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A mathematical modeling of electrocatalytic processes taking place at modified electrodes is discussed. In this paper we obtained the
approximate analytical solutions for the nonlinear equations under non steady state conditions using homotopy perturbation method.
Simple and approximate polynomial expressions for the concentration of reactant, product and charge carrier were obtained in terms
of diffusion coefficient and rate constant. In this work the numerical simulation of the problem is reported using Scilab program. In
this manuscript analytical results are compared with simulation results and satisfactory agreement is noted.
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INTRODUCTION / — — — —
Electrocatalysis at modified electrodes has diverse applications, /| CHsTRecemiat P Salute species
especially in sensors and biosensors and bio fuel cells. The model / _ Catalytically
presented accounts for three processes, viz. (i) diffusion of reactant / _ ,“me . —
from solution into a layer of film, (ii) a chemical reaction between Flectrode / Fllm Fa—
reactant and catalytically active centers of a film, and (iii) diffusion / = = -
of charge carriers. Naujikas et al. and Puida et al. developed a / - = _ | -
mechanical of electrocatalytic processes taking place at conducting / _ - _
polymer modified electrodes.'? This model takes into account the / - = —_— -
diffusion of solution specifies into polymer film, diffusion of charge x=0 x=d

carrier within the film and chemical redox reaction within the film.
Theoretical modeling of biosensors implies the use of a nonlinear term
related to Michaelis-Menten kinetic scheme for enzyme-catalyzed
reactions.? Lyons et al. discussed the theoretical analysis of the steady-
state amperometric response for a polymer modified electrode system
which exhibits Michaelis-Menten kinetics.? Lyons ef al. also described
a analytical model of the transient response of an amperometric
chemical sensor in which the sensing elements bound in a surface
deposited polymer film interact with the substrate via Michaelis-
Menten reaction kinetics.* Albery et al. recognized the most models
for polymer modified electrodes. These models are rather complex
and sophisticated, but are limited in their applicability, in that they
concern the evaluation of the steady state response associated with
mediated electrocatalysis at polymer film.’ Lyons et al. developed
the mathematical analysis of the steady state amperometric response
for a conducting polymer microelectrodes.® Uma et al. reported the
theoretical analysis corresponding to irreversible homogeneous
reaction on finite-layer diffusion impedance. It is also relevant for
solid electrolytes and membranes.’

Recently, Naujikas et al. and Puida et al. developed a
mathematical model of electrocatalysis at conducting polymer
modified electrodes.!> However to the best of author knowledge, no
general analytical results for the concentration of reactant, reaction
product and charge carrier have been published. The purpose of
this communication is to derive the analytical expression of the
concentration of reactant, reaction product and charge carrier for all
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Figure 1. Schematic diagram of modified electrodes. Theoretical model of
catalytic processes at modified electrodes are discussed. Mathematical solu-
tion of nonlinear reaction diffusion equations were obtained

values of the parameter using the homotopy perturbation method.
MATHEMATICAL FORMULATION OF THE PROBLEM

The diffusion of reactant into a modified electrode is described
by the Fick’s law:
2
K_plk M
ot ox’
where R means the concentration of reactant, ¢ is the time, x is a space
coordinate, and D is the diffusion coefficient for reactant. We can
assume that constant suitable electrode potential is applied for the
electrochemical conversion of reactant into product. In this reaction,
the reaction rate are expressed as the concentration of the reactant
and of the charge carrier. The reaction rate is change in concentration
of either product or reactant. The concentration of reactant decreases
with time while concentration of charge carrier increases. So, the

dp _ dR

reaction rate is expressed as, — = =kRn where k is a second

order rate constant. In this model the electrode surface is assumed
to be covered with a uniform layer of a film. It is also supposed that
there is no concentration gradient outside of the film which means
that the process proceeds under ideal stirring condition. The diffusion
coefficients of reactants and product are assumed to be equal. Also
the diffusion coefficients of charge carrier is not equal to diffusion
coefficients of reactants or product (D, # D). Hence the nonlinear
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reaction diffusion equations for reactant (R), reaction product (P) and
charge carrier (n) can be expressed as follows':

2

(Z—I::Dg—lf—kRn 2)
X
2

(Z—I;:Dgf+kRn 3)
X

on o’n

EZDWW—kRn (4)

where x € [0, d], and 7>0. While formulating the above equation for
the diffusion of the reactants pertaining to a modified electrode, its
applicability is well known in other contexts. Among them, mention
may be made of the following: (i) CE mechanisms at a microdisc
electrodes® (ii) reaction kinetics between oxirane and carbon dioxide.’

The schematic diagram of modified electrodes is given in
Figure.1. Let x=0 represent the electrode/ film boundary while x =
d is the thickness of a film. The electrocatalytic processes start when
the reactant appears over the surface of a electrode. The electrode
process starts when the reactant appears over the surface of the film.
The initial conditions are:

R(Ox)=Ry,n=d ©)
P(0,x) =0, n(0,x) =ny, x € [0, d] (6)

Consequently, the boundary conditions are (>0)

Rl _0, Rit,x=d)=R, )

ax x=0

6—P =0, P(t,x=d)=0 (8)

ax x=0

n(tx=0=n, 2 =0 ©)
6x x=d

We introduce the following set of dimensionless parameters,

r=§,p=£,N=%,X=§,
’ (10)
Dt kR, d* D

T:_’ = 5 =
d’ D 5 D

The governing nonlinear reaction/diffusion Eqns. (2-4) are
expressed in the following non - dimensional form:

or o

ﬁza)(—z—kor (11)
0 o*

%:a; +k,rN (12)
ON _ O'N

6—T:E_,W—korN (13)

The dimensionless initial and boundary conditions becomes

r=1,p=0N="0 when T=0 (14)
RO
Or 0,92 o, n=to when X = 0 (15)
ax o ax R,
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r=1,p=0, —=0

when X =1 (16)
oX

The dimensionless current density y(7) obtained explicitly

I(T) ON(X,T
y(ry=_10__aN( )|
n,FD n, 0X

an

|X:O

ANALYTICAL EXPRESSION OF NON-STEADY STATE
CONCENTRATIONS USING HPM

Recently, many authors have applied the HPM to various
problems and demonstrated the efficiency of the HPM for handling
nonlinear structures and solving various physics and engineering
problems.!**This process is a combination of homotopy in topology
and classic perturbation techniques. Ji-Huan He used the HPM to
solve the Lighthill equation,' the Duffing equation !?and the Blasius
equation.”® The idea has been used to solve nonlinear boundary
value problems,'* integral equations,'>!” Klein-Gordon and Sine-
Gordon equations,' Emden-Flower type equations' and various
other problems. This wide variety of applications shows the power
of the HPM to solve functional equations. The HPM is unique in its
applicability, accuracy and efficiency.

More recently, the system of coupled nonlinear reaction
diffusionequations in an electroactive film deposited on aninlaid
microdisc electrodes are solved using homotopy perturbation
method.??* The basic concept of homotopy perturbation method is
given in Appendix A. By solving the Eqns. (12) — (14), using this
method (see Appendix B), the concentration of reactant (R),reaction
product (P) and charge carrier (1) can be obtained as follows:

cosh[ MX] cos[ﬁ(zngl)X}exp{{%+“Z(ZZH)Z}T}
r(X,T):iR”JrléMi ° (18)

cosh_[fa”s R "*°sm[@][unu)n]{ﬂ‘;ﬂ"w(2n+1)2n2}
p(X.T)=[1-r(X.T)] 19)
N(X,T):%{ooshwkgx}ftanh{\/asm{\/gxﬂ
+4}$ng[4kﬁnz(lzn+1fé] L 1)X}Xka°+@H o0

3 1 [r(@n+1)X rrz(2n+1)2
PSR )

The current becomes

_IM s | osn| [
y(T)= nFD = R, {tanh {\/;}cosh L/;Xﬂ

L

Ry |:4k0+n2(2n+l)2§

R 1 o EQEEDXT | +nz(zn+1)2
45_,’1:1[75 (2n+l)] c { 3 } p{ {ko — }T}

ANALYTICAL EXPRESSION OF STEADY STATE
CONCENTRATIONS AND CURRENT USING HPM

When T = oo the above Eqn. (18) - (20) we get,

cosh{ M X]
RO
rg(X) = —k
cosh /O—n‘)
RO

(22)
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cosh M X
R()

ky 1y

Pss(X)=1- (23)

cosh
0

Ny(X)=2o cosh{\/k—: X}+tanh{ \/k:ﬂ}sinh{ \/k:0 X} 24)
R, € € €

Eqn. (22) — (24) represents new simple analytical expressions of
concentration of reactant (R), reaction product (P) and charge carrier
(n) for steady state condition.

The steady state current becomes,

_ I _ny ko k
y(T)= —neFDnn() = R, {tanh{\/;} COSh|:\/;X:H (25)

VALIDATION OF THE RESULT

The non-steady state nonlinear differential equations (11)-(13)are
also solved using numerical methods. The function pdex4 in Scilab
software which is the function of solving the initial value problems
for ordinary differential is used to solve this equation. Our theoretical
results for the concentration of reactant (Eqn. (18)), reaction product
(Eqn. (19)) and charge carrier (Eqn. (20)) are compared with
simulation results (Scilab program 4.1) in Figures 2-4. Satisfactory
agreement is found for all values of time 7. The Scilab program is
also given in Appendix C. We run Scilab 4.1 on Apple iMac Core i5.
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RESULT AND DISCUSSIONS

Eqns. (18)-(20) represents the concentration of the reactant
(R), reaction product (P) and charge carrier (n) for non-steady
state condition. Eqn. (21) represents the dimensionless current
density. Eqns. (22)-(25) represents the corresponding steady-state
concentrations and current.

The concentration of the reactant, reaction product and charge
carrier on depends upon the reaction rate, thickness of the film and
diffusion coefficient. The reaction rate for a given chemical reaction is
the measure of the change in concentration of the reactant or product
per unit time. The thickness of the film and diffusion coefficient are
always critical parameters.

Figures 2(a)-(c) represent the concentration of reactant versus
distance from the electrode. Here the concentration is calculated
for various values of the parameter k,, d and D respectively. From
Figure 2 (a), it is observed that concentration of reactant decreases
when parameter k, increases. From Figure 2 (b)-(c), it is inferred
that the concentration of reactant decreases when parameter d and
D decreases.

Figure 3 (a)-(c) presents the dependence of the parameter k,, d and
D on the concentration of reaction product. From Figures 3 (a) - (¢) it
is inferred that the concentration of reaction product decreases at the
electrode surface when all the parameters are increases.

Figure 4(a)-(c) represent the concentration of charge carrier versus
the distance from the electrode for various values of parameters. In
Figure 4 (a) and (c) the concentration decreases when the parameter
ko, k and ID increases. In Figure 4 (b), the concentration decreases
when thickness of film d decreases.
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Figure 2. Plot of concentration of reactant versus distance from the electrode surface for various values of k,, d and D, when time T=1. (___) denotes Eqn. (18)

and (.....) denotes the numerical simulation for the experimental values of the parameters (Appendix C)
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Figure 3. Plot of concentration of reaction product versus distance from the electrode surface for various values of k,, d and D, when time T=1. (..... ) denotes
Eqn. (19)
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Figure 4. Plot of concentration of charge carrier versus distance from the electrode surface for various values of k,, d and D, when time T=1. (___) denote Egn.
(20) and (.....) denotes the numerical simulation for the experimental values of the parameters (Appendix C)
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Figure 5 represent the steady state concentration of reactant,
reaction product and charge carrier respectively. From the Figure 5,
it is observed that the concentration of reactant and reaction product
are increasing function whereas charge carrier is a decreasing function
from the film/solution interface.
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Figure 5. Plot of steady state concentration of reactant, reaction product and
charge carrier versus distance from the electrode surface

From Figure 6 (a), it is inferred that the current density increases
when k, increases. Also the current density increases when R, (initial
substrate concentration) and d (thickness of the film) decreases. Also
from Figure 6(b), it is obversed that the current density increases
when D, decreases.
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CONCLUSIONS

Electrocatalysis of solute species at modified electrodes is
discussed. The concentration of reactant, reaction product and charge
carrier are obtained by solving the nonlinear reaction diffusion
equation using homotopy perturbation method. Analytical results are
compared with simulation result. A satisfactory agreement with the
numerical results is noted. Based on the proposed model, optimization
of reaction system parameters could be made for any particular case
to get an optimum efficiency or reactant to product conversion.
These analytical results are useful to predict and optimize the kinetic
parameters in modified electrodes.

SUPPLEMENTARY MATERIAL

Appendix A, Appendix B, Appendix C and Appendix D can be
found at http://qumicanova.sbq.org.br in pdf format with free access.
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