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Abstract  

Resumo

Aiming to develop an analytical solution to describe the behavior of reinforced concrete beams post-strengthened with FRP systems, with 
or without prestressing, a non-linear solution based on a tri-linear moment-curvature response was proposed. Three characteristic points 
were used to define the stages of the moment-curvature diagram: concrete cracking, steel yielding and ultimate capacity of the cross sec-
tion. The load-deflection responses of the post-strengthened beams were then obtained by a double integration of the moment-curvature 
curve. This analytical procedure was implemented using the Matlab® software and the results obtained have closely matched the ex-
perimental data collected in bending tests performed in concrete beams post-strengthened with post-tensioned and non post-tensioned 
FRP strips. 

Keywords: FRP, tri-linear analysis, analytical solution.

Visando desenvolver uma solução analítica para prever o comportamento de vigas de concreto armado reforçadas com laminados de 
PRF, com ou sem protensão, uma solução não-linear foi proposta, assumindo um diagrama momento-curvatura com resposta tri-linear. 
Os pontos característicos adotados para definir os estágios do diagrama foram: a fissuração do concreto, o escoamento do aço e ca-
pacidade última do elemento reforçado. As deflexões foram obtidas pela dupla integração do diagrama momento-curvatura da seção 
transversal do elemento reforçado, sendo geradas as respostas carga-deslocamento. A solução analítica foi implementada usando o 
software Matlab® e os resultados gerados se mostraram compatíveis aos obtidos experimentalmente, em ensaios de flexão de vigas de 
concreto armado reforçadas com laminados de PRF protendidos e não-protendidos. 

Palavras-chave: PRF, análise tri-linear, solução analítica.
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1. Introduction
 
Since the 80’s, when they began to be investigated and applied in 
Europe, Japan and the United States, Fiber Reinforced Polymers 
(FRP) have evolved to become one of the most popular techniques 
to post-strengthen reinforced concrete structures. In Brazil, the use 
of FRP has suffered a continuous increase, since the 90’s, and many 
advances on research and field applications occurred in this time. 
One of the most promising involves the use of pre-stressing to make 
a better use of the very high tensile capacity of the composite.  
Aiming to develop an analytical solution suitable to describe the be-
havior of reinforced concrete beams post-strengthened with both 
prestressed and non-prestressed FRP systems, a non-linear so-
lution was proposed, based on state-of-the-art recommendations 
regarding the behavior of post-strengthened reinforced concrete 
elements. The analytical procedure did not require a high computa-
tional effort and was easily implemented using the MATLAB® soft-
ware, a high-level technical computing language and interactive 
environment for algorithm development, data visualization, data 
analysis, and numeric computation. 

2. Analytical model

The non-linear analytical model proposed was based on the concept 
that FRP behavior can be adequately represented by a tri-linear mo-
ment versus curvature relationship, as proposed by Charkas et al. [1], 
El-Mihilmy and Tedesco [3] and Razaqpur et al. [3]. The diagram used 
is therefore composed by three main stages, as shown in Figure [1]: 
pre-cracking stage or Stage I (from the initial application of the load 
up to the beginning of flexural cracking), post-cracking or Stage II 
(from initial cracking up to yielding of the steel reinforcement) and 
post-yielding or Stage III (from rebar yield until concrete or FRP fail-
ure). Load versus deflection at mid-span diagrams were then obtained 
by double integration of the moment versus curvature diagrams. 
At Stage I, the bending moment (M) on the cross-section is lower 
than the cracking moment, Mcr. At Stage II, the bending moment 
surpass Mcr but is lower than the moment that produces the yield-
ing of the steel rebar, My. At Stage III, the bending moment on the 
cross-section is higher than My and lower than Mu, representing the 
ultimate moment of the cross-section. 
Moments and curvatures were calculated based on the strain 
compatibility and equilibrium condition of forces for the rectangu-
lar cross section of a reinforced concrete beam post-strengthened 
with non-prestressed FRP strips. 

Figure [2] shows the stress-strain diagram for rectangular sections of 
non-prestressed FRP post-strengthened reinforced concrete beams, 
used to verify the internal equilibrium of forces in each stage.
The equilibrium of the internal sectional forces is given by Equation 
[1], as follow:

Where: 
Fcc – Resulting compressive force in concrete. 
Fss – Resulting compressive force in steel reinforcement at upper 
edge of cross-section. 
Fsi – Resulting tensile force in steel reinforcement at lower edge of 
cross-section. 
Fct – Resulting tensile force in concrete.
Ff – Resulting tensile force in FRP.
Concrete in compression was assumed to behave linearly up to an 
extreme fiber stress of 70% of its compressive strength (Eq. [2]), 
after which the parabolic curve proposed by Hognestad, described 
in Charkas et al. (2003), was used (Eq. [3]).

Where:
Ec – Young’s modulus of concrete.
fc  - Compressive strength of concrete.
εcc and εct – Compressive strain of concrete at upper edge of cross-



224 IBRACON Structures and Materials Journal • 2009 • vol. 2  • nº 3

Analytical solution to simulate the behavior of reinforced concrete beams post-strengthened with FRP strips

the equilibrium at Stage I.

Where:

Ass – Area of steel reinforcement at upper edge of cross-section.
Asi – Area of steel reinforcement at lower edge of cross-section. 
Af – Área of FRP strips.
After Stage I, concrete reached its tensile strength, and Equation 
[1] may be rewritten as Equation [11], that represents Stage II: 
  

Strain compatibility equations were then applied on equation [11] 
to obtain Equation [12].

Equation [13] shows the second order polynomial that expresses 
the equilibrium at Stage II.

At the end of Stage II, it can be assumed that the reinforcement 
steel placed at the lower edge of cross-section has already reached 
its yielding stress. Therefore, Equation [1] may be rewritten as: 

 

Equation [15] may then be obtained using strain compatibility 
equations in equation [13].

section and tensile strain of concrete at lower edge of cross-section.
εcu – Strain corresponding to compressive strength of concrete.
σcc and σct – Compressive stress of concrete at upper edge of 
cross-section and tensile stress of concrete at lower edge of 
cross-section.
Steel was considered as a perfectly elastoplastic material, defined 
by its yielding stress. Eq. [4] and Eq. [5] represent the behavior of 
steel before and after yielding. 

Where: 
Es – Young’s modulus of steel. 
fy – Yielding stress of steel.
εs – Strain of steel.
σs – Stress of steel.
The post-strengthening material (FRP strips) was assumed to be-
have linearly up to failure (Eq. [6]):

Where:
Ef - Young’s (or elasticity) modulus of FRP.
εf – Strain of FRP.
Once the constitutive stress-strain laws for each material were de-
fined, the equilibrium of the internal forces - for each one of the 
three stages described previously - could be rewritten as follows. 
Considering Stage 1, the Equation [1] was rewritten as Equation [7]:

Where:
σ(y) – Function that represents the behavior of concrete under 
compression.
The strain compatibility equations for a post-strengthened rein-
forced concrete cross-section were used in Equation [7] to obtain 
Equation [8].

Equation [9] shows the second order polynomial that expresses 
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Equation [16] shows the second order polynomial expression that 
represents the equilibrium condition at Stage III.

Neutral axis depth of the cross section for each one of the three 
stages as well as stresses and strains in concrete, steel reinforce-
ment and FRP strips are calculated through iterative processes, 
involving equations [9], [13] and [16]. Each stage is fully defined 
once its stresses and strains are determined: this means, at Stage 
I, the stress and strain that causes concrete to crack; at Stage II, 
the stress and strain that causes the yielding of the steel reinforce-
ment; and, at Stage III, the stress and strain that causes concrete 
crushing or post-strengthening rupture. 
After each stage is fully defined, as described on the last paragraph, 
bending moments and curvatures for Stages I, II and III are calculated. 
According to El-Mihilmy & Tedesco [3], Equation [17] describes the 
cracking moment Mcr, the maximum moment calculated at Stage I. 

Where:
f’t– Modulus of rupture of concrete.
Ig – Moment of inertia of the gross concrete section. 
y – Distance from the neutral axis of the gross concrete section to 
the extreme fiber .
Equation [18] may be used to calculate the curvature at this point, φcr. 

El-Mihilmy and Tedesco [3] suggest the use of Equation [19] to 
calculate the maximum moment of Stage II, My.

Where:
Icr – Moment of inertia of cracked section transformed to concrete 
(Stage II).
φy – Curvature that corresponds to yielding of steel.
Equation [20] may be used to calculate the curvature that corre-
sponds to yielding of steel. 

The ultimate moment (Mu) and curvature (φu) will be determined, ac-
cording to Charkas et al.[2], based on the mode of failure: crushing of 
concrete or FRP rupture. If the failure mode is FRP rupture, Equa-
tion [21] may be used to calculate Mu. In case of concrete crushing 
before FRP rupture, Equation [22] may be used to calculate Mu.

Where:

ffu – Ultimate tensile strength of FRP. 
β1 – Relationship between depth of rectangular gross concrete 
section and neutral axis depth.  
σss – Stress of steel reinforcement at upper edge of cross-section.
According to Razagpur et al.[3], Equations [24] and [25]  may be  used 
to calculate the curvature (φu), that corresponds to Mu, at the limit of 
Stage III, depending on the mode of failure. If ultimate failure occurs 
due to FRP rupture, φu is calculated through Equation [24]:

  

In case of concrete crushing before FRP rupture, φu is calculated 
through Equation [25]:

The anchorage strength model developed by Teng et al. [6], based on the 
effective bond length of FRP, was used to determine the ultimate bond 
strength of FRP. In this approach, the ultimate bond strength is linear up 
to βp, taking the form shown in Equation [26], which considers the width of 
the concrete member (bw) and the width of the FRP strip (Lf).
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Equation [27] may be used to calculate the effective bond length 
(Le) of FRP.

Where:
tf  – Thickness of PRF.
The ultimate bond strength of FRP (Ffu) is given by Equation [28].

βl expresses the relationship between bond length, L, and effective 
bond length, Le, as shown by Equations [29] and [30].

Equation [31] may be used to calculate the bond length L.

Where:
τbu - Ultimate bonding strength, in MPa.
According Teng et al. [6], stress in the FRP strip at failure (kN/cm2) 
is given by Equation [32]:

Once moments and curvatures corresponding to Stages I, II e III 
are defined, the procedure to determine vertical displacements is 
initiated.
Figure [1] shows that flexural rigidity of post-strengthened beams 
is reduced with the increase of moments. Considering that flexural 
rigidity is modified during loading, Charkas et al. [1] developed a 
procedure in which the effective flexural rigidity of the section var-
ies along the beam depending on its moment diagram. This means 
considering how cracking affects the flexural rigidity along different 
sections of the beam. The stiffness distribution is accounted for by 
dividing the beam into three regions, namely uncracked (Lg), par-

tially cracked (Ly) and subjected to post-yielding. Figure [3] shows 
the stiffness distribution for a simply supported post-strengthened 
reinforced concrete beam subjected to four-point bending, where 
La is the shear span.
Considering a simple supported beam, subjected to four-point 
bending, the integration provides the following expression to cal-
culate the deflection at mid-span:

Where:
φa – Curvature corresponding to a given applied moment.
La – Shear span.
Lg e Ly are calculated using Equations [34] and [35]:

Where:
P = Load applied on the beam.
Equation [33] is simplified for beams at Stage II, by substituting Ly = La, 
and, at Stage I, by substituting Lg = La, resulting in Equations [36] e [37].
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Figure [4] shows the stress-strain diagram for rectangular sections 
of prestressed FRP post-strengthened reinforced concrete beams. 
As seen in Figure [4](a), the strains and stresses due to the ap-
plication of prestressing are planned to oppose the ones originated 
by the applied loads. Equations [38] and [39] may be used to cal-
culate the normal tension in the top and bottom fibers of the cross-
section in this situation.

Where:
ep – Eccentricity of prestressing force.
Np – Final prestressing force.
Wss e Wsi – Section modulus with respect to upper and lower edges 
of cross-section. 
It is important to consider that, as other presstressed structures, 
reinforced concrete beams post-strengthened with prestressed 
FRP are subjected to losses in the confining stress due to instan-
taneous or time-dependent effects. Losses due to elastic shorten-
ing of concrete are instantaneous. Losses due to creep, shrinkage 
and relaxation of FRP are time-dependent. Such losses must be 
deducted from the initial prestressing force.
Strains at upper and lower edges of the concrete cross-section 
may be defined, since stresses on the concrete due to prestressing 
application (σct e σcc) are known. 
Equation [40] shows how to determine the moment Mo generated 
by an opposite stress on the concrete at the bottom face of the 
cross-section (-σct), with the same value of the stress on the con-

crete at the lower edge of the concrete cross-section, determined 
by Equation [39].

Once moment Mo is applied on the cross-section, stresses (σcc e 
σct) may be re-calculated and strains on the concrete cross-section 
may be determined, through Equations [41] and [42]. Such strains, 
determined by Equations [41] and [42], represent an initial state, 
prior to loading, originated by the applied prestressing force.

Where:
φ0 – Initial curvature due to prestressing. 
After determining the initial state, originated by the prestressing 
force applied on the cross section, the neutral axis depths of the 
cross section, as well as stresses and strains in concrete, steel 
reinforcement and FRP strips are calculated by means of an itera-
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tive process, as described previously, for non-prestressed strips. 
However, the initial moment M0 and the initial curvature φ0, must 
be added to the values of the moments and curvatures determined 
in each stage.  
When prestressed strips are used, the ultimate strength of the FRP 
may be reached, depending, mainly, on the anchorage system and 
the post-strengthening configuration. However, if the anchorage 
system is not efficient, post-strengthening fails prematurely, before 
the ultimate strength of the FRP is reached.   

3. Experimental procedure used 
 to validate the analytical results

Results of the experimental program developed by Garcez [7] were 
used to validate the proposed analytical solution. The experimental pro-
gram was based on bending tests performed on reinforced concrete 
beams post-strengthened, in the laboratory, with prestressed and non-
prestressed Carbon Fiber Reinforced Polymers (CFRP) strips.  A short 
description of the experimental specimens is given in Table [1].  

The reinforced concrete beams tested were 6600mm long and 
had a rectangular cross-section 1000mm wide by 220mm deep. All 
beams were reinforced with seven bottom 12mm steel rebar (CA-
50 steel), resulting in a reinforcement ratio ρ = 0.0041. The shear 
reinforcement consisted of 8mm steel stirrups spaced each 90mm, 
corresponding to 11.17cm²/m. Beams were post-strengthened with 
two strips (50x1.2mm) of CFRP. The prestressing level applied on 
the strips of the beam named VFC_PE_01 was 35% of εfu,.
The concrete used to make the beams was produced at EMPA, in 
Switzerland, where the bending tests were conducted. The aver-
age 28-day cubic compressive strength, measured according the 
EN 206-1 recommendations, was 44MPa. 
In order to collect the necessary data for the numerical analysis, 
samples of the steel rebar used were submitted to tensile tests, 
according to EN 10002-1. The 8mm rebar had average values of 
554MPa for yield stress, 2.51º/oo for yield strain, 662MPa for ulti-
mate stress and 220GPa for Young’s modulus. The average val-
ues for the 12mm steel rebars were 436MPa, 1.98º/oo, 688MPa e 
215GPa, respectively.
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Table [2] shows some characteristics of the Sika® Carbodur post-
strengthening system used in the tests. This system is composed 
of a carbon fiber strip, named Carbodur S 512, and an adhesive 
formulation, named Sikadur®-30. The adhesive Sikadur®-30LP, 
which has a longer pot life than normal formulations, was used to 
bond the prestressed strips to concrete.
The reinforced beams were subjected to six-point bending tests. In 
these tests the beams were simply supported and received four ver-
tical loads, spaced 1200mm, as shown in Figure [5].  More informa-
tion about the experimental procedures can be found at Garcez [7].
During the tests, deflections at mid-span and specific strains at 
steel, concrete and CFRP were continuously recorded by a com-
puter controlled data acquisition system. 

4. Analytical versus experimental results

A comparison between the experimental data and the results ob-
tained through the proposed analytical procedure described in this 

paper is shown in Table [3]. In the table it is possible to check the 
load values (Pexp and Pnum) and vertical displacements at mid-span 
( expδ and numδ ), obtained in both cases, for the three stages of 
the load versus displacement diagrams. 
Curves showing a plot of the analytical and experimental loads 
versus the displacement at mid-span for the control (VT) and post-
strengthened (VFC_NP_01 and VFC_PE_01) beams can be seen 
in Figures 6 to 8. Meanwhile, Figures [9] and [10] show two failure 
modes observed on the post-strengthed beams: a peeling-off that 
occurred on beam VFC_NP_01 and the rupture of a CFRP strip on 
beam VFC_PE_02.
The examination of the data showed in Table [3] indicates that the 
proposed analytical solution adequately reproduces the behavior 
of the post-strengthened beams. In general, the differences be-
tween estimated and real loads at cracking, yielding and failure 
were lower than 5%. Differences of around 16.2% and 11% were 
registered on the estimated vertical displacement at mid-span near 
failure for beams VFC_NP_01 e VFC_PE_01, post-strengthened 
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with two non-prestressed CFRP strips and two prestressed CFRP 
strips, respectively. The difference of 47.6% on the displacement 
at mid-span, noted on the first phase of the diagram of beam VFC_
PE_01, was the most significant, considering all range of data. 
Figure [6] provides evidence that the analytical solution was also a 
good representation of the behavior of the control beam (VT). The 
cracking load obtained through the analytical solution was practi-
cally the same registered experimentally. The displacement at mid-
span, corresponding to the cracking load, was 2.6% higher than 
the one obtained experimentally. At yielding, the theoretical load 
and displacement values at mid-span were, respectively, 1.7% 
higher and 5.4% lower than the ones obtained experimentally. 
The failure mode of the control beam was the same for the experi-

ment and the analytical solution: crushing of concrete after yielding 
of steel. On the analytical procedure, the third phase of the load 
versus displacement diagram represents the use of the compres-
sive strength of concrete, after yielding. In this case, as pointed out 
in Table [3], the simulation ended at the moment that the ultimate 
load, obtained from the experiment of beam VT, was reached. 
Figure [7] and Table [8] present experimental and analytical re-
sults for beam VFC_NP_01. It can be observed in the figure that 
the experimental and analytical curves start to diverge at the third 
phase of the diagram, due to a premature failure of the CFRP, not 
considered in the analytical model. This is probably why the ul-
timate failure load, obtained from the analytical procedure, was 
10.7% higher than the load obtained experimentally for this beam. 
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In accordance, it was noticed that the strain corresponding to the 
ultimate bond strength between FRP and concrete substrate, reg-
istered experimentally, was lower than the one expected according 
to the Teng et al. [6] criterion (8.1º/oo). 
Regarding the vertical displacement at mid-span, the difference 
between the analytical and experimental results was around 
16.2%. At the first stage of the diagram, the cracking load differ 
less than 1% while the corresponding displacement at mid-span 
varied about 2.6%. At the end of the second stage the load dif-
ference was close to 3.6% and the displacement at mid-span 
differ in 9.7%. 
Figure [8] and Table [3] show the behavior of beam VFC_
PE_01, post-strengthened with two prestressed CFRP strips. 
In this case, although the analytical and experimental results 
of the first stage of the diagram have shown a variation of 
about 47.6%, results for the second and the third stage of the 
diagram were very close, differing in about 1.4% (for loads) 
and 2.4% (for the displacement at mid-span) at the end of the 
second stage and in 1.7% (for loads) and 2.1% (for vertical 
displacement at mid-span) at the end of the third stage. The 
post-strengthening of the beam VFC_PE_01 also failed pre-
maturely, due to the peeling-off  of the prestressed strips. There-
fore, the load and the displacement predicted by the analytical 
procedure were 3.5% and 11% higher than the ones obtained 
experimentally. 
In conclusion, although there are still some differences between 
analytical and experimental results, especially when peeling-off oc-
curs, it was considered that the analytical data satisfactorily fitted 
the data obtained experimentally.

5. Conclusions

The data collected in this work points out that the analytical so-
lution developed is suitable to represent the behavior of a post-
strengthened beams, although it has resulted in a stiffer behavior 
for the first stage of the diagram, for beam VFC_PE_01, and in a 
higher ultimate load for beam VFC_NP_01. Differences of about 
16.2% and 11% were observed between the theoretical and the 
observed values of the vertical displacement at mid-span near fail-
ure of beams VFC_NP_01 e VFC_PE_01. Nonetheless, in gen-
eral, the differences between the estimated and real loads at the 
cracking, yielding and failure points were lower than 5%. 
Considering the natural variability of failure loads, these results 
clearly indicate that there is a good compatibility between the an-
alytical solution proposed and the experimental results, over the 
entire range of loads. This conclusion ascertains that the proposed 
model is useful to simulate the behavior of real post-strengthened 
beams, with prestressed and non-prestressed strips. 
It is interesting to highlight that the failure mode of the post-strengthened 
beams was fairly well estimated by the model. However, because the 
model does not consider peeling-off, the ultimate failure load expected 
was 13.20% and 3.30% higher than the one obtained experimentally, 
for beams VFC_NP_01 and VFC_PE_01, respectively. 
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