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The Zero-Adjusted Log-Symmetric Distributions:
Point and Intervalar Estimation
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Abstract: In this paper, a new class of semi-continuous distributions called zero-adjusted
log-symmetric is introduced and studied. Some properties and parameters estimation by
maximum likelihood method are derived and confidence intervals (Cls) are developed.
A simulation study is conducted to evaluate properties of the maximum likelihood
estimators in lighter/heavier-tailed distributions. Finally, an application in a real data
set is presented to illustrate the flexibility of the proposed class of distributions.

Key words: lighter/heavier-tailed distributions, maximum likelihood method,
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INTRODUCTION

In real situations, semi-continuous variables commonly occur in biometrics, ecology or in insurance
expenditures data sets and they are characterized by the presence of true zeros and positive
continuous behavior. For example, in ecology is common to find a large proportion of zeros
values caused by real ecological effects like counts of abundance, proportional occupancy rates or
continuous population densities and do not readily fit standard distributions like normal, Poisson,
and beta distribution (Martin et al. 2005). Another example is the Medical Expenditure Panel Survey
(MEPS) that contain health care expenditures from adults in USA in which many individuals record
no medical expenditures (zero response) over the years. Usual methods such as transforming the
response variable into logarithmic transformation cannot be used in the presence of zeros or ignoring
zeros can be a bad strategy making impossible to predict the probability of zero and leading to a bad
inference of the others parameters.

A strategy for modeling this kind of data with the presence of true zeros is to use a mixture
distribution of two components: a continuous distribution whose support is the interval (0, o) and a
degenerate distribution at a zero value (discrete distribution). We can see as an example, Aitchison &
Brown (1957) introduced a mixture distribution between a degenerate distribution at a zero and the
log-normal distribution, named delta distribution. Duan et al. (1983) proposed the two-part model. The
first stage is a probit model for binary event of having zero or positive expenses and the second stage
is a log-linear model for positive expenses. Heller et al. (2006) presented the zero-adjusted inverse
Gaussian distribution for modelling insurance claim sizes. Rodrigues-Motta et al. (2015) proposed
a framework for zero-augmented positive distributions considering the two-parameter exponential
family as the continuous component, including the log-normal Weibull, gamma and inverse Gaussian
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distributions. Leiva et al. (2016) proposed the zero-adjusted reparameterized Birnbaum-Saunders
distribution for fatigue data with true zeros. Recently, Hashimoto et al. (2019) proposed the zero-spiked
gamma-Weibull regression model.

The continuous part of these distributions mentioned are one of the most flexible distribution
in the literature. However, according to Lawless (2003), the log-normal distribution has been used
as a model in diverse applications in engineering, medicine and other areas, making the log-normal
distribution one of the most used for modeling interest variable that may include outliers. Jones
(2008) investigated the log-symmetric class, which is a generalization of the log-normal distribution.
This class includes bimodal distributions and higher/heavier tails distributions than the log-normal
one, for example, log-Student-t, type-I-log-Logistic, type-ll-log-Logistic, log-contaminated-normal and
log-power-exponential. Furthermore, according to Puig (2008) the log-symmetric distributions have
a very desirable properties, closure under change of scale and closure under reciprocals, which, are
used to describe data with ratios of positive magnitudes. The class involve the median and skewness
as parameters making it a very flexible class and also according to Vanegas & Paula (2016), the hazard
function of the log-symmetric distributions is quite more flexible compared to others distributions like
the Gamma or Inverse Gaussian distributions, and it can take various shapes, for instance, increasing,
decreasing, upside-down bathtub shaped or bathtub shaped. There are multiple studies about the
log-symmetric class; see, for example, Vanegas & Paula (2016) studied and discussed some properties
of the log-symmetric class, Medeiros & Ferrari (2017) derived hypothesis testing in symmetric and
log-symmetric linear regression models, while Ventura et al. (2019) conduct a Monte Carlo simulation
study to investigate the accuracy of popular information criteria in the log-symmetric regressions
models

Motivated by the works of semi-continuous distributions and the advantage of the log-symmetric
class in to in accommodating outliers, we propose a semi-continuous distribution using the
log-symmetric class, with his support is the interval [0, ). In the literature, there are different names
from this type of distribution, the “zero-inflated” as in Lambert (1992), the “zero-adjusted” as in
Heller et al. (2006) or the “zero-augmented” as in Rodrigues-Motta et al. (2015), but according to
Lambert (1992), zero-inflated models add additional probability mass to the outcome of zero, so it
is more common to use it when it involves discrete distributions. In the present work, zero-adjusted
is used, then the new class zero-adjusted log-symmetric is called. The zero-adjusted log-symmetric
distributions have several desirable statistical properties. For instance, the Quantile function is easy
to calculate, the parameters are orthogonal and the zero-adjusted log-symmetric class in some cases
may involve an extra parameter or a vector of extra parameters.

This paper is organized as follows. The zero-adjusted log-symmetric class (ZALS) and some
properties are presented. The maximum likelihood estimators of the parameters and asymptotic
confidence intervals of the class are developed. Monte Carlo (MC) simulation study is conducted
to evaluate the performance of maximum likelihood estimators from lighter/heavier tails than the
zero-adjusted log-normal distribution also, considering as well as the coverage of the confidence
interval for each parameter. An application of the real data set to illustrate the proposed methodology
are proposed. Finally, conclusions are presented.
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THE ZERO-ADJUSTED LOG-SYMMETRIC DISTRIBUTIONS

Let Y be a random variable that follow a class of distributions called log-symmetric, whose the support
is defined in the interval (0, o). The log-symmetric class with parameters n > 0, ¢ > 0 and density
generator g(-) under conditions that g(u) > 0 and f0°° u‘%g(u)au = 1 for u > 0, has density function
(PDF) given by: S
g(y )’ y>0, ()
wWe

. Y is a transformation for the random variable T by setting Y = exp(T) whose

fy(y) =

[7)’
n
distribution follows the symmetric class (Fang et al. 1990) with notation T ~ S(u, ¢, g(+)) where -oo <
U < oo is the location parameter. If a random variable follows the log-symmetric class, then is denoted
by Y ~ LS(n, ¢,9(.)), where n = exp(u) and ¢ are the scale and power parameters. In some cases the
density generator g(-) are indexed by an extra parameter or vector parameter denoted by v and in this
work v is considered fixed. Some distributions as Birnbaum-Saunders (Birnbaum & Saunders 1969),
log-normal, log-slash, log-Student-t, log-power-exponential, type-I-log-Logistic, type-II-log-Logistic,
log-contaminated-normal, and generalized Birnbaum-Saunders (Diaz-Garcia & Leiva 2005, Leiva et al.
2008) are included in this class.

When zeros occur in the data, the log-symmetric distributions are not appropriate. An alternative
is to use a mixed distribution discrete-continuous. Let W be a mixture discrete-continuous distribution
between two random variables, a discrete component following a Bernoulli distribution and the
continuous component . In this work we propose to consider one continuous component belongs
to log-symmetric class, denoted W ~ ZALS(n, ¢, m, g(-)). The cumulative distribution function (CDF) W
is given by

where y = log

m, ifw=0,
FW(W) = (2)
m+(1-mF/(w), ifw>0,
where F(w) is the CDF of the log-symmetric class and 0 < m < 1 is the mixture parameter. Because
Y is a transformation for the random variable T, then the CDF of Y can be computer as F,(y) = F,(y),
where Z = (T - p)/J¢ ~ S(0, 1, g(-)). The corresponding probability density function (PDF) is given by

m, ifw=0,
fw(W) = (3)
(1-mf,(w), ifw>0,

where f,(w) is the PDF given in Equation (1).

Members of this class are characterized by g(-) and for each member a weight function is defined
by v(w) = -2g’'(w?)/g(w?). Thus, the choice of g(-) may induce also the weight function v(-), that it is
an important function to estimate the parameters on the maximum likelihood (ML) method as will be
seen later. Some properties from the zero-adjusted log-symmetric class are presented

(P1) If W ~ ZALS(n, ¢, m, g(-)) then cW ~ ZALS(cn, ¢, m, g(-)) for ¢ > 0.

(P2) The Quantile function of W ~ ZALS(n, ¢, m, g(+)) is obtained from Castellacci (2012)
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0, ifmzq,
F.l(qin, &,m,q()) =

(&)

nexp(ﬁZ§ ), ifm<aq,

where 0 <g<1and Z(ga) is the 100(a)% quantile of Z ~ 5(0,1,g()) .

(P3) The r-th moment of W exists if the moment generation function of T, M.(r) exists. Then E(W") =

(1 - mM(1).

(P4) If M(r) exists, then we can expansion the characteristic function of W with a Taylor series form

o] RN 3
o= 1+(1-m> mn
k=1 :

(5)

(P5) The hazard function of Wis constant, r,(w) = 1 forw = 0 and r,,(w) = r (w) = f,(w)/[1-F,(w)] for
w > 0. Similar to Vanegas & Paula (2016), r,,(w) for zero-adjusted log-symmetric log-symmetric
classis quite flexible. Forinstance, it can assume an increasing, decreasing, upside-down bathtub
and bathtub shape. While Gamma hazard function has increasing, constant or decreasing shape,

and the Inverse Gaussian hazard function has n-shape.

(P6) The Shannon entropy of W take the form ET(W) and it is defined by E[-logf,(w)]. To obtain the
Shannon entropy we can use the equation: E[-logf,(w)] = E[E[—logfw(w)ll{o}(w)]]. After some

manipulation, ET(w) can be expressed as ET(w) = (1 - m)[log(ny/m) + ET(Z)] and only exist if ET(Z)

exist.

g(u) and v(w) functions for zero-adjusted log-symmetric class are presented below

Zero-adjusted log-normal
1
g(u) = —exp[-u/2], v(w)=1

Vv
Zero-adjusted log-Student-t
vV/2 v v+

g(U)—m(V*‘U) 2, v>0 and V(W)_V+W2

Zero-adjusted log-power-exponential
-(2v)/(v+1)
i, A 1/(1+v)] - _ Il
g(u)-C(v)exp[ ok , -1<vs<1 and v(w)= Tiv

where C(v)™' = T(1 + %)21*(“")/2. For special cases we have the zero-adjusted log-normal(v = 0) and

the zero-adjusted log-Laplace(v = 1)
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Zero-adjusted type-I-log-Logistic

g(u) = c“f;eu_u)z, v(w) = 2tanh(w?/2)

where ¢ = 1.484300029 is a normalizing constant that satisfies f0°° u'%g(u)au =1.

Zero-adjusted type-Ill-log-Logistic
uli2

_ e — (plw]-1 + oW
9(”)'(1+e-um)z' v(w) = (™)/(Jw|(1 + ")

Zero-adjusted log-contaminated-normal
Vz v exp[(1-v,)(w?/2)] + (1 - v,)

v,expl(1 - v, )W2/2)] + (1-v,)

where 0 < v, < 1,0 < v, < 1. The zero-adjusted log-contaminated-normal has a PDF, f,(w) =
n’w)(w)[v1fy1(w) +(1- v1)fyz(w)]( o™ where Y, follows a log-normal distribution with parameters
(n,¢/v,)" and Y, follows a log-normal distribution with parameters (n, ¢)".

o[ 3]t

g(u) = Jv,exp [—%vzu] +

Fuol
Fuol
Fuol

(a) (b) (0

Figure 1. Densities for some distributions of the zero-adjusted log-symmetric class: (a) zero-adjusted log-normal
(n = 2, = 0.4), (b) zero-adjusted log-Student-t (n = 2, = 0.4,v = 4), (c) zero-adjusted log-power-exponential
(n =2,m = 0.4,v = -0.5)(c) distributions.

PARAMETER ESTIMATION

Let W,,.., W, be n independent random variables from W, ~ ZALS(n, ¢, m,g(-)). The corresponding
likelihood function for 8 = (n, ¢, m)* can be written as

n n
L(6) = T fu(wy) = TTlo(1 - m)™ a0 (wy) "o,
i=1 i=1
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The log-likelihood function can be expressed as #(6) = £, () +£,(n, ), where £, () = W*log(m) +(n -
W*)log(1 - m) and £,(n, ¢) = (n - W*)( 1log(d))) w0 log[g(w; Hl+Y w50 log(w;). W is the number
of zeros in a sample of size n, W* = 37 {0}( Pl The log-likelihood function can be factored in two
terms, one that depend only on m and other that depends on the parameters of Y ~ LS(n, ¢, g(-)).
Thus, the maximum likelihood method can be performed separately from (n, (l))t and (Pace & Salvan
1997). The score function is U(6) = (U,(8), Uy(8)U())" with U, (6) = L w5 Ziwso | og (w; /n) , Ug(8) =
(n-w")+3. ws 2o V(W )V|72/2¢ U,(8) = W*-nm/m(1 - m). And the F|sher information matrix is given

by K(0) = d|ag(k k¢¢,km) where k= n(1 - n)dg/(¢n2), Rop = n(1 - 10)(f, - 1)/(4¢%) and k=
n/[o(1 - ¢)] W|th d = E[v?(2)Z?] and fg = E[V3(2)Z*] for Z ~ S(0,1,g(-)). Therefore the maximum

likelihood estimator (MLE) of @ are asymptotically independent.

Table I. Values of dg and fg for some symmetric class distributions Z.

Distribution dg fg
Normal 1 3
. (1) 30+)
Student-t w3 w3
; : 2'1(3-v)/2] (v+3)
Power-exponential A2 el)
Logistic-I 0.09232751 | 0.2508615

The MLE of mis W*/n, represents the proportion of zeros in the sample. In the case for n and ¢
do not have a closed expression, thus, a nonlinear optimization algorithm is used, for instance, the
Righy and Stasinopoulos (RS) or the Cole and Green (CG) algorithms (Stasinopoulos & Rigby 2007,
Stasinopoulos et al. 2019 ) from the statistical computing environment R.

Since the regularity conditions are satisfied (see, Vanegas & Paula 2016), B is a consistent
estimator of 8 with asymptotic distribution glven by \/_(6 0) 2N 5(0,K” 1(8)). Note that K~'(8) is
the asymptotic variance-covariance matrix of 8. A consistent estimator of K™(6) is K™"(8). Asymptotic
confidence intervals (Cls) for @ can be obtained from the asymptotic distribution. From the delta
method (Lehmann & Casella 1998, Sect. 1.9) we obtain asymptotic distribution for h(6) given by
Jn(h(B) - )—> N5(0,Vh(8)'K~'(B)Vh(B)), Vh(6) = oh(6)/a6.

SIMULATION STUDY AND RESULTS

To evaluate the performance of the MLE for the parameters of the ZALS class, a Monte Carlo simulation
study is conduced. In this study we considered some distributions with heavy/light tails, for example
zero-adjusted log-Student-t (ZALSt) with v = 4 and the zero-adjusted log-power-exponential (ZALPE)
with v = -0.5. In each scenario we consider sample size n = 10, 30 and 50, the skewness parameter
for the continuous component (or relative dispersion) ¢ € {1,2,3} and the proportion parameter
m e {0.1,0.2,0.3,0.4} . The parameter n is fixed at 2 and we consider 5000 Monte Carlo replications.
To generate samples the inverse CDF method is used by (P2). All the simulations were performed using
the gamlss package in R language (R Core Team) . All codes were developed by authors and it can be
obtained upon request by authors.
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The Tables Il and Ill present descriptive measures : empirical Mean, Median, Standard Deviation
(SD), Mean Square Error (MSE), JMSE and bias of  of the simulations results for the ZALSt and ZALPE
distributions. We can be observe in the Table Il from the ZALSt distribution that the empirical Mean
of fj is affected by increasing ¢ or m, or on both parameters, but for the case of the Median, it is
not affected by increasing m, but this occurs when we increase the value of ¢. Similar behavior can
be observed for ZALPE distribution (see Table IIl). For the two distributions and for each scenario
considered, when the sample size increases, the empirical Mean and the Median close to true value.
In particular, the lowest bias of fj is presented based on ZALPE distribution. For the behavior of 43 the
empirical Mean and the Median are affected by increasing the value of m. In addition when n increase
the 43 tend to true value. For the case of the MLE of m, the empirical Mean and the Median are closer
to true value in each scenario regardless of the sample size n, this means that the for all values of
n considered, the results are similar. The bias of the MLE for n overestimates the true value in all
scenarios for the ZALSt and ZALPE distributions. As expected, the bias decreases as the sample size
increases. Note that for the case of the ZALPE distribution, presents better properties in relation to
the bias of n. In the Table I, the bias of the MLE of ¢ underestimates the true value but it did not
happen in the case of the ZALSt distribution, and it can be observed that is less biased regardless
of the parameter m. For the ZALPE distribution, the bias is decreasing as the value of m increases but
it increases as the sample size increases, this means that it less biased as the value n increases. In
the case of the bias for the MLE of m, it is little biased and also underestimates in the majority of
the scenarios for each distribution. Respect to the values of SD and the \/ﬁ the distribution ZALPE
had better properties than the ZALSt distribution for the cases of the MLE of n and ¢. As expected,
these values are increasing as the parameter ¢ or mor on both parameters increase, but also decrease
considering a larger sample size n.

Tables IV and V provide the lower (LC), upper (UC) and the coverage (CP) probabilities in % of
the Cls for the parameters log(n), log(¢) and logit(m) with var(log(n)) = (f)/{ndg(1 - )}, var(log()) =
4/{n(fg -1)(1 - m)} and var(logit(i)) = 1/{nit(1 - i)} by taken the 0.90, 0.95 and 0.99 confidence levels
for the ZALSt and ZALPE distribution, respectively. For the cases of the parameters log(n) and log(¢),
we can observe that the coverage probabilities of the Cl for the three confidence levels from the
ZALPE distribution have smaller coverage probability than the ZALSt distribution. Also, as the value
of mincreases, the coverage probabilities on these two parameters are affected in the sense that it is
getting smaller than the indicated confidence level. In the case of logit(m), the coverage probabilities
have similar properties regardless of the distribution, this because the MLE of logit(mr) is the same
for each distribution. As expected, the coverage probabilities increase as n increases. Note that the
confidence intervals for log(n) are balanced, this means, the values of LC and UC are similar. The same
behavior can be observed in the intervals for logit(m) as the value of m increases. An unbalanced
behavior is noted in the confidence intervals for log(¢). This occurs for the three distributions and
also for the confidence levels considered.

Next, in the Figures 2 and 3 display the empirical(histogram) and asymptotic distribution of log(i}),
log(JJ) and logit(ft) for each sample size by considering the scenario 8 = (2, 4,0.4)" for the ZALSt and
ZALPE distribution, respectively. Additionally, a straight-line segments represent the asymptotic Cl
computed, and the vertical line represent the true value of the parameter. The empirical distribution
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for log(n) is apparently symmetric in all three distributions considered, but for the case of log(cﬁ) and
logit() present a little skewness.

Table II. Empirical statistics for the MLE estimator for ¢ and with n = 2 and n = 10, 30, 50 for the zero-adjusted
log-Student-t distribution withv = 4 .

m ¢ n Mean Median SD MSE \/m Bias
n [} n n [} n n ¢ n n [ n n [ n n [} m
10 | 2183 | 1007 | 0100 | 1985 | 0.827 0100 = 1012 & 0717  0.094 1058 0513 | 0009 1029 0716  0.094 0183 = 0.007 | 0.000
130 2057 1009 0101 2012 & 0948 0100 & 0467 @ 0376 0.055 | 0221 014 | 0.003 | 0470 0376 | 0.055 0.057 0.009 | 0.001
50 | 2037 1006 & 0100 | 2010 0967 | 0100 0368 0286 0043 0137 008 0002 0370 0286 0.043 0037 0.006 = 0.000
10 2321 2004  0.098 | 1983 | 1657 @ 0100 | 1469 | 1402 = 0.094 = 2261 | 1966 | 0.009 = 1504 | 1402 & 0.094 = 0321 | 0.004 | -0.002
[o] 2 30 2106 1998 0100 1998 | 1893 @ 0100 & 0716 = 0747  0.055 | 0523 0.557 & 0003 | 0723 0746 & 0055 0106 -0.002  0.000
50 | 2.060 2.007 | 0100 @ 1980 1933 | 0100 0.523 = 0574 0042 0277 | 0329 | 0002 0526 0574 004 0060 0007 | 0.000
10 2561 3.057 | 0101 1996 | 2477 = 0100 | 2123 | 2331 0.095 4819 | 5438  0.009 = 2195 | 2332  0.095 0561 | 0.057 0.001
3 30 2150 | 2997 0101 1989 | 2.842 0100 & 0.894 1109 = 0.055 | 0.821 1229 & 0.003 | 0906 1108 | 0.055 0150 -0.003 & 0.001
50 | 2.087 3012 0099 1993 2892 | 0100  0.653 & 0.855 0043 0434 = 0731 0002 0659 0855 0.043 0087 0012  -0.001
10 | 2183 | 0998 | 0196 = 1988 | 0.812 0200 1042 & 0758 0124 = 1119 | 0575 = 0.015 1058 | 0758 & 0124 | 0183 | -0.002 @ -0.004
130 2049 1001 0200 1989 & 0935 0200 0508 0399 0.074 | 0260 0159 | 0.005 | 0.510 | 0399 & 0074 0.049 0.001  0.000
50 | 2029 1002 | 0200 1991 0959 0200 0381 0306 0.056 0146 & 0.094 0.003 0382 | 0306 0056 0.029 @ 0.002 -0.000
10 | 2447 2014 | 0197 | 2016 | 1589 = 0200 1901 & 1609 0123 = 3.812 2588 0015 1952 1609 = 0123 & 0447 & 0014 | -0.003
0.2 2 30 2130 | 1999 & 0199  2.009 @ 1865 0200 0755 @ 0.801 0072 0587 | 0641  0.005 0766 0.801 0072 0130  -0.001 -0.001
50 | 2.084 2,006 & 0202 | 2013 1924 | 0200 0581 0612 005/ 0344 0374 0003 0586 0611 0057 0.08; 0.006 = 0.002
10 2741 3.003 | 0197 | 1998 | 2431 0200 @ 2817 | 2422 0123 8480 | 5863 0015 @ 2912 2421 0123 | 0741 | 0.003 | -0.003
330 2179 | 3011 0200 1972 & 2798 @ 0200 0990 & 1218 | 0072 1011 | 1483  0.005 1006 = 1218 | 0.072 = 0179 0.01 0.000
50 | 2121 | 3.026 | 0199 & 1999 2891 | 0200 0737 0921 0057 0557 0850 | 0003 0747 & 0922 | 0057 0121 0.026 | -0.001
10 0 2226 1.006 = 0281 1998 & 0788 0300 1127 | 0.849 = 0127 = 1322 0721 0016 1150 0849 0128 & 0226 = 0.006 | -0.019
130 208 0993 0297 2012 0919 0300 0570 0425 0.08 0332 | 0181 0007 0576 0425  0.082 0.081 -0.007 -0.003
50 | 2033 0999 | 0300 1991 0947 0300 0408 0328 0066 0167 & 0107 | 0004 0409 @ 0328 | 0066 0.033 | -0.001 | 0.000
10 2455 | 1992 | 0286 | 1976 | 1555 & 0300 @ 1934 | 1679 = 0128 3946 = 2817 | 0017 1986 1678 & 0129 & 0455 & -0.008 & -0.014
03 2 30 2137 2012 0299 1995 @ 1864 0300 0.833  0.862 008 0712 | 0743 0007 @ 0.844 0862  0.082 0137 0.012 | -0.001
50 | 2,076  2.004 & 0299 | 1996 = 1906 | 0300 0608 0664 0064 0376 = 0440 @ 0.004 0613 & 0663 0064 0076 0004 = -0.001
10 2824 3046 0284 | 2002 | 2383 0300 @ 3.072 @ 2487 0128 10111 | 6188 | 0.017 = 3180 | 2488 & 0129 & 0.824 @ 0.046 & -0.016
3 30 2203 3002 0299 1971 & 2797 0300 1091 & 1297 0082 1230 | 1681 0007 1109 | 1296 | 0.082 0203 @ 0.002 | -0.001
50 | 2131 | 3.007 | 0300 2004 2883 0300 0774 0988  0.063 0616 0977 @ 0004 0785 0988 | 0.063 0131 0.007 | -0.000
10 | 2277 | 1.002 0349 @ 2018 | 0760 & 0400 1260 0.892 = 0120 @ 1663 & 0795 @ 0.017 | 1290 0.892 | 0431 0.277 0.002 -0.051
130 2070 1007 0381 1980 @ 0928 0400  0.603 & 0470 @ 0.075 0368 | 0221 0006 0607 0470 @ 0077 0070 0.007 | -0.019
50 | 2.049 1.005 | 0392 | 1995 @ 0956 | 0400 = 0453 | 0351 | 0061 0207 0123 @ 0.004 0455 & 0351 @ 0.061 0.049 = 0.005  -0.008
10 | 2527 2053 | 0356 | 1987 | 1541 0400 & 2025 1840 0M7 | 4377 | 3386 0.016 2092 1840 0125 & 0527 | 0.053 = -0.044
0.4 2 30 2158 | 2010 0383 1999 = 1847 0400 = 0913 & 0923 0074 0859 | 0852 0006 0927 0923 0076 0158 = 0.010 | -0.017
50 | 217 | 1997 | 0390 @ 2027 1892 | 0400 0.663 0714 0061 0453 0510 0004 0673 | 0714 0062 0117 | -0.003 -0.010
10 | 2894  3.032 | 0352 | 1998 | 2268 @ 0400 @ 3363 @ 3.026 0119 12107 = 9155 | 0.017 = 3480 3026 0129 & 0.894 @ 0.032 | -0.048
3 30 2259 2990 0382 1996 & 2735 0400 @ 1221 | 1384 @ 0.076 1557 | 1914 | 0.006 1248 = 1384 | 0.078 @ 0259  -0.010 @ -0.018

50 2150 3.009 0.392 1.999 2.855 = 0.400 = 0.841 1.052 0.061 0.729 1107 0.004 | 0.854 1.052 0.061 0150 0.009 -0.008
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Table lll. Empirical statistics for the MLE estimator for ¢, mwith n =2 and n = 10,30, 50 for the zero-adjusted
log-power-exponential with v = -0.5.

m ¢ n Mean Median SD MSE VMSE Bias
n [ n n (4 n n [ n n [ n n ¢ n n ¢ n

10 | 2.052 0.820 | 0.099 | 2.008 0.792 0100 | 0.450 0.316 0.094 | 0.205 0133 0.009 | 0.453 0.364 | 0.094 | 0.052 -0180 -0.001

T30 2013 0.944 0.100 1.998 0.939 0100 0.239 0194 0.054 | 0.057 0.041 0.003 = 0240 0202 0.054 @ 0.013 -0.056 = -0.000

50 | 2.007 0.964 | 0100 1.999 0.961 0100 0183 0147 0.042 | 0.034 = 0.023 0.002 0183 0.152 0.042 | 0.007 -0.036 0.000

10 | 2.095 1.658 0101 1.992 1.608 0100 | 0.644 0.641 0.095 | 0.424 0.527 0.009 0.651 0.726 0.095 | 0.095 -0.342 0.001

01 2 30 | 2022 1.889 0.100 1.997 1.872 0.100 0.337 0.384 | 0.054 0114 0.160 0.003 0337 = 0400 | 0.054 @ 0.022 -0a1 -0.000
50 2.014 1.936 0100 | 2.000 1.937 0100 0.255 0.299 | 0.042 = 0.065 0.093 0.002 0256 0305 0.042 0.014 -0.064 = -0.000

10 2142 2.482 0102 1.997 2.425 0100 | 0.828 00963 | 0.097 @ 0705 1196 0.009 & 0.840 @ 1.094 | 0.097 0142 -0.518 0.002

3 30 2034 2.825 0.100 1.994 2.802 0100 0.415 0.567 = 0.054 0173 0.353 0.003 0.416 0.594 | 0.054 | 0.034 -0175 -0.000

50 | 2.023 2.906 0100 1.996 2902 0100 0.317 0.440 = 0.043 0.101 0202  0.002 0318 0.450 | 0.043 @ 0.023 -0.094 | -0.000

10 | 2.053 @ 0.800 0198 1.997 0776 = 0200 | 0.476 0.337 0124 0.229 0153 0.015 0.478 0.391 0124 0.053 | -0.200 | -0.002

130 2019 0.938 0199 2.001 0.931 0.200 0.251 0206 = 0.073 @ 0.063 0.046 0.005 0252 0.215 0.073 0.019 -0.062 -0.001

50 | 2.008 | 0.966 0202 | 2000 @ 0964 0200 0189 0157 0.056 | 0.036 = 0.026 = 0.003 0189 0161 0.057 | 0.008 -0.034 0.002

10 2110 1.618 0.196 2.010 1.565 0.200 = 0.705 0.681 0120 0.509 = 0.609 0.014 0.714 0781 0120 0110 -0.382 -0.004

02 2 30 | 2027 1.864 0199 1.999 1.852 0200 = 0357 | 0.406 | 0.073 0128 0184 0.005 | 0.358 0.428 0.073 0.027 -0136 -0.001
50 2.014 1.929 0199 1.995 1.919 0.200 = 0.270 0.314 0.057 | 0.073 0104 0.003 = 0.270 0.322 0.057 0.014 -0.071 -0.001

10 2162 2.424 0197 2.019 2353 #0200 0.873 0.989 0123 0788 1.309 0.015 | 0.888 144 0123 0.162 -0.576 -0.003

3 30 2052 2.793 0.200 | 2.002 2761 0200 | 0454 0.609 | 0.074 & 0.209 0.404 0.005 0.457 0.643 0.074 | 0.052 -0.207 0.000

50 | 2.030 2.894 | 0200 2,000 | 2876 | 0200 & 0334 0.481 0.057 0113 0.242 0.003 | 0.336 0.492 0.057 = 0.030 -0.106 0.000

10 | 2.058 0776 0.285 1.995 0.743 0300 0518 0.354 0127 0.272 0.175 0.016 0.521 0.419 0.127 0.058 -0.224 -0.015

130 2.0m 0.927 0.299 1.990 0.921 0300 @ 0.270 0.213 0.082 | 0.073 0.051 0.007 | 0.270 0225 | 0.082 o.on -0.073 -0.001

50 | 2.009 0.951 0.301 1.997 0946 | 0300 & 0.206 = 0169 @ 0.064 @ 0.042 0.031 0.004 = 0.206 0.176 0.064 | 0.009 | -0.049 0.001

10 2106 1.560 0.288 1.989 1.495 0300 = 0749 0.722 0129 0.573 0.715 0.017 0.757 0.845 0129 0.106 -0.440 -0.012

03 2 30 2032 1.859 0.298 1.997 1.843 0.300 | 0.383 0.432 | 0.082 0447 0.207 0.007 | 0384 0.455 | 0.082 @ 0.032 -0a41 -0.002
50 | 2.022 1914 0.300 | 2.005 1905 = 0300 & 0292 0.342 | 0.064 0.086 0124 0.004 | 0.293 0.352 | 0.064 | 0.022 | -0.086 -0.000

10 2175 2323 0.283 1.983 2240 | 0300 @ 0989 1.048 0127 1.009 1.555 0.016 1.004 1.247 0128 04175 -0.677 -0.017

3 30 | 2.063 2768 0.301 2.0Mm 2,741 0300 0488 | 0.647 0.081 0.242 0.473 0.006 | 0.492 0.688  0.081 0.063 -0.232 0.001

50 | 2.034 2.873 0.298 = 2.006 2.852 = 0300 0359 0.507 | 0.064 0130 0.273 0.004 | 0361 0.523 | 0.064 0.034 -0127 -0.002

10 | 2.068 0763 0.351 1.998 0726 = 0.400 0.553 0.368 0119 0.310 0191 0.017 0.557 0.438 0129 0.068 -0.237 -0.049

1130 2019 0.918 0385 | 2.000 0909 0400 | 0.294 0.231 0.074 | 0.087 | 0.060 | 0.006 & 0.295 0.245 0.076 0.019 -0.082 -0.015

50 @ 2.013 0.946 0.392 1.998 0.941 0.400 | 0.223 0179 0.061 | 0.050 | 0.035 @ 0.004 | 0224 0.187 0.062 0.013 -0.054 | -0.008

10 2142 1513 0.351 2.000 1434 | 0.400 | 0.834 0736 017 0.715 0.779 0.016 0.846 | 0.883 0127 0.142 -0.487 -0.049

0.4 2 30 2036 1.826 0.384 1.998 1.808 | 0.400 | 0.423 0.461 0.075 0.180 0.243 0.006 | 0.424 = 0.493 0.076 | 0.036 -0174 -0.016
50 | 2.025 1.894 0.390 | 2.007 1883 0400 @ 0308 @ 0364 0.063 | 0.095 044 0.004 | 0.309 0.379 | 0.064 @ 0.025 -0.106 -0.010

10 | 2228 2.278 0.353 1.997 2168 0.400 | 1.094 1103 0119 1.249 1738 0.016 1118 1318 0127 0.228 -0.722 -0.047

3 30 2062 2762 0.381 2.006 2739 0.400 | 0.515 0.690 | 0.074 | 0.269 0.533 0.006 = 0518 0730 | 0.076 | 0.062 -0.238 -0.019

50 @ 2.030 2.851 0.392 1.990 2.826 | 0.400 | 0.387 0.547 0.061 0151 0.321 0.004 | 0.388 0.567 0.061 0.030 -0.149 -0.008

An Acad Bras Cienc (2023) 95(2) €20200841 9 | 18



8L | OL L7800T0Zd (T)S6 (€20T) dUdI) SDIg PLIY UY

Table IV. 100x[1 - a]% asymptotic Cl and coverage probabilities for log(n), log(¢) and log(mr/(1 - ) with n = 10, 30, 50 for the zero-adjusted log-Student-t

with v=4.

mo¢
,

01 2
3

1

0.2 2
3

1

0.3 2
3

1

0.4 2
3

30

50

30

50

30

50

30

50

30

50

30

50

30

50

30

50

30

50

30

50

30

50

30

50

n
8.05
6.08
6.04
8.03
5.81
497
8.09
594
579
7.66
574
5.86
7.87
6.27
559
7.87
573
6.06
9.06
6.56
484
8.81
5.67
573
8.60
635
555
1053
6.38
598
953
677
577
9.95
6.47
5.88

LC(%)
)
294
332
3.70
224
3.40
375
2.81
3.31
3.55
2.84
328
3.80
2.40
337
339
2.60
3.62
376
2.66
320
372
2.46
314
371
2.69
329
3.84
221
3.36
370
2.51
3.06
337
223
2.53
3.03

m
6.86
6.60
6.06
6.78
7.70
610
744
7.64
592
374
5.76
6.42
2.90
618
6.08
312

6.4
596
4.02
3.56
492
£4.82
4.58
446
476
3.64
4.24
521

492
574
491

4.62
538
593
4.84
524

n
8.43
5.86
5.30
7.53
5.75
5.31
7.85
516
5.85
8.80
6.28
5.90
9.23
5.53
5.35
8.89
6.31
5.50
9.24
5.84
526
9.82
6.55
5.71
8.84
538
5.59
1044
6.20
5.54
9.91
6.23
5.67
9.55
6.47

5.00

90%
uc(%)
[
11.53
814
710
11.04
729
7.34
11.46
791
7.28
12.93
798
7.76
12.87
8.69
718
12.64
798
6.36
13.06
8.88
7.54
1374
913
724
13.51
8.31
6.70
15.46
930
7.94
14.08
8.43
7.96
14.08
8.59
7.81

0.00
0.00
326
0.00
0.00
2.56
0.00
0.00
34
0.00
412
494,
0.00
430
L.42
0.00
4.64
530
0.00
322
4.46
0.00
278
418
0.00
318
£4.00
4.35
4.04
518
£4.05
374
612
3.85
4,28

5.40

Coverage(%)
n (4 n
83.53 85.53 9314
88.06 = 88.54 | 93.40
88.66 8920 @ 90.68
84.44 | 8672 | 93.22
88.45 | 89.31 | 9230
8971 | 8891 9134
84.05 8573 92.56
8890 8878 | 9236
88.36 89.16 90.94
8353 | 8423 | 96.26
8797 8873 9012
8823 @ 88.43 8864
8291 | 8473 = 9710
8820 | 8794  89.52
89.05 = 89.43 | 89.50
8323 | 8476 @ 96.88
8796 | 8840 | 89.22
88.45 | 89.88 @ 8874
8170 | 8428 | 9598
8760 | 8792 | 9322
89.90 = 8874 | 90.62
8137 84.40 9518
8778 | 8772 | 9264
8855  89.05 = 9136
8256 | 83.80 @ 9524
8827 | 88.39 9318
88.86 = 89.46 9176
79.33 8234 90.44
87.42 | 8734 | 91.04
88.47 | 8835  89.08
8055 | 8341  91.04
87.00 | 8850 9164
8855 | 88.67 | 88.50
80.50 = 8370 | 90.22
87.07 = 88.88 | 90.88
89.11 8915 89.36

5.40
3.38
298
491
3.06
2.95
5.09
3.25
3.23
518
3.08
310
5.40
3.63
3.05
4.97
296
3.32
5.82

2.70
6.5
294
293
5.47
374
2.86
7.28
338
322
6.52
391
313
6.58
3.53
313

LC(%)

118
1.56
176
118
150
1.91
144
135
145
116
144
1.58
0.90
1.62
170
112
1.57
1.81
120
1.38
1.84
1.26
1.50
1.64
132
175
1.87
114
1.66
1.66
114
152
1.62
110
1.00

149

124
216
244
112
2.52
278
1.48
2.42
2.58
374
216
3.46
290
2.52
312
312
2.50
3.08
0.86
1.34
2.44
1.00
1.84
224
112
1.36
2.00
1.08
2.40
296
120
226
316
0.92
218

2.62

n
5.24
328
320
4.75
290
2.85
51

2.87
3.29
5.44
3.70
3.04
5.68
3.02
2.81

5.99
3.68
298
5.84
3.34
320
673
373
317

6.09
2.87
3.02
6.90
372
318
6.42
3.27
3.03
6.76
3.80

95%
uc(%)
[
6.85
494,
4.08
6.91
3.86
3.87
7.55
442
3.87
814
£4.56
410
835
4.77
413
8.35
4.40
322
8.68
492
420
8.49
519
3.99
8.94
4.80
3.80
9.94
5.44
4.36
9.43
5.09
443
9.73
510

414

0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
176
0.00
0.00
190
0.00
0.00
2.06
0.00
0.94
210
0.00
0.98
1.80
0.00
1.08
172
0.00
1.80
2.40
0.00
1.46
314
0.00
1.94

3.02

Coverage(%)

n ¢ m
89.35 91.97 9876
9334 9350 | 97.84
93.82 | 9416 97.56
9035 = 9191 | 98.88
94.03 | 94.63 97.48
9420 | 94.22 97.22
89.80 | 91.00 | 9852
93.88 | 9424 97.58
93.48 | 94.67 97.42
8938 9070 = 96.26
9322 | 94.00 | 9784
93.86 | 9432 = 9478
8891 9075 = 9710
93.35  93.61 97.48
9415 9417 94.98
89.04 = 90.53 & 96.88
93.37 | 94.03 @ 9750
93.70 94.97 | 94.86
8834 9012 | 9914
93.42 93.70 97.72
9410 | 9396 | 95.46
8712 | 9025 | 99.00
9333 9331 9718
9391 94.37 | 95.96
88.43 | 8974 | 98.88
93.39 93.45 97.56
943 9433 | 96.28
8583 | 8891 | 98.92
9290 | 9290 | 95.80
93.60 | 9398 |« 94.64
87.06 = 89.43 | 98.80
92.83 | 9339 | 96.28
93.85 = 93.95 93.70
86.66 = 8917 = 99.08
92.67 | 9390 @ 95.88
9412 9438 | 94.36

2.50
074
0.66
2.04
076
0.80
162
078
0.89
222
0.80
0.90
222
1.00
0.62
2.04
1.03
1.03
2.58
0.96
0.58

0.74
072
271
1.21
0.64
3.63
1.06
0.84
319
128
070
375

110

014
0.12

0.34

0.22
0.32
016
0.30
0.34
018
0.30
018

018

0.28
0.20
0.38
0.28
0.20
0.38
0.30
0.22
0.20
0.26
0.24
018
0.32
018
0.20

0.28

010

0.20

124
0.62
0.94

112
0.62
1.04
148
0.62
0.92
072
0.96
0.90
0.58
0.90
0.84
070
098
070
0.06
0.56
0.56
014
0.86
0.56
016
0.46
0.48
0.00
016
0.28
0.00
0.30
0.36
0.00
0.28

0.28

224
0.78
0.80
1.88
0.66
0.66
218
0.64
0.81
2.32
120
0.82
2.66

078

2.40
1.07
0.89
2.62
116
0.60
312
114
0.76
3.01
0.84

0.82

114
070
3.21

0.80
0.86
3.55
0.94
0.80

99%
uc(%)
¢
2.70
1.52
1.04
272
116
0.94
2.87
1.06
0.69
34
1.54
1.06
3.04
150
118
298

110
3.50
150
114
3.61
1.49
1.07
447
1.66
1.28
393
156
138
4.35
1.69

127

0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.28
0.00
0.00
0.8
0.00
0.00
0.4
0.00
0.4
010
0.00
0.20
0.32
0.00
018

016

95.26
98.48
98.54
96.07
98.58
98.54
9619
98.57
98.31
95.46
98.00
98.28
9512
98.22
98.64
95.55
97.91
98.09
94.80
97.88
98.82
9413
9812
98.52
94.29
97.95
98.53
9314
97.80
98.46
93.60
97.92
98.44
93.30
97.95
98.45

Coverage(%)
¢ m
9710 9876
9814 99.38
98.68 99.06
9714 | 98.88
9872 | 9938
9872 | 9896
96.93 98.52
9871 99.38
98.99 99.08
96.70 99.28
9816 99.04
98.60 | 9910
9678 | 99.42
9820 | 9910
98.64 9916
96.84 = 9930
98.23 99.02
98.93 99.30
96.22 99.94
98.28 99.44
9862 9916
96.29 99.86
9812 99.14
98.56 99.26
9647 99.84
98.31 99.54
9867 = 99.38
95.29 | 100.00
9816 99.70
98.40 | 99.62
95.89 | 100.00
9824 = 99.50
98.34 99.32
95.41 | 100.00
98.21 99.54
98.53 99.56
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Table V. 100x[1 - a]% asymptotic Cl and coverage probabilities for log(n), log(¢) and log(rr/(1 - m) for n = 10,30, 50 and for the zero-adjusted
log-power-exponential with v=-0.5 .

01

0.2

03

0.4

>

n
1018
6.70
618
9.54
6.42
6.24
913
6.62
5.96
10.28
6.74
6.20
10.34
7.54
578
9.92
6.86
6.14
10.74
712
6.24
11.06
7.24
5.86
10.47
74
5.58
12.76
6.96
6.02
13.02
716
5.82
12.23
712

6.4

LC(%)
)
0.56
136
1.98
0.66
216
2.42
0.40
144
1.88
0.50
172
222
0.60
142
2.02
0.40
130
218
038
130
170
0.32
126
1.84
018
150
192
038
112
178
0.32
122
1.86
0.22
144
1.80

m
7.00
6.90
5.56
6.90
6.68
5.50
715
7.36
6.04
3.62
6.06
610
3.06
574
6.00
2.94
6.42
5.76
£4.96
438
476
470
3.68
5.22
5.26
398
4.80
5.29
5.08
598
513
4,.68
5.24
5.01
4,64
516

n
9.84
6.38
6.22
9.66
A
5.50
1019
6.40
6.02
10.26
6.26
7.02
9.90
618
538
9.58
6.50
5.60
11.88
7.02
612
11.36
6.40
6.02
12.07
6.74
5.68
13.26
74
6.52
12.66
6.94
6.28
12.45
744
6.06

90%
UC(%)
[
23.32
1376
1110
22.96
13.44
10.64
23.03
13.46
978
24.90
13.68
10.22
25.48
1378
116
2416
13.80
M4
27.80
13.92
1236
27.20
1436
11.46
27.32
14.84
.44
30.68
15.20
1214
30.89
14.66
12.82
31.07
15.94
12.68

0.00
0.00
296
0.00
0.00
2.82

0.00

3.36
0.00
448
476
0.00
4.80
4.52
0.00
432
494
0.00
3.36
4.28
0.00
2.94
£4.08
0.00
290
3.86
4.01
3.82
520
3.79
424
6.04
£4.01
4.38
538

Coverage(%)

n ¢ n
79.98 7612 93.00
8692 8488 | 9310
8760 | 86.92 91.48
80.80 @ 7638 | 9310
86.44 | 8440 | 93.32
8826 8694  91.68
80.67 = 7657 | 92.85
86.98 8510 | 9264
88.02  88.34 | 90.60
79.46 | 7460 | 96.38
87.00 | 8460 & 89.46
8678 | 8756 = 8914
79.76 73.92 96.94
86.28 | 84.80 @ 89.46
88.84 | 86.82 | 89.48
80.50 | 75.44 | 97.06
86.64 | 8490 = 89.26
8826 | 86.68 @ 89.30
7738 | 71.82 | 95.04
85.86 | 8478 92.46
87.64 8594 | 90.96
7758 | 7248 | 9530
86.36 | 8438 @ 9338
8812 8670 = 90.70
7147 72.50 9474
86.12 83.66 9312
8874  86.64 | 9134
7398 | 6894 @ 9071
8590 8368 @ 9110
87.46 = 86.08 & 88.82
7432 | 6879 | 91.09
8590 = 8412 | 9108
8790 | 8532 8872
7533 6871 90.99
85.44 | 8262 9098
8750 | 8552 | 89.46

726
3.98
3.36
6.40
3.26
3.56
6.67
3.52
3.20
7.46
4.08
3.22
724
4.32
3.50
6.98
4.02
3.08
7.8
4.34
3.30
8.44
4.34
3.56
7.54
4.66
3.02
9.67
414
3.06
10.06
4.24
3.04
9.48
4.28
3.44

LC(%)

0.08
0.48
076
0.10
0.72
0.90
0.00
0.64
0.72
0.10
0.58
0.88
012
o4k
0.80

0.52
0.86
0.04
0.46
0558
0.02
0.40

0.60

0.52
0.80
0.02
024
0.60
0.04
030
0.76
0.00
036
0.64

1.08
236
222
136
218
234
1.46
2.46
2.40
3.62
264
276
3.06
232
278
2.94
2.56
316
0.96
152
2.60
112
1.62
2.80
132
1.62
252
0.88
214
318
1.04
212
2.88
1.00
228

3.08

7.00
398
3.50
6.60
416
314
7.01
368
316
7.40
344
4.28
6.90
3.82
310
6.72
390
3.02
9.54
438
324
8.48
3.88
338
8.87
4,26
310

1037
434
384
931
446
364
932
4,86

3.52

95%
UC(%)

17.70
8.88
7.02
17.04
874
6.62
17.20
8.46
6.40
19.46
914
6.60
18.88
914
7.22
18.02
8.98
7.02
21.36
9.24
7.26
2120
9.58
7.22
2131
9.98
6.78
24.63
10.46
7.84
24.94
10.04
7.82
2475
10.80

794

0.00
0.00
0.00
1.84

0.00

1.92

0.00

1.92
0.00
0.90
2.08
0.00
0.94
1.92
0.00
0.84
1.62
0.00
1.34
2.74
0.00
1.64
2.92
0.00
1.68
3.08

Coverage(%)

n ¢ n
8574 | 8222 | 9892
92.04 | 90.64 = 9764
9314 92.22 97.78
87.00 & 82.86 @ 98.64
9258 = 9054 | 97.82
9330 | 9248 @ 9766
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Figure 2. Histogram of MLE for log(n), log(¢), logit(rr) with respective asymptotic Cl under ZALSt distribution for fixed 8 = (2, 4, 0.4) with v = 4.
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Figure 3. Histogram of MLE for log(n), log(¢), logit(rr) with respective asymptotic Cl under ZALPE distribution for fixed 6 = (2, 4, 0.4) with v = -0.5.

SOYIINSAD 'V 3SO[ 0ISIDNVY4 B ILNITYAVSODI-0ISId 0931

SNOILNGI¥LSIA JIYLIWWAS-D0T A3LSNIAV-0¥3Z FHL



DIEGO RISCO-COSAVALENTE & FRANCISCO JOSE A. CYSNEIROS THE ZERO-ADJUSTED LOG-SYMMETRIC DISTRIBUTIONS

APPLICATION

We consider the allowances and expenses dataset from elected councilors including the City Mayor in
Leicester City, UK, from the period 2012/2013. The data were extracted from the Leicester City Council,
database available at https://data.leicester.gov.uk/pages/home/. We are interested in the Special
Responsibility Allowance (£) that consist in additional allowance for specific responsibilities such
as Committee Chair received by some councilors. The sample size contains 18 zeros values, which
represents 32.73% of the observations. VI presents some such as as the sample size (n), minimum
and maximum values, mean (y), median, standard deviation (SD), first quartile (Q1), third quartile
(Q3), interquatile range (IQR), coefficient of variation(CV), and coefficient of kurtosis, coefficient of
skewness (CS), and coefficient of kurtosis (CK). Note that data has positive skewness (asymmetry) and
large kurtosis.

Table VI. Some statistics for the Special Responsibility Allowance of
councillors in Leicester City, period 2012/2013 dataset.

Term n Min Q1 Median y Q3
w 55 0 0 3879.96 = 6060.98 7761
w>0 37 221.93 3879.96 | 6759.58 | 9009.571 = 9259.03
Term Max SD IQR cv CS CK

w 55908.96 | 961513 7761 1.59 3.40 16.55
w>0 55908.9 10553.33 | 5379.07 117 3.10 13.21
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50000
|
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| |
30000
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0.00010  0.00020
| |

Special Responsibility Allowance >0

(=3 i
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0 10000 30000 50000 0 1 2 3 4
Special Responsibility Allowance y
(a) (b) (c)

Figure 4. Histogram, adjusted-boxplot and fitted log-Student-t distribution hazard function for the Special
Responsibility Allowance of councilors in Leicester City, period 2012/2013.

Also, Figure 4 presents the histogram considering the zero values and an adjusted-boxplot
considering only the positive values. We can observe a positive skewness and the presence of
two outliers in Figure 4. Therefore, we fit three distribution of ZALS class such as zero-adjusted
log-normal (ZALN), zero-adjusted Student-t (ZALSt) and zero-adjusted Power-exponential (ZALPE)
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and we compared with zero-adjusted inverse Gaussian (ZAIG), zero-adjusted Gamma (ZAG) and the
zero-adjusted reparameterized Birnbaum-Saunders (ZARBS) distribution. The extra parameter for
ZALSt and ZALPE distributions was chosen by minimizing the AIC in a grid of value grid v = [4,10],v =
(20.3,+0.2,+£0.1), respectively. Based on the criteria, the extra parameterare v = 4 and v = 0.3 for ZALSt
and ZALPE distribution, respectively.

Table VII presents the MLEs of the parameters for fitted distributions standard errors (in
parentheses), the -2log(L), the Akaike Information Criterion (AlC= 2p - 2log(L)) and the Bayesian
information criterion (BIC= plog(n) - 2log(L)), were n is the number of observations, p is the number
of estimated parameters and [ = L(é) is the likelihood evaluated at the estimated parameters.
Additionally the Kolmogorov-Smirnov (KS) test is computed as the goodness-of-fit. We can observe
the fitted ZALSt distribution presents the lower value of AIC and BIC. In addition, the KS test indicates
that the three fitted ZALS distributions and the fitted Gamma distribution not have enough evidence
to reject that is drawn from the reference distribution. With respect fitted the reparameterized
Birnbaum-Saunders and fitted Inverse Gaussian distribution we do not same conclusion. Additionally
hazard function from the selected continuous fitted distribution is displayed in Figure 4 has a
decreasing behavior. Finally, fitted densities and Q-Q plots for each distribution are displayed in
Figure 5.

Table VII. Estimated parameters and statistics for the considered fitted distributions for
the Special Responsibility Allowance of councilors in Leicester City, period 2012/2013 dataset.

ZALSt ZALPE ZALN ZAGA ZARBS ZAIG
n 5989105 6023433 | 5841316 - - -
(806.091) (896.832) (929127) - - -
H - - - 9009.571 8767.315 9009.571
- - - (1294.390) | (1694.320) | (2097.152)
¢ 0.475 0.508 0.938 - - -
(0146) (0135) (0.218) - - -
() - - - 0.879 1.387 0.015
- - - (0.092) (0.325) (0.002)
-2log(L) 809.13 811.23 813.94 815.97 822.20 82515
AlC 81513 817.23 819.94 821.97 828.20 831.15
BIC 82115 823.25 825.97 827.99 834.22 83718
KS 0151 0.132 0151 0.150 0.230 0.249
p—value 0.369 0.541 0.369 0.380 0.040 0.021

CONCLUSIONS

We have proposed a new distribution class for asymmetric positive data with light/heavy tails that
contains true zeros named Zero-adjusted log-symmetric (ZALS). Some properties are presented, for
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Figure 5. Histogram with fitted densities and Q-Q plots for the considered distributions for Special Responsibility
Allowance dataset.

An Acad Bras Cienc (2023) 95(2) €20200841 16 | 18



DIEGO RISCO-COSAVALENTE & FRANCISCO JOSE A. CYSNEIROS THE ZERO-ADJUSTED LOG-SYMMETRIC DISTRIBUTIONS

example, moments, quantily function, Shannon entropy among others. Maximum likelihood method
was used to estimate the parameters of the ZALS class and asymptotic confidence intervals are
developed. The Monte Carlo simulation study is performed to examine the properties of MLEs of the
parameters considering the ZALPE and ZALSt distributions. The MLEs have a good performance. The
empirical distributions of the MLEs close to normal distribution. Finally, an application using real data
set is presented in order to show the flexibility and variety of the ZALS class. Fitted ZALSt distribution
has better performance than competitive distributions based on AIC and BIC criteria.
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