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Abstract— The Gaussian approximation is commonly used to
evaluate the performance of free space optical communication
systems. However, other performance evaluation methods such as
the saddle point approximation, Chernoff bound and the modified
Chernoff bound have also been used. This paper investigates the
performance of fixed and gain saturated optically preamplified
communication systems limited by factors such as strong
atmospheric turbulence and pointing errors using various
evaluation methods. Average bit error rate results are obtained
over a range of average transmitted powers for free space optical
communication systems without pointing error and those with
pointing error using different saturation regimes, normalised beam
widths and pointing error standard deviations. Results obtained in
this paper show over a propagation distance of 1500 m, a receiver
diameter of 0.15 m performed better than a receiver diameter of
0.03 m when the pointing error standard deviation is 0.1. Also, a
receiver diameter of 0.03 m performed better than a receiver
diameter of 0.15 m when the pointing error standard deviation is 4.
These results show that while larger receiving lenses performed
better when pointing error effects are minimal or absent, smaller
receiving lenses are better when pointing error effects are dominant.
Additionally, it is shown in this paper that while fixed and gain
saturated optical preamplifiers produced similar performances
when the decision threshold at the receiver is adaptive, the saddle
point approximation is not useful for gain saturated optically
preamplified receivers. Also, results in this paper showed optimal
and near-optimal adaptive decision thresholds for the modified
Chernoff bound and Gaussian approximation, respectively.

Index Terms— Atmospheric turbulence, free-space optical communication,
modified Chernoff bound, optical amplifier, pointing error, saddle point
approximation

I. INTRODUCTION
Free-space optical (FSO) communication systems have recently been established as viable

alternatives to millimeter wave and radio frequency systems due to the various advantages they offer

such as their use in difficult terrains (such as areas without right of way, across rail tracks or a river),

ad hoc and multi-campus communication networks [1]–[3]. However, the impacts of atmospheric
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turbulence (AT) induced scintillation and pointing errors (PE) on system performance are key factors

to consider when designing FSO communication systems. PEs occur in FSO communication systems

due to issues such as imprecise tracking systems and vibrations produced by natural occurrences. Note

that the ideal performance of FSO communication systems is negatively affected by AT and PEs [4],

[5]. An optical amplifier (OA) is commonly used to mitigate losses due to scintillation and PE.

Additionally, preamplifiers (OAs placed just before the receiver) are used to boost the photo-detector

received power and improve the sensitivity of the receiver [6]. A key metric used to estimate the

performance of FSO communication systems is the bit error rate (BER) [7]. While the Gaussian

Approximation (GA) is a common and simple way of estimating the BER performance of optically

preamplified receivers, several other methods have been developed to estimate the statistics (including

the BER) of optically preamplified receivers. Such methods include the derivation of a moment

generating function (MGF) for the photo-electron number, derivation of a characteristic function to

give an approximate estimate of the BER, derivation of an analytical equation for the worst-case noise

variance at the receiver output and the derivation of a MGF from the statistics of the detected signal

[8]–[11]. An MGF approach of characterizing the signal and amplified spontaneous emission (ASE)

noise is also used by the saddle point approximation (SPA), Chernoff bound (CB) and modified CB

(MCB) to determine the BER [7].

By considering the OA's spontaneous emission noise, intersymbol interference, detection quantum

noise, equalisation filter response and additive thermal noise, a novel MGF for an optically amplified

receiver output signal was constructed in [7] for a non FSO communication scenario. The novel MGF

in [7] was consistent with other previously established formulas and allowed for BER calculations

using various limits and approximations. Results obtained from [7] showed that with low OA gain

values, similar results are obtained for the SPA, GA and MCB while the CB gave an upper bound. At

higher OA gain values, the MCB and the CB showed similar performances while the GA has a lower

bound. It was concluded in [7] that the MCB is the preferred method for estimating the performance

of the receiver. Some of the proposed methods in [7] was adapted for a FSO communication scenario

in [12] where CB and MCB MGF-based approaches were used to obtain BER results for a on-off

keying (OOK) optically preamplified FSO communication system operating in a turbulent atmosphere.

The findings in [12] with the MGF methods were compared to the GA technique for both low and

high preamplifier gains in the weak to saturated AT regimes and in comparison with the CB, the MCB

was shown to provide the tightest bound on the BER, especially when using preamplifiers with lower

gain values. In the FSO communication system with digital pulse position modulation (DPPM) and

optical preamplification considered in [13] where the effects of AT and PE on system performance

was analysed, it was shown that the combined impairments have a negative impact on the overall

performance of the FSO system. Also, for the various scenarios considered in [13], FSO

communication systems utilising the DPPM modulation scheme were considerably more power

efficient than the FSO communication systems utilising non-return-to-zero (NRZ) OOK modulation.
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In [14], novel lower and upper bounds were developed for the average error probability of optical

communication systems impaired by factors such as avalanche gain and intersymbol interference

using direct detection. While the bound in [14] performed better than the CB, it is more complicated

to develop and therefore only preferable in applications where additional complexity can be

accommodated to provide for more accuracy. The use of M-ary DPPM M-pulse amplitude and

position modulation (M-PAPM) to deliver more bits and improve efficiency was shown in [15] for a

hybrid fiber/FSO (HFFSO) communication system consisting of a dense WDM (DWDM) passive

optical network (PON) and an OOK/M-ary DPPM-M-PAPM. The introduction of digital signal

processed adaptive optics (AO) in [15] resulted in reduced interchannel crosstalk and improved

reliability. Also, the OOK/M-ary DPPM-M-PAPM improved the spectral efficiency. The analysis in

[15] included the use of evaluation methods such as the GA, CB and MCB. The results obtained in

[15] show that compared to the OOK-NRZ scheme, the proposed M-ary DPPM-M-PAPM scheme is

more reliable and offers improved receiver sensitivity. The CB and MCB used an MGF approach for

BER evaluations in [16] where the impact of aperture averaging, interchannel crosstalk, geometric

spread, PE and ASE noise on DPPM, OOK, M-ary spatial modulation (SM)/PPM and M-ary PPM

FSO communication systems was analysed. The AT channel was modelled with the K-distribution

and the gamma-gamma (GG) distribution. The results obtained in [16] showed that the proposed

model offers benefits such as power efficiency and enhanced system performance (with reduced

bandwidth efficiency). Also as expected, the use of many receivers and/or transmitters was shown in

[16] to improve system performance.

Since the effects of AT on the performance of FSO communication systems are strongly significant

in the strong to saturated AT regimes [17], it is advantageous to develop models and evaluate system

performance in the strong to saturated AT regimes since the results obtained would serve as upper

bounds to those obtainable in AT regimes with lower strengths. In this paper, the performance of

fixed (OAs that are not allowed to go into gain saturation) and gain saturated (OAs that are allowed to

go into gain saturation) optically preamplified FSO communication systems limited by ASE noise,

strong AT, geometric spread (GS) and PEs are evaluated by using the SPA, GA and MCB (since the

MCB is known to provide a tighter bound compared to the CB [7], [12]) methods with an adaptive

decision threshold. Note that the MCB and SPA evaluation methods use an MGF approach to obtain

the BER. Also by considering the effects of strong AT, ASE noise and PEs over various decision

threshold levels using the GA, MCB, and the SPA methods, the optimal adaptive decision threshold is

shown. Note that while related works have focused on evaluating system performance with the GA,

the use of MGF methods to approximate the bit error rate has been shown to give more accurate

estimates compared to the GA because they give better representations of the signal and noise

components. While the actual BER is not known, MGF methods such as the MCB provide an upper

bound on the BER and can be regarded as being more accurate than the GA because there is

uncertainty about when the GA values are higher or lower than the actual BER [7], [12]. After this
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introductory part, the atmospheric channel is described in section II followed by a FSO

communication system model description in section III. Section IV contains the BER analysis using

the SPA, GA and MCB performance evaluation methods. The results and discussion part of this work

is provided in section V, followed by a conclusion in section VI.

II. THE ATMOSPHERIC CHANNEL
Different statistical distributions have been developed to describe various regimes of AT. A

particular AT model known to adequately describe various AT regimes (including the strong AT

regime) is the GG distribution, with an unconditional PDF defined as [1], [17]
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where th is the fluctuating channel gain (or loss) due to the turbulent atmosphere. ( ).uK and (.)G are

the second kind modified Bessel function having order u and the gamma function respectively. With

a plane wave assumption for the incident wave, a and b are defined as [17]
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where 2676112 23.1 nR CkD=s is the Rytov variance. 2
nC and D are the refractive index structure

parameter and FSO communication system propagation distance respectively. The optical wave

number with wavelength l is defined as lp2=k . By including the effects of diffraction and AT,

the width of the Gaussian beam at a distance z , is defined as [1]

( ) 652 233.11
dd zRzz kwzww s+» (4)

where ( )20 1 Rz zzww
d

+= is the width of the beam while only considering diffraction effects, 0w is

the waist of the beam at 0=z and lp 2
0wzR = is the Raleigh range. A Raleigh distribution model

can be used to adequately describe the combination of GS, PE and AT. Also by using a Raleigh

distribution model to adequately describe the combination of the GS and PE and with the assumption

of a circular receiver aperture, the fluctuating channel gain (or loss) due to GS and PE has a PDF

given as [18], [19]
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where PEzeqw sV 2= . PEs is the standard deviation of the PE displacement at the optical receiver,

( )[ ]20 uerfa = is the fraction of the collected power at the receiving lens at 0=r where r is the
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receiver radius and ph is the fluctuating channel gain (or loss) due to GS and PE.

( ) ( )2exp2 uuup -= erfww zzeq is the equivalent beam where zrx wr 2pu = . Now, by

including the effects of GS and PE, the GG distribution PDF is defined as [13]
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Note that pthhh = is the fluctuating channel gain (or loss) due to the turbulent atmosphere, GS and

PE.

III. FSO COMMUNICATION SYSTEMMODEL

A FSO communication system using NRZ-OOK with direct detection and a preamplified optical

receiver is shown in Fig. 1. It is assumed that the receiver is not perfectly aligned with the transmitter.

After the scintillated optical signal reaches the receiver, it is passed through an optical preamplifier.

Since optical amplification generates ASE noise, an optical band pass filter (OBPF) is placed after the

OA for ASE noise reduction before a photodiode (PD) converts the optical signal into an electrical

signal. The PD has a responsivity vhqR h= where v , h , h and q are the optical carrier frequency,

quantum efficiency, Planck constant and electronic charge respectively. Then, with the help of a

synchronisation system, a decision circuit is used to retrieve the information sent from the

transmitting end [6], [17].

Fig. 1. FSO communication system model with PE and a preamplified optical receiver

IV. BER ANALYSIS

The BER analysis of the FSO communication system is evaluated by using the GA and

MGF approaches such as the SPA and the MCB [7], [12]

A. Gaussian Approximation
With an assumption that the noise is Gaussian, the BER is defined as [6]
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where
xOAinx GRPi = is the average signal level when sampling takes place with { }1,0Îx being the

data bits that were transmitted.
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be RB 7.0= are the receiver thermal noise variance, OBPF bandwidth, polarisation states parameter

number, ASE noise power spectral density and receiver noise equivalent bandwidth respectively. NF

and bR are the noise figure and bit rate respectively. For the adaptive decision threshold considered

in this work, the decision threshold (assumed to vary with h ) is given as [6]

( ) ( ) ( ) ( ) ( )
( ) ( )hPhP

hPhPihPhPi
hPi

avav

avavavav

avGA
OAinOAin

OAinOAinOAinOAin
OAinD ,,

,,,,
,

01

1001

ss
ss

+

+
= (8)

Note that when the OA experiences gain saturation, G changes proportionally to the OA input power

as described in [6], [20].

B. MGF Methods
The MGF of an optical signal, which also accounts for the ASE noise, is given by [7], [12]
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where � is a standard parameter in the MGF transform domain, TmBL topt= and T is the bit period.

By including the effect of thermal noise, the MGF is given by [7], [12]
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The MCB which gives a tighter bound on the BER (compared to the CB), is given as [7], [12]
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The SPA, is given as [7]
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A near optimal adaptive decision threshold for the MCB can be obtained by differentiating the CB

BER (provided in [7]) with respect to the decision threshold and equating the result to zero [7], [12],

[14]. By conditioning the result on h , the near optimal adaptive decision threshold for the MCB is

given as [7], [14].
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Note that the adaptive decision threshold in ( )15 is also applicable to the SPA. Even though tighter

bounds are obtained by optimising �0 and �1 separately, it is computationally convenient to set

10 sss == . By setting 010 >== sss , ( )11 and ( )12 can be rewritten as
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Also, the near optimal adaptive decision threshold for the MCB and SPA can be rewritten as
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C. Average BER
To obtain the average BER, the instanteneous BER can be statically averaged over h and given as

[12]
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¥

=
0

, (21)

where { }SPAMCBGAEM ,,Î is the performance evaluation method used to obtain the instantaneous

BER. The optimal adaptive decision threshold can then be determined by assuming that ( )8 and

( )20 is equivalent to when a normalised decision threshold is situated midway between the 1 and 0

bits (i.e. relD = 0.5) and then varying relD to obtain the optimal adaptive decision threshold, expressed

as

( )( )
avavrelavoptEM OAinrelOAinDEMD PDPBERi 1,...,5.0,...,0,,

ÎL= (22)
Note that the optimal adaptive decision threshold will be the relD that gives the best BER performance

for a particular
avOAinP .

V. RESULTS AND DISCUSSIONS

The parameters used for the numerical analysis are shown in Table I. Considering the propagation

distance of 1500 m assumed in this work, the strong atmospheric turbulence regime is modelled with
2
Rs = 3.5 ( 2

nC = 32141036.8 --´ m ). Also, with a beam divergence angle of 1.5 ´ 10-4 rad and beam

waist (at 0=D ), 0w = 0.002, receiver diameters d = 0.15 m and d = 0.03 m will give normalised

beam widths of rWz = 5 and rWz = 25 respectively. For the numerical analysis, OAs that are not

allowed to achieve gain saturation and OAs that are allowed to achieve gain saturation are called fixed

gain ( ¥®satP ) and gain saturated ( satP = 5 dBm) OAs respectively. Also, in addition to the

inclusion of ASE noise effects, the OA is allowed to freely respond with complete saturation

characteristic. GE and PE effects are considered for cases with normalised beam widths,

{ }25,5ÎrWz and PE standard deviation, { }4,1.0ÎPEs . Note that the BER performances obtained

are deemed acceptable if they fall within limits where forward error correction can be applied.

By using the SPA, GA and MCB evaluation methods and including GS, PE and AT effects, the

average BER obtained in a FSO communication system over a range of average transmitted powers is

shown in Fig. 2. The FSO communication systems analysed are those without PE (WoPE) and with

PE (WPE) using different PEs , satP and rWx values. Note that while most commercial free space

optics devices have transmitted powers higher than 0dBm, we have presented results for transmitted

powers lower than 0dBm because the results presented provide upper bounds on the BER for higher
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transmitted powers and also gives FSO system designers the opportunity to see what is achievable

with lower transmitted powers.
TABLE I. NUMERICAL ANALYSIS PARAMETERS

Parameter Symbol Value
OA small signal gain ssG 30 dB [21]

Noise figure NF 5 dB [12]
Bit rate bR 2.5 Gb/s [21]

Optical wavelength l 1550 nm [6], [21]
OBPF bandwidth optB 76 GHz [22]

Receiver thermal noise ths 7 × 10-7A [12]
Extinction ratio re 10 dB [12]

Quantum efficiency h 0.8 [2]

Average BER results for the SPA, GA and MCB are shown for FSO communication systems WoPE

( { }¥Î ,5dBmPsat , rWz = 5) and WPE ( { }¥Î ,5dBmPsat , PEs = 0.1, rWz = 5) in Fig. 2a.
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Fig. 2 Average BER over a range of average transmitted powers for SPA, GA and MCB performance evaluation methods;

including GS, PE and AT effects. { }¥Î ,5dBmPsat
(a) WoPE ( rWz = 5) and WPE ( PEs = 0.1, rWz = 5) (b) WoPE ( rWz = 25) and WPE ( PEs = 0.1, rWz = 25)) (c)

WPE ( PEs = 0.1, { }25,5ÎrWz ) (d) WPE ( PEs = 4, { }25,5ÎrWz )

When ¥®satP , the SPA performed better than the GA and the MCB; with the MCB recording the

least performance. Note that these results do not invalidate the use of the MCB in FSO
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communication systems because the MCB, which has been known to give comparable and upper

bounds on the GA with low and high gain preamplifiers respectively [12], [15], has been proposed as

a preferred performance evaluation method [7], [12]. Also, systems WoPE ( rWz = 5) performed

better than systems WPE ( PEs = 0.1, rWz = 5); which is expected since the presence of PE limits

the performance of systems WPEs. Average BER results for the SPA, GA and MCB shown for FSO

communication systems WoPE ( { }¥Î ,5dBmPsat , rWz = 25) and WPE ( { }¥Î ,5dBmPsat , PEs =

0.1, rWz = 25) in Fig. 2b when ¥®satP are also similar to those obtained in Fig. 2a in terms of the

overall performance of each performance evaluation method. Also as expected, systems WoPE

( rWz = 25) performed better than systems WPE ( PEs = 0.1, rWz = 25) in Fig. 2b.

Average BER results for the SPA, GA and MCB are shown for FSO communication systems WPE

( { }¥Î ,5dBmPsat , PEs = 0.1, { }25,5ÎrWz ) and WPE ( { }¥Î ,5dBmPsat , PEs = 4, { }25,5ÎrWz )

in Fig. 2c and Fig. 2d respectively where the SPA also performed better than the GA and the MCB.

However, while rWz = 5 consistently performed better than rWz = 25 when PEs = 0.1 as seen in

Fig. 2c, rWz = 5 only performed better than rWz = 25 with lower transmitted powers (< -18dBm,

< -17dBm, and < -16dBm for the SPA, GA and MCB respectively) in Fig. 2d where PEs = 4. With

higher transmitted powers values ( > -18dBm, > -17dBm, and > -16dBm for the SPA, GA and MCB

respectively) in Fig. 2d where PEs = 4, rWz = 25 performed better than rWz = 5. These results

(in conformity with [13]) show that while larger receiving lenses produce better performances

compared to smaller receiving lenses when PE effects are minimal or absent, smaller receiving lenses

are preferable when PE effects are significant. It is noteworthy that while OA gain saturation is known

to reduce the ssG [6], [20], results in Figs. 2a, 2b and 2c showed similar performances when satP = 5

dBm (for the GA and MCB) and ¥®satP . These results show that the reduction in the ssG due to

increased transmitted powers has no effect on system performance when the decision threshold at the

receiver is adaptive; both for the GA and MCB evaluation methods. However, the SPA only gave

useful results for ¥®satP and not for satP = 5 dBm, meaning that the SPA is not useful for gain

saturated preamplifiers.

The minimum average BER (including GS, PE and AT effects) obtained in a FSO communication

system with performance evaluation methods such as the SPA, GA and MCB over a range of

normalised decision thresholds WoPE ( { }¥Î ,5dBmPsat , { }25,5ÎrWz ) and WPE

( { }¥Î ,5dBmPsat , { }4,1.0ÎPEs , { }25,5ÎrWz ) are shown in Fig. 3 for transmitted power tP =

10dBm. In Fig. 3a, 3b and 3c where the SPA, GA and MCB performance evaluation methods are used

respectively, results obtained for each evaluation method aligns with findings in Fig. 2 that while
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similar performances are obtained when ¥®satP and satP = 5 dBm for the GA and MCB, the SPA

only gives useful results when ¥®satP .
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Fig. 3 Minimum average BER over a range of normalised decision thresholds WoPE ( { }25,5ÎrWz ) and WPE

( { }4,1.0ÎPEs , { }25,5ÎrWz ); including GS, PE and AT effects. { }¥Î ,5dBmPsat
(a) SPA (b) GA (c) MCB

Also, with each evaluation method, the performance level of the FSO communication systems

under consideration in descending order are systems WoPE ( { }¥Î ,5dBmPsat , rWz = 5), systems

WPE ( { }¥Î ,5dBmPsat , PEs = 0.1, rWz = 5), systems WoPE ( { }¥Î ,5dBmPsat , rWz = 25),

systems WPE ( { }¥Î ,5dBmPsat , PEs = 0.1, rWz = 25), systems WPE ( { }¥Î ,5dBmPsat , PEs = 0.4,

rWz = 25) and systems WPE ( { }¥Î ,5dBmPsat , PEs = 0.4, rWz = 5). These results show (in

alignment with Fig. 2) that while larger receiving lenses are preferable when PE effects are minimal

or absent, smaller receiving lenses perform better when PE effects are significant. The MCB results in

Fig. 3c show that the adaptive threshold in ( )20 which represents relD = 0.5 is optimal since minimum

average BERs are consistently obtained at relD = 0.5. For the GA in Fig. 3b, the results align with [6]

that the adaptive threshold in ( )15 which represents relD = 0.5 is only near-optimal since minimum

average BERs are not clearly obtained at relD = 0.5. Minimum average BER results for the SPA in Fig.
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3a also shows that the adaptive threshold in ( )20 which represents relD = 0.5 is not optimal for the

SPA because the minimum average BERs obtained at relD = 0.5 are not optimal for all the FSO

communication systems under consideration.

VI. CONCLUSION
This paper considered the performance of fixed and gain saturated optically preamplified

FSO communication systems limited by ASE noise, strong AT, GS and PEs using evaluation

methods such as the SPA, GA and MCB with an adaptive decision threshold. The optimal

adaptive decision thresholds for the FSO communication systems under consideration are

also presented. It was shown in this paper that, as expected, FSO communication systems

WoPE performed better than FSO communication systems WPE and that, with high gain

preamplifiers, MCBs are upper bounds on the GA. Also, this paper showed that when PE

effects are minimal or absent, larger receiving lenses perform better than smaller receiving

lenses. However, smaller receiving lens produced better performances when PE effects are

dominant. In this paper, it was shown that even though gain saturation results in reduced OA

gain, comparable performances were observed in systems with fixed and gain saturated

optical preamplifiers when the decision threshold at the receiver is adaptive. Also based on

the obtained results, the adaptive decision thresholds used in this paper proved to be optimal,

near-optimal and not optimal for the MCB, GA and SPA respectively.
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