;) = 0,i =1,..,n;,;d €S 6)

where vector X, = (Ux)x — (]xy)ikaikﬁn- is a linear approximation to the design point X}, at the k" iteration, and

vector (ux), needs to be updated only if random design variables are present. The Jacobian matrix ], of the
transformation x = T~*(y) = J,,¥ + iy is given by (Equation 7):

I %

1=1,.,ngy;m=1,..,ngry

The design point y; = T (x;) is the point over the limit state function with minimal distance to the origin of the Standard
Normal space. As such, it is the most appropriate point to linearize the limit state function. For each limit state function,
the gradient vector is evaluated as (Equation 8):

V. = {32 (®)

m=1,..,nry
In Equation 6, vector «; is the normalized gradient of the i constraint, also known as direction cosine (Equation 9):

V.
a; = = {amtm=1,.., nRy 9
v

The squared normalized direction cosines a2, inform about the contribution of each random variable to the calculated
failure probabilities, since (Equation 10):

Ymam =1 (10)
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The formulation in Equations 5 and 6 is a generalization of the original formulation in [33], which addresses non-
Gaussian and correlated variables. SLA does not search for the design point of each constraint at each iteration. Instead,
an approximation of the design point of active constraints is obtained by solving the KKT conditions. An implicit
assumption in SLA is that the sequence of design point approximations converges to the true design point.

If a limit state function is highly non-linear in the reduced variable space or if there are multiple design points for a
given limit state, then SLA may not converge to the global optimum. Such issues are well-known in FORM and related
methods.

The SLA algorithm starts with initial choices for d, and x;, (e.g., X;o = Kx), for k = 0, and by evaluating the
objective function and constraints in Equation 6. Point d,,, is evaluated using an appropriate optimization algorithm,
counter k is updated (k = k + 1), and transformation matrices (]xy)k and normalized gradient vectors 0o, i = 1, ..., 7
are updated. At this point, the design point estimates can be updated, making X;;, = (Ux)x — (]xy)ikaikBTi . During the
interactive procedure, the algorithm first checks if (px); has changed from the last iteration. In a positive case, the o
vectors are updated. If not, the same gradient vector o is used to calculate x;, = (Ux)x — (]xy)ik(xikBTi. This step is
essential to keep vectors (ux)y, and X;;, consistent, but it also increases the efficiency of the algorithm [18]-[20].

2.4 Optimization algorithm

The numerical procedure adopted to minimize the objective function is the NLPSolve subroutine of the MAPLE
2019 [58], [59] software. The NLPSolve command solves a nonlinear program (NLP), which involves computing the
minimum (or maximum) of a real-valued objective function, possibly subject to constraints. Within the NLPSolve
subroutine, the Sequential Quadratic Programming (SQP) method was selected to solve the optimization problem.
Numerical derivatives are computed automatically throughout iterations.

2.5 Target reliability index (f7) for dams

The target reliability indices (f;) guide the expected performance of the dam. If the dam meets S = 3 (high
performance) for all failure modes, the expected performance will be good. Dams with a S < 3 (low performance)
will be expected to perform poorly and present major rehabilitation problems. A dam with fr <1 very low
performance) is classified as hazardous with serious structural problems. The U.S. Army Corps of Engineers [21] gives
a guide of B values, as shown in Table 1, which is generally used.

Table 1. Target reliability indexes for dam stability analysis [21].

Expected performance level Reliability index () Probability of failure (Py)

High 5.0 3.0x107

Good 4.0 3.0 x10°

Above average 3.0 1.0 x1073

Below average 2.5 6.0 x1073

Poor 2.0 2.3 x10?
Unsatisfactory 1.5 0.07
Hazardous 1.0 0.16

3 THE APPLICATION PROBLEM

A concrete dam is adopted to illustrate the application of RBDO using the SLA algorithm. We here adopt a section
of a concrete dam that satisfies all the deterministic design requirements. The concrete dam has a height of 50 m, and
width of 7 m at the crest (a two-way highway exists at the crest). The upstream face is vertical, and the downstream
face has an initial slope of 1V:0.733H. A drainage gallery with a square dimension of 2.0 m is located 5.0 m from the
upstream face to reduce uplift forces in the dam foundation and body of the dam. The spillway gives a restriction of the
maximum water level in the reservoir, and this defines the freeboard, which is 2.0 m under the crest of the dam. The
bedrock, foundation of the dam, is considered waterproof and impenetrable.

The downstream face slope is often considered the design variable. To meet stability requirements, the slope is
usually in the order of 1V:0.7H to 1V:0.8H, depending upon uplift assumptions [60]. However, for higher dams with
low-density concrete or under seismic loading, this relationship will be higher to meet stability requirements [61].
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Some recommendations in the literature of minimal distances between the drainage gallery and the upstream wall
face of the dam were found. USACE [4] and USBR [7] recommend a minimum distance of 1.524 m (5 ft.) for the
placement of concrete mass and to reduce stress concentrations. USACE [3] suggest a higher distance than 5 % of the
water reservoir height to have a reduction of the uplift pressure by the gallery drainage. The upstream face of the gallery
shall be located at a minimum distance of 5 % of the maximum reservoir head or 3 m from the upstream face, whichever
is greater [62]. The gallery drainage should be located between 3 m to 9 m away from the upstream face to reduce uplift
pressures [63]. To minimize the possibility of cracking with serious leakage from the water reservoir, Jansen [64] states
that the gallery must be at least 3 m away from the upstream face and at a distance of at least 5 % of the water reservoir
height. El-razek and Elela [65] experimentally found the optimum position of the drainage gallery, a relationship
between the horizontal distance of the gallery/Base of the dam gives 0.5. The research by Chawla et al. [66] showed
that the size, location, and spacing of the drains impact the distribution of internal uplift pressure by using an analytical
solution based on the seepage theory. Later, other authors [67]-[70] demonstrated it numerically with different
computational models.

The initial dimensions of the concrete dam follow different suggestions of specialized standard agencies [3]-{6]. There
are extensive explanations as to how to define a cross-section of a dam in the literature, but this paper aims to optimize
a section and not to explain how to design this section in a deterministic approach. Therefore, all the initial input
geometric information of the application problem is defined by: L, = 7, L, = 40, L; =5, H, =50, H, =5, H; = 4,
H, = 48, H; = 3, and Hy = 5 which is represented in Figure 2(a). All the dimensions are in meters.

Crest

Upstream of Dam # } Downstream of Dam

. IH
= 2 =
W Concrete
Drainage vesight
: & Dam Body Water Fu
Hy Hy galery forces .
a 8 JWZ ;l'allwatcr
= — F, orces
6 |?-| i Fg
I L Hsl  DHeoATT - [
——IL—i—— Unweathered Sedimentary
3 Rock forces
| T | He
(2) ! (b)

Figure 2. Reliability-based design optimization of a concrete dam: (a) geometry and (b) forces involved in stability analysis.

In the design of concrete dams, different safety factors are used for different loading conditions (e.g., normal,
accidental, reservoir empty, earthquake, ..., etc.); this study considers only the normal loading condition. Yet, for a
single loading condition, different failure modes must be considered. The methodology presented herein can be
employed with different loading conditions, given additional loads.

The uplift pressure acting on a concrete dam foundation is a function of the drainage system. If there is no drainage
system at the dam foundation, the upstream and downstream uplift pressures are equivalent to the respective water
columns in the upstream and downstream reservoirs of the dam. For dams with a drainage system, the effectiveness of
the drainage system will depend on depth, size, geology conditions and spacing of the drains; the characteristics of the
foundation; and the facility with which the drains can be maintained [3]. The hydraulic efficiency (E) or the hydraulic
inefficiency (kpe; = 1 — E) of the drain system is used to estimate the uplift pressures. The USBR [7] suggests a
maximum E = 66 % for new dams; ELETROBRAS [5] suggests a kp; = 0.33 and the USACE [4] limits a maximum
of E = 50 %. French guidelines [8] recommend values of E between 67 % to 50 % for regular geology and less for
unfavorable geology. The Chinese design guideline [71] suggests an E between 60 % to 80 %.

In this study, the theoretical approach of ELETROBRAS [5] and USBR [7] was taken into account to determine the
uplift pressure in the drainage line. The equivalent water column height is (Equations 11 and 12):

He=kDG(H4_H5)+H5 fOI‘H5>H3 (11)
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H, = kpg(H, — H3) + H, for Hy > Hs (12)

The forces and moment arms involved in the overturning limit state are listed in Table 2 and shown in Figure 2(b).

The mean value (¢) and coefficient of variation (COV) of the problems random variables are obtained from related
studies in the literature, as shown in Table 3. The uncertain parameters involved in the analysis are the specific weight
of the concrete (y.), the ultimate bearing capacity of rock mass foundation (gq.), the specific weight of the sedimentary
material (y;), the friction angle of the sedimentary material (¢ '), the cohesion along the interface between dam base
and foundation rock (c ), the friction angle along the interface between the dam base and foundation rock (¢ ') and
the coefficient of drainage gallery inefficiency (kpg). Although the specific weight of the water (y.) has a statistical
variation as function of temperature, gravity acceleration is employed as a constant value, equal to 9.81 kN/m? [3], [4],
[72]. The uncertain parameters are assumed to have normal (V) distributions, following Table 3. No correlation is
considered between random parameters; hence, the correlation matrix is the identity matrix.

Table 2. Forces and moment arms for the rotational failure of the concrete dam.

Force Moment arm
L
Wy = LiHyy, a, =L, — 71
Ly —Ly)(Hy — Hy) 2L, - Ly)
W, = 2 Ye a = - 3
W; = a?y, az =L, — L3
H? Hy
Fl = 7yw a1 = ?
HZ(1 - sin¢}) Hg
Fp=—7——— s arz = 3
ars 2 2 2 g2
H,L; +H,L, + H:L, — H:L
Fy = 4L3 e 22 sk 5 3Vw 2[H4(L32L2_L_63)+He(%_L36L2)+H5(%+%_L33L2)]
- Hyls + HeL, + Hg(Ly — L3)
F = HZ(Ly — Ly) an = Hs(L, — L)
*T 2, —Hy) " 3(H, — Hy)
HZ H;
Fs = TYW Ars = 3

Table 3. Input parameters of the application problem.

Analysis Parameters u COV (%) Observation

Concrete 7e (kKN/m?) 24 4 [1]
Rock qu (MPa) 15 50 [2]
Sedimentary material ys (KN/m?) 19 7 [3]
¢’s (kN/m) 28 20 [4]

¢re (kPa) 250 40 [5]

Interface Rock-Concrete 4 e (KN/m?) 35 30 [6]
Drainage gallery inefficiency kpa 0.33 20 [7]

Observation [1]: The COV of yc is 4 % [73] and other authors have related a COV about 3 % to 5 % [74]. Nominal values were based on CFBR [8] and
JCSS [73]. [2]: The COV of g, for a rock foundation varies from 25.9 % to 44.5 % [75], 127 % [76], and for soil foundations, 20 % [11]. Nominal values for a
sandstone rock was taken from Duncan [77]. [3]: The COV of ys for all the different soils varies from 3 % to 11 % [78], [79]. Nominal values were based on
Fredlund et al. [80] and USBR [81]. [4]: The COV of ¢ for all the different soils varies from 10 % to 30 % in clays [78], [79]. Nominal values were taken from
Fredlund et al. [80] and USBR [81]. [5]: The COV of ¢’,. for all the different rocks varies from 36 % to 40 % [2], 64 % to 69 % [82], 65 % [83] and 44 % [84].
Nominal values were based on Pires et al. [74]. [6]: The COV of ¢ ‘gc for all the different rocks varies from 25 % to 30 % [2], 15 % [84], and 40 % [83]. Nominal
values were taken from NAVFAC DM7-02 [85]. [7]: The COV of k in a concrete dam varies from 15 % to 30 % [74]. Nominal values were based on FERC [6]
and USACE [3].

The design of a concrete dam is based on the stability analysis of the cross-section, considering all possible rigid
body mechanisms. Although stresses shall not exceed some admissible limits, the safety of concrete gravity dams is
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independent of the mechanical strength of the concrete, since different mechanics of failures (e.g. sliding, overturning,
..., etc.) occur before a conditioning stress field is achieved [86].

The following five failure modes are determined for the present study: (a) overturning failure, (b) sliding failure,
(c) flotation failure, (d) eccentricity failure, and (e) bearing capacity failure. For the initial design, recommended safety
factors were taken from the Chinese standards [1], [2], U.S. Army Corps of Engineers [3], [4], Brazilian Power Plants
—ELETROBRAS [5], Federal Energy Regulatory Commission [6], United States Bureau of Reclamation [7] and others
[9], [10].

In the sequence, these five failure modes (a to e) are described.

(a) The factor of safety for overturning failure (FS,) is given by a relationship between resisting moment (Mp) and

overturning moment (My) (Equation 13):

YXMR _ Wiai+Wzaz—-Wsaz+F4aps+Fsars
FSog ==—= >2.0 (13)
XMa Fiap1+Fap2+F3ar3

(b) The factor of safety for sliding failure (FSs) is given by a relationship between resisting forces (F) and resultant
horizontal forces (F,) (Equation 14):

FSs = i_R _ N tan ¢yc+cycA _ WitWo—Ws—F3+F,) tan ¢rct+cycly > 2.0

(o] Fo F1+F;—Fs

(14

where N is the sum of normal forces and 4 is the area of contact on the plane under analysis.
(c) The factor of safety for flotation failure (FSr) is given by a relationship between gravitational forces (F,) and
resultant uplift pressure forces (Fy;) (Equation 15):

_ Fy _ WiHWo-W3+F,
FSp = wme R >13 (15)

(d) The eccentricity factor of safety (FSg) is given by a relationship between the base of the dam (L) and six times
its eccentricity (e) (Equation 16):

FSp =221 (16)

(e) The factor of safety of bearing capacity failure (FSp) is given by a relationship between the ultimate bearing
capacity (q,,) and maximum foundation pressure (q,q,) (Equation 17):

FS,=-J« —__du >3
B dmax i—‘;(l+%ze) - (17)

where e is the eccentricity of the resultant forces, defined as (Equation 18):

L L YMp-Y M
e=22_% 2 _ MR A

X =g a®

where X is the arm of the resultant net forces.

Using the initial geometry input, forces and arm moments involved in the safety analysis (Figure 1 and Table 1),
the following factors of safety are determined: (a) FS, = 2.15, (b) FSs = 2.17, (¢) FSp = 4.91, (d) FS; = 1.16 and
(e) FSg = 8.20. All the factors of safety evaluated herein in the mean value (deterministic) analysis satisfy the
minimum stability criterion.

The downstream face slope defines the final volume of the concrete dam. If the base of the dam is increased,
the safety factors increase, but this also has an impact on construction cost. The position of the drainage gallery
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defines the uplift forces, and it is an important part of the determination of the FSs. The uplift forces increase
about 5% for every meter the drainage gallery is moved away from the upstream face. It affects the
determination of the FSs with a reduction of about 4% in flotation and eccentricity failure, 2% in overturning
and bearing capacity failure, and 1% in sliding failure. If the gallery drainage is defined away of the upstream
face, the base of the dam should be increased to meet all FSs.

4 IMPLEMENTATION DETAILS OF OPTIMIZATION PROBLEM

4.1 Optimization modeling using the SLA method

To maximize the performance of the structure, or to minimize the concrete volume (cost of the
geotechnical structure), reliability-based optimization of the case-study dam is considered herein.
The SLA method is employed, where optimal design and target reliability are obtained
simultaneously in the same optimization loop. This section presents an overview of the SLA method
for a geotechnical problem. The following procedure is illustrated by the flowchart in Figure 3:

Step (1): All the input data of a geotechnical problem are defined in this step. The input data are defined
by the initial dimension of the structure, safety level or target reliability index for every failure
mode (Br;), design variables d, properties variables X, upper (ub), and lower (Ib) bound vectors for
all deterministic and probabilistic design variables. The variables can be represented by the mean
value (#) and standard deviation (o) or the coefficient of variation (COV= o/ u) in a Normal
distribution (N) or Lognormal distribution (LN).

Step (2): For the initial design, the mean values of random variables are used.

Step (3): Calculate normalized gradient vector (o).

Step (4): Calculate f(dgy, tx).

Step (5): The unique loop begins with &= 0, and runs until a convergence criterion is met.

Step (6): Calculate the normalized gradient vector (o).

Step (7): Calculate d;; and x;;, using the new values of g and py,. The point of minimum performance
is linearly approximated at each iteration. If the variables have non-normal distributions, it is
necessary to transform them into equivalent normal distributions. The two conditions involved in
this transformation require that the cumulative distribution function (CDF) and the probability
density function (PDF) of non-normal variables and equivalent normal variables to be equal at the
current point of minimum performance.

Step (8): Calculate g;(d;x, X;1)-

Step (9): Minimize fusing NLPSolve in MAPLE. As a result, this minimization results in new values
in pq and py. In this work, the Sequential Quadratic Programming (SQP) is used. SQP is one of the
most successful methods for the numerical solution of constrained nonlinear optimization problems.
It relies on a solid theoretical foundation and provides powerful algorithmic tools for solving large-
scale technologically relevant problems. SQP is already available in most computer algebra
software.

Step (10): An optimization condition is used to finish the optimization. The designer defines the
tolerance of the analysis (TOL).

Step (11): The results of the optimization analysis (number of evaluations, sensitivity coefficients at
DP, optimized structure, reliability index, and the probability of failure for every limit state
function, evaluation time, DP, etc.) are shown in the OUTPUT.txt file.
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Define of the problem and safety level Step (1):
(Dimension of the structure and ﬂﬁ) ]

Define design variables Define propertics variables
d={d;, d;, ... d,} X={X), Xy on X}

| Step (2): Assign mean values
dig= Ry Xp= By

|

I Step (3): Calculate normalized gradient vector (a5) |

k=0
| Step (4): Calculate f(d 4 , py ) |

| Step (6): Calculate normalized gradient vector (o ) |

Step (7): Calculate d;, X During the Loop:
A= Ry Briy o 5 Xy = By Priay o T

I Step (8): Calculate g; (d;;, X1 ) l

| Step (9): Minimization of f |

# Step (10): |/, - £,/ <TOL |

Optimizated

“ Step (i geometry

—d={d;.d;, ... d,;}

Concrete and geotechnical
variables in DP

1 |

X=4X;, X3, o0 Xy}

Figure 3. Flowchart of SLA algorithm for a geotechnical problem (based on [33]).

4.2 Definition of limit state functions and procedure for design optimization

The mean objective is to minimize the cross-section area of the dam, and to find the best position of the gallery
drainage by changing the design variables d = {L,, L3}. In this study, initially the target reliability index is By = 3.0
for all failure modes, which corresponds to a probability of failure Py > 1.0x1073. Considering target reliability

indexes suggested in [21], the expected performance level of the design dam will be “above average”. The design space
to meet these objectives is 0.7 * H; < L, < 2% H; m; 0.05% H, < L; <15 m; or 3.0 < L3 < 15 m. The reliability-
based design optimization (RBDO) problem can be written as (Equation 19):

Find d* which minimizes f(d) = L,H; + 0.5(L, — L,;)(H; — H,) — a?

Subject to: B;(d) = Br,i =1,2,3,4;,d €S (19)
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where f(d) is the cross-section area of the concrete dam and By, B, B3, and B, are the reliability constraints for the
limit states of (a) overturning, (b) sliding, (c) flotation, and (d) eccentricity, respectively. These reliability constraints
are evaluated considering the following limit state functions.
(a) The limit state function for overturning, with respect to the most extreme downstream point of the surface under
analysis, is defined as (Equation 20):

Go(x) =X Mg — XM, (20
(b) The limit state function for sliding along the surface under analysis is defined by (Equation 21):

gs(x) = Fp — Fp €2V
(c) The limit state function for flotation is defined by (Equation 22):

gr(X) =F, — Fy (22

(d) The limit state function for eccentricity is defined as (Equation 23):
6
ge(¥) =1-7 (23)

Limit state functions for overturning (Equation 20), sliding (Equation 21), flotation (Equation 22), and eccentricity
(Equation 23) are the geotechnical design requirements. The limit state function for bearing capacity failure was not
considered because of the high value of the safety factor.

5 OPTIMIZATION ANALYSIS AND RESULTS

RBDO analyses were performed for the same scenario described in the mean value (deterministic) analysis,
including four different failure modes. A Single-Loop Approach (SLA) was implemented in the MAPLE 2019 software,
as described in Sections 2 and 3. In this study, a common desktop computer was used, with a processor speed of 2.1
GHz (2 processors) and 64-GB RAM memory. The average computational time for each analysis is less than 100 min.

The RBDO analysis considered 6 random variables of the problem (yc, s, ¢ s, ¢ e, ¢ v, and kpg), as shown in Table
3. The following optimization analysis results are presented:

Initial results;

RBDO for different target reliabilities (87);

Sensitivity of failure probabilities do random variables;
RBDO for different dam heights;

Comparison of RBDO with DDO.

5.1 Initial results

Starting from an initial design of d = {L,, L3} = {40,5}, an initial optimum design is found by solving the
optimization problem in Equation 19. An optimal design of d = {L,, L3} = {77.4, 3.0} is found for B; = 3.0 and height
of the dam H;= 50 m. In initial RBDO result with the SLA method, the limit state function for sliding along the surface
( Js (x)) controls the optimal response, meaning that g(x) is the active constraint at the optimal point. In this solution,
constraints go, gr and gg are not active.

The initial downstream face has a slope of 1V:0.733H, and the final slope optimized is 1V:1.56H for S = 3.0. In
terms of area, the areas of the initial design and global optimal design are 1088.5 m? and 1929.74 m”. The difference in
areas between both approaches is 43.59 % higher for the RBDO approach. The drainage system is moved from 5 m, in
the deterministic design, to 3 m in the RBDO design, with reference to dam upstream. It means less uplift pressure
acting on the concrete dam foundation.
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All the design points in the above solutions were found using the SLA algorithm. None of the limit state functions was
excessively nonlinear; hence, no convergence problems were observed in the analyses. In the case of nonlinear limit state
functions, other algorithms based on Monte Carlo simulation may be required (see, for instance, the discussion in
Rashki et al. [87], [88]). The algorithm was validated with earlier studies [33], [34]. The difference of results was less than
1 % between the results reported by [33], [34] and the present algorithm developed in MAPLE 2019.

5.2 RBDO for different fr

In this section, the target reliability index (Br) is changed to analyze the variation in the area between the original
design and optimal design. From the results in Figure 4 and Table 4, we concluded that for the dam studied herein, the
results are proportional, meaning smaller reliability indices defined smaller areas. In the case of smaller areas, such as
Br = 1.5to 2.0, the area is very similar to the deterministic analysis. In a conventional design, the deterministic area
is used, and it means an Unsatisfactory (8r = 1.5) to Poor (S = 2.0) expected performance level according to Table
1 (USACE [21]). A considerable difference is found between S = 1.5 to 3.0 with more than 43 % in terms of concrete
area. Sometimes, this increase of concrete area is deemed unnecessary by geotechnical engineers. Deterministic
analyses are performed with the optimized section where large FSs are found. In function of the deterministic and
RBDO results, the designer and owner or investor choose the final section assuming an acceptable performance level
of the dam.

Computationally, values of lengths of the dam for different 5 can be obtained. Using larger values of S (2.5, 3.0,
or more), the design of the dam will be unrealistic in terms of benefit/cost, but it will have a guaranteed performance
level.

T j\ Original design =~ ———————--
40 L \}\\\ Optimal design ~ -—————-
g \\\\ ~
A\
£ 30 + W
= E Y ~
g \\ \\ \\\
S o204 N -
2 AR \\ b
Lu \\ \\ \\\
10 \\\ \\ \\\
0 E[‘ \\\\ \\\ \\\\
p=15 20 25 3.0
| I I I | | ) . .
1 T T T } ! | | ‘
0 20 30 40 50

Horizontal distance (m)
Figure 4. Comparison of the initial design and the optimal designs obtained with RBDO.

Table 4. Results of the RBDO reliability analysis.

Description pr L L; Cross-section Area Difference (%)
Initial design - 40.0 5.0 1088.50
1.5 40.3 3.0 1095.60 0.65
Optimal design 2 41.9 3.0 1131.16 3.77
2.5 50.9 3.0 1332.94 18.34
3 77.4 3.0 1929.74 43.59

In Table 5, values of the four limit state functions are presented at their design points (g; (X;)), at the end of the optimization.
A value close to zero indicates an active constraint, meaning that the corresponding failure mode controlled the optimum design
(i.e., halted the objective function from being further minimized). As observed in Table 5, for the studied dam the overturning
(g0) and flotation (gp) failure modes never become active, for any of the target reliabilities considered herein. The eccentricity
(gg) failure mode is the active constraint for the RBDO solution for smaller reliabilities (87 = 1.5 and 2.0), and the sliding
failure mode (gs) is the active constraint for large - (87 = 2.5 and 3.0).
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Table 5. Limit state function values at the corresponding design points for different target reliability index.

. Target reliability
Failure mode Br =15 Br =2.0 By =2.5 By =3.0
Overturning (g,) 306752.73 313218.48 485929.04 1196889.79
Sliding (gs) 3842.72 1244.79 -5.97 x10°13 -8.53 x10°13
Flotation (gr) 19236.12 19121.93 21595.01 29776.17
Eccentricity (gg) -5.21 x10°13 5.55 x10°16 0.27 0.64

5.3 Sensitivity of variables

By using the SLA method, a sensitivity analysis through the direction cosines (a?) at the design points is conducted,
revealing the most significant variables for each failure mode. Figure 5 shows the sensitivity coefficients a? of each
random variable, for the four limit state functions and for different target reliabilities Sr. The sensitivity coefficients
for the distance of drainage gallery (Lj), specific weight of the sedimentary material (ys) and friction angle of the
sedimentary material (¢ ;) do not appear in Figure 5 because they are nearly zero (a? ~ 0) for all failure modes; hence,
these random variables have negligible contributions to the computed failure probabilities and can be considered
deterministic.

As observed in Figure 5, the cohesion and friction angle along dam base interface with foundation rock
(variables ¢’ and ¢ ) have a considerable contribution for the sliding failure mode, and variables L,, y., and kp¢ are
important in overturning, flotation, and eccentricity failure modes. The drainage gallery inefficiency (kp¢) increases in
importance when S increases.

Since for large S failure is controlled by sliding, it turns out that variables ¢ .. and ¢ .. also control design for large
Br. In a similar way, variables L,, y., and kpg control the optimal design for small S;.

kl)(i

Overturning === Sliding Overturning == Sliding
e Flotation = [ccentricity == Flotation e [ccentricity
(@) Br =15 () pr =20

L.Z
80,
60

e €l
Overturning Sliding s Overturning == Sliding
e Flotation am— Eccentricity e Flotation = [ccentricity
(©) Br = 2.5 (d) Br = 3.0

Figure 5. Sensitivity coefficients for different failure modes and target reliability indexes (Sr).

5.4 RBDO for different dam heights

In this section, we address the optimization of dams of different heights, with same normal load condition as defined
in Section 3. Dam heights of H; = 30,40, 50,60 and 70 m are considered in this section.
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Optimization results are shown in Figure 6, for different dam heights. As can be observed in this figure, there is a
range of B values for which the objective function (dam cross-section area) and optimum dam base L, do not change
much with the target reliability 5. Within this “flat” region of the graphs in Figure 6, the change in area and in dam
base is smaller than 10% (for same dam height H;), and the optimum design is controlled by the eccentricity failure
mode. Within the “non-flat” region, optimum dam design is controlled by the sliding failure mode, and optimum area
and dam base change more as a function of S;. For a dam with height (H;) of 70 m, for instance, optimum dam base
L, is almost the same for S between 1.5 and 1.9; but changes significantly as a function of S for S > 2.

As noted in Section 5.2, this relative importance of failure modes, changing with S and dam heigth, could be
different in a deterministic optimization. To investigate this claim, a comparative study is performed in the sequence,
comparing results of RBDO and DDO.
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Figure 6. Optimal RBDO solutions for different dam heights.

5.5 Comparison of RBDO with DDO

It is well reported in the literature on reliability of geotechnical soil structures [79], [89] that the most probable slip
surface, or the slip surface corresponding to the design point X;, is different than the slip surface corresponding to the
minimum factor of safety. This has been demonstrated, for instance, in a study addressing reliability of earth dams [79].
Similarly, in a study addressing rapid drawdown of earth dams [78], it was shown that the critical time obtained in a
probabilistic analysis is not the same as that obtained in a deterministic design. Making a parallel of these results, with
results presented in this paper, it is perfectly plausible that a deterministic optimization could result in different
controlling failure modes, in comparison to those shown in Table 5.

Results of a deterministic design optimization (DDO) depend on the safety factors employed as constraints, in the
same way as results of Reliability-based Design Optimization (RBDO) depend on the target reliabilities used as
constraints in Equation 5. To make a “fair” comparison between the approaches, it is reasonable to solve the RBDO
problem first, and use as constraint in DDO the minimum safety factor found in RBDO (Beck and Gomes, 2012).
Results are computed herein for dam heights H; = 70 and 30 m, and different S;. The considered S values target the
boundary between governing failure constraints (Figure 6). RBDO and DDO solutions are computed starting from
initial designs d = {L,, L3} = {60,5} for H; = 70, and d = {L,, L3} = {25.3,5} for H; = 30.

Results are compared in Table 6, which shows that the optimum solutions are the same, for all RBDO and DDO
problems considered. This is a consequence of the small number of design parameters considered herein (L, and Ls).
As shown in Beck and Gomes (2012), this is not to be expected in general, since different failure modes control de
optimum RBDO and DDO designs, as shown in the sequence.

Table 6 shows the values of the four limit state functions, evaluated at the corresponding design points (g; (x})), for
the optimum RBDO designs. The minimum values of g;(x}), identified in bold face in Table 6, indicate the active
reliability constraint for the optimum RBDO design. As can be observed, for H; = 70 and 1 = 1.8, eccentricity is the
active constraint in RBDO, and leads to the smallest FS. For all other H; = 70 cases, sliding failure is the active
reliability constraint. Yet, the minimum FS is obtained for the eccentricity failure mode, for S < 2.1, and for the
sliding failure only for 7 = 2.2. Something similar is noted for H; = 30, where for f; = 2.5 eccentricity is the active
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reliability constraint and the minimum SF, but for other S values, differences are observed between active reliability
constraint and minimal safety factor.

The observation that the active reliability constraint is different to the minimum safety factor constrain depending
on problem parameters is evidence that the two formulations are not equivalent. For instance, if the active reliability
constrain is chosen as the reference for the safety factor to be respected in DDO, like a design for minimum FS=1,98
for H; = 70 and 7 = 1.9, then the optimum solution is found as L, = 65,55 m, quite different to the RBDO optimum
of L, = 58.9 meters.

Table 6. RBDO and DDO results for Limit state functions in the design point for different target reliability index.

Hy Br Analysis L, Ly Overturning (g,)  Sliding (gs)  Flotation (gr) Eccentricity (gg)
S
-13
o DO gy g UM ame ews o
RBDO 1267534.89 1.19 x10"2 42091.45 0.27
N e e e emn s
23 DDO 25.42 3.00 2,44 3,1.5 4,7.1 1.51
;o MO um g WEE s e o
-14
T
6 CONCLUSIONS

In this study, we addressed the reliability-based design optimization of a concrete dam. This allowed us to find the
minimal dam cross area, or minimum dam base, and the optimal location of drainage gallery, by respecting reliability
constraints with respect to four failure modes related to overturning, sliding, flotation and eccentricity failure. An
efficient mono-level single loop approach was employed to keep the computational cost under control. In all solutions,
optimal placement of the drainage gallery changed from 5 m of the upstream to the minimum of 3 m. The active
reliability constraint at the end of the optimization reveals the failure mode which controls optimum design. It was
shown how the controlling failure mode changes as a function of target reliability index S and dam height, and how
these do not correspond to the minimum safety factors of deterministic design. For small target reliabilities and lower
dam heights, optimal design is controlled by the eccentricity failure mode, and does not change much with Sr. For
larger target reliabilities and larger dam heights, optimum design is controlled by sliding and changes significantly with
Br. The analysis also reveals which random variables have the greater contributions to failure probabilities, at the final
(optimal) dam configurations. For lower dams and smaller 8;’s, optimal design is controlled by eccentricity, and the
most relevant uncertain geotechnical parameters are the base length of the dam, the specific weight of concrete, and the
coefficient of drainage gallery inefficiency. For higher dams and larger target reliabilities, failure of optimal dams is
controlled by sliding, and the most relevant uncertain parameters for dam equilibrium are the cohesion and friction
angle along dam base interface with foundation rock.
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