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ABSTRACT

In this paper, we prove that the dimension of the second space of reduced L? cohomology of M is finite if
M is a complete noncompact hypersurface in a sphere S*** and has finite total curvature (n > 3).
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INTRODUCTION

For a complete manifold M™, the p-th space of reduced L?-cohomology is defined, for 0 < p < n in
Carron (2007). It is interesting and important to discuss the finiteness of the dimension of these spaces.
Carron (1999) proved that if M" (n > 3) is a complete noncompact submanifold of R 7 with finite total
curvature and finite mean curvature (i. €., the L™-norm of the mean curvature vector is finite), then each p-th
space of reduced L?-cohomology on M has finite dimension, for 0 < p < n. The reduced L? cohomology
is related with the L? harmonic forms (Carron 2007). In fact, several mathematicians studied the space of
L? harmonic p-forms for p = 1,2. If M™ (n > 3) is a complete minimal hypersurface in R"*! with finite
index, Li and Wang (2002) proved that the dimension of the space of the L? harmonic 1-forms M is finite
and M has finitely many ends. More generally, Zhu (2013) showed that: suppose that N"*! (n > 3) isa
complete simply connected manifold with non-positive sectional curvature and M" is a complete minimal
hypersurface in N with finite index. If the bi-Ricci curvature satisfies

— 1
b— Ric(X,Y) + —|A> >0,
n

for all orthonormal tangent vectors X,Y in T}, N for p € M, then the dimension of the space of the L?
harmonic 1-forms M is finite. Furthermore, following the idea of Cheng and Zhou (2009), Zhu (2013) gave
a result on finitely many ends of complete manifolds with a weighted Poincaré inequality by use of the
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space of L? harmonic functions. Cavalcante et al. (2014) discussed a complete noncompact submanifold
M™ (n > 3) isometrically immersed in a Hadamard manifold NP with sectional curvature satisfying
—k? < Ky < 0 for some constant k and showed that if the total curvature is finite and the first eigenvalue
ofthe Laplacian operator of M is bounded from below by a suitable constant, then the dimension of the space
of the L2 harmonic 1-forms on M is finite. Fu and Xu (2010) studied a complete submanifold M" in a sphere
S™*P with finite total curvature and bounded mean curvature and proved that the dimension of the space of
the L? harmonic 1-forms on M is finite. Zhu and Fang (2014) proved Fu-Xu’s result without the restriction
on the mean curvature vector and therefore obtained that the first space of reduced L?-cohomology on M
has finite dimension. Zhu (2011) studied the existence of the symplectic structure and L? harmonic 2-forms
on complete noncompact manifolds by use of a special version of Bochner formula.

Motivated by above results, we discuss a complete noncompact hypersurface M" in a sphere S"+! with
finite total curvature in this paper. We obtain the following finiteness results on the space of all L? harmonic
2-forms and the second space of reduced L? cohomology:

Theorem 1. Let M™ (n > 3) be an n-dimensional complete noncompact oriented manifold isometrically
immersed in an (n + 1)-dimensional sphere S*. If the total curvature is finite, then the space of all L*
harmonic 2-forms has finite dimension.

Corollary 2. Let M™ (n > 3) be an n-dimensional complete noncompact oriented manifold isometrically
immersed in S*L. If the total curvature is finite, then the dimension of the second space of reduced L>
cohomology of M is finite.

Remark 3. Under the same condition of Corollary 2, we conjecture that the p-th space of reduced L?
cohomology of M has finite dimension for 3 < p < n — 3.

PRELIMINARIES

In this section, we recall some relevant definitions and results. Suppose that M™ is an n-dimensional
complete Riemannian manifold. The Hodge operator * : AP(M) — A" P(M) is defined by

k€ Ao Ne'r =sgno(iy, o,y in)ePTE A Ae'

where o (i1,19,- -+ ,i,) denotes a permutation of the set (i1,42,- - ,i,) and sgno is the sign of 0. The
operator d* : AP(M) — AP~Y1(M) is given by

d'w = (—1)*F D 4 g s .,
The Laplacian operator is defined by
Aw = —dd*w — d*dw.

A p-form w is called L? harmonic if Aw = 0 and

/ w AN *w < +00.
M

We denote by HP(L?(M)) the space of all L? harmonic p-forms on M. Let

Z8(M) = {a € LA (NP(T*M)) : do = 0}

An Acad Bras Cienc (2016) 88 (4)



ON REDUCED L2 COHOMOLOGY 2055

and
DP(d) = {a € LA (AP(T*M)) : doe € L*(A\PTH(T*M))}.
We define the p-th space of reduced L? cohomology by
Z5(M
mpon) = 22
Dr=1(d)

Suppose that z : M™ — S™*! is an isometric immersion of an n-dimensional manifold M in an
(n + 1)-dimensional sphere. Let A denote the second fundamental form and H the mean curvature of the

immersion z. Let
o(X,Y)=AX,Y) - H(X,Y),

for all vector fields X and Y, where (, ) is the induced metric of M. We say the immersion x has finite total
curvature if
19| L (ar) < +o0.

We state several results which will be used to prove Theorem 1.

Proposition 4. (Carron 2007) Let (M, g) is a complete Riemannian manifold, then the space of L? harmonic
p-forms HP(L?(M)) is isomorphic to the p-th space of reduced L? cohomology HY (M).

Lemma 5. (Li 1993) If (M™, g) is a Riemannian manifold and w = ajw; € N\P(M), then
Alw]? = 2(Aw,w) + 2|Vw|? + 2(E(w),w),
where E(w) = Rkﬂiﬁjaiaail...kﬁ...ipeip Ao NeT NN eR.

Proposition 6. (Hoffinan and Spruck 1974, Zhu and Fang 2014) Let M be a complete noncompact oriented
manifold isometrically immersed in a sphere S"*1. Then

([ 1

for each f € C}(M), where Cy depends only on n and H is the mean curvature of M in S*+1.

2T < O /M V2 4 n? /M<H2 1))

AN INEQUALITY FOR L? HARMONIC 2-FORMS

In this section, we show an inequality for L? harmonic 2-forms on hypersurfaces in a sphere S™*!, which
plays an important role in the proof of main results.

Proposition 7. Let M™ (n > 3) be an n-dimensional complete noncompact hypersurface isometrically
immersed in an (n + 1)-dimensional sphere S"™'. If w € H?(L*(M)), then

3
hAR > |Vh|? + 2h% — |®2h* + 5H%Z,

forn = 3 and
1 -2
hiSh > —— [ Vh]” +2(n - 2)1” - nT|<I>\2h2 + nH2h?,
o

forn > 4, where h = |w|.
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Proof. Suppose that w € H?(L?(M)). Then we have
Alw]? = 2|V [wl[* + 2Jw|Alw]. (1)
By Lemma 5, we get that:

Alw]? = 2{Aw,w) + 2|Vw|? + 2(E(w),w)
= 2|Vw|? 4+ 2(E(w),w). (2)

Combining (1) with (2), we obtain that
wAlw] = [Vw]? = [VIw|[* + (B(w),w). 3)

There exists the Kato inequality for L? harmonic 2-forms as follows (Cibotaru and Zhu 2012, Wang 2002):

—1
V]| < [Vl 4)
n—2
By (3) and (4), we get that
1
WAl 2 — VIl + (B(w),w). )

Now, we give the estimate of the term (E(w), w). Letw; = b; ,e2 Aett € A2(M) and wy = ¢;,5,€ Aelt €
/\Z(M), where b;,;, = —b;,i, and ¢;,;, = —¢;,4,. By Lemma 5, we obtain that

E(wl) = Rk1i1j1i1bk1i2€ 2N el 4 Rk2i2j2i2bi1k2€j2 ANet
+ Riyingii Uik, € A €71 + Ry iy bieyin€” N €™
= Ricy, j, b, i, A e’ + Ricy,j,bi i, €’ N e

+ Riyigjri 0is ko€ A €7+ Riiy jyinOkyin €72 A e
So, we get that

(B(w1),w2) =Rick,j,br,i,Cjrir + Rickyj,0i,k,Ci j

+ RiyinjrirOiiksCirio + BiiiyjoinOkiinCiyjos
which implies that

(B(w),w) =Rick,j, ki, 5,0, + RiCk,j, ik, iy g

+ Riyingris @i ks Cjriy + By join Uheyin Qi o - (6)
By Gauss equation, we have that
Rijii = (0651 — dudjn) + hirhji — hithjg.
A direct computation shows that

Ricy,j, = (n — 1)k, j, + nHhg,j, — hy,ihij; (7
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Rick2j2 = (TL — 1)5k2j2 + thk2j2 — hk;2ihij2;

Rk2i2j1i1 = (51€2j1 5i2i1 - 6k2i1 6i2j1) + hk2j1 hi2i1 - hkz’h hizjl
and

Rk1i1j2i2 = (6k1j25’517;2 - 51€1i26i1j2) + hlﬁjzh’il’iz - h/ﬁizhiljr

2057

®)

©)

(10)

Since the curvature operator FE is linear and zero order, and hence tensorial, it is sufficient to compute
(E(w),w) at a point p. We can choose an orthonormal frame {e;} such that h;; = \;d;; at p. Obviously,

nH =M+ -+,

By (6)-(10), we have

<E(w)7w> :(Tl - 1) Z(ajliz)z =+ Z nH)\kl (akliz)z - Z )‘il (ak1i2)2
+(n = 1)) (ai,)* + D> nH,(aik,)” = Y AF, (@ik,)?

+ Z Qiyjy Qjyiy — z )\k2>\i2 (ak2i2)2

+ Z Ajrin Aiggo — Z >\j2)\i2 (ajziz)Q

_22 n — 2 )\1 —+ -+ )\n))\z — )\12 — )\i)\j)(aij)z.
]

Note that
|A|? = |®|? + nH>.

For n = 3, we have that

w) =2 (L4 (A4 Az + Ag)hi = A7 = \idy) (aij)?

i#j
=3 (24 M+ Ao+ A3) N+ A5) — (A7 4 A3) = 2X)) (@)
i#]
1
22(24-5(3 Z )\2 )\ +)\) )(ai]-)2
1#£] k 1,k#i,5
3
1 1
>3 @+ 5BH — 5 D - (A (ay)?
1#£j k=1,k#1,5
9
> ; 2+ §H2 |A]?) (aij)®
17

3
= 2+ SH? — o).
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For n > 4, we obtain that

W) =2 ((n=2)+ A+ 4 X)X — A7 = X)) (a5)

i#£]

=3 20 =2)+ A4+ X)) + X)) — (A + A7) = 200) (ai)?
i#]

=3 20 =2+ A A A )+ A) (aig)
i#£j

:Z(Q(n—z)Jr— Z M) — >\+A))(az‘j)2
i£j k 1,k#1,7

>3 (2n—2) + S (nH)? - ”‘2< SN - (024 A2)) (ay)?
i#j k=1,k#i,j

> (2(n—2) + = (nH)? — ?) (aig)?
i#£]

2)‘UJ|2

-2
— (2(n—2) +nH? — ”T@F)W.

By (5), we have that:

3

hAR > |Vh|? + 2R% — |D?h? + 5H?h?,

for n = 3 and
1 —2
hish > —— VAP +2(n - 2)h® %\(I)]%Q + nH2R2,
forn > 4. O

Remark 8. If w is 1-form , then the term F(w,w) is equal to Ric(w,w). The corresponding estimate for
this term was given by Leung (1992).

PROOF OF MAIN RESULTS

In this section, we prove Theorem 1 and Corollary 2.
If n is a compactly supported piecewise smooth function on M, then

div(n*hVh) = n*hAh + (V(n*h), V)
= ?hANh + 02|V h|2 4 2nh(Vn, V).

Integrating by parts on M, we obtain that

/nzhAth/ UQ\Vh]2+2/ nh(Vn,Vh) = 0. (11)
M M M
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Case I: n = 3. By Proposition 7 and (11), we obtain that

—2/ nh{Vn, Vh) —2/ nQyVhP—Q/ n*h?
M M M

+/ |®|*n?h? — 3/ H2h?n? > 0. (12)

M 2 Jm
Note that
1
2 [ anwn.vm <o [ PR+ [ v, (13)

M M a1 Jm

for any positive real number a;. Now we give an estimate of the term [}, |®|*n?*h? as follows: set ¢ (1) =

(f Suppn “I)’?’) ° . Then there exists

oo ([ oo
—a? ([ (nh)6>;

<coon(n? ([ 19mE+o [ (2 1yn?)

< Cosi(m)? - ((1 by [+ o [ pwareo [ e 1)(nh)2> L4

for any positive real number b;, where the second inequality holds because of Proposition 6. By (12)-(14),
we obtain that

Al/ n2wh|2+61/ H2n2h2+cl/ 2 sm/ B2V, (15)
M M M M
where
Ay 1= (2= Cog1(n)®) — (a1 + b1Cog1(n)?),
3
By := 3~ 9Cyp1(n)?,
C1: =2~ 9Coh1(n)?
and
1 ) 1
Dy = — + Copr1(n)*(1+ —).
al bl

Since the total curvature ||®||z3(,) is finite, we can choose a fixed o such that

1
Dl ;s = .
@Ml s ar—B,,) < 01 =4/ 20,

Set
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and

- 1 1
Dy = — + Cod?(1+ —).
1 a1+ 01(+b1)

Thus,
A / VA2 + By / H22h2 + / e < Dy / B2V, (16)
M M M M

for any n € C§°(M — By, ). By Proposition 6, we have

1 6\ 7 2 2 2
& ([ame) < [ vamp o [ o)
<1+ /M B2V + (1 + 1) /M VA2 +9 /M<H2+1><nh>2, (17)

C1

for any positive real number c¢;. By (16) and (17), we have

& (f, o)

1
<o) [ RIaP s [ PORE o [ )
1 Jm M M

1 D B
§(1++(1+c1)f)/ h2|vn|2+(9—(1+c1)})/ H2n2h?
c1 A" Jm A" Jm

+ (9 - (1+C1)§1)/M7]2h2. (18)

1

Choose a sufficient large c¢; such that

B,
( 1),41
and

Cy
( 1)A1
Then (18) implies that

1

( /Mmh)ﬁf <A /M h? V)2, (19)

for any 7 € C°(M — B,,). where A is a positive constant.
Case II: n > 4. By Proposition 7 and (11), we obtain that

—1
- / nh(V, Vhy — 1 / PIVH? — 2(n — 2) / 2h?
M n—2Jy M

_9
+ / | [22h2 — n/ H2R22 > 0. (20)
2 Ju M

Note that

1
9 / nh(Vn, Vi) < az / IV + = / B2, @1)
M M a2 J
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1
n

for any positive real number ay. We set ¢2(n) = < J Suppr |<I>\”> and obtain that

frosow (o) (=)

n—2

= o ([ =) "

< oo ([ IVomP -+ [ (2 1)

< Coda(n)? ( [ wva + @+ oyiont+at [ o+ 1)(77h)2> L@

for any positive real number by, where the second inequality holds because of Proposition 6. By (20)-(22),
there exists

Ay / 72| VA2 + By / H221 4 Cy / 2h2 < Dy / W22, 23)
M M M M
where
- n_l_n_2 2\ n—2 9
MERES (n —9 2 CO¢2(77) ) (a2 + 2 b200¢2(77) )7
2
-2
Byi=n— " =D 0,02
2
-2
¢ =2(n—2) ~ =D gy
and
_ 1 n-2 1 2
D, = . + 5 (1+ b2)00¢2(77) .

Since the total curvature ||®|

() 18 finite, we can choose a fixed 7 such that

1
D n 02 = 4| ——v
1Pl (rr-B,,) < 02 n(n —2)Coh

~ n—1 n-—2 n—2
Ag i = (g = =5 Cod3) — (a2 + =5 ~b2Cod3).
~ 2 -
By:ien 71(?%22)005;,
2
. —2
@::%n_@_"<g>%g
and
~ _i n—2 i 2
Dy := CL2+ 5 (1+b2)0052
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Obviously, Ag, [;’2, @2 and @2 are positive. Thus,
Ao [ aPIVHP By [ HEPI o [ <Dy [ P 24)
M M M M
for any n € C§°(M — By, ). Combining with Proposition 6, we get that
1 2n_ :
G ) T < [ vamP e [ en?
0 Jm M M
1
< (1 +02)/ ?|Vh? + (1 + )/ h%|Vn? —|—n2/ (H? + 1)n?h?, (25)
M 2’ Jm M

for any positive real number cs. By (24) and (25), we have

ol nnl s

D,
<(1+— +(1+02) )/ REVn2 4+ (n? — (1 + c2) == / H?n*h?
) A" Ju

C
+ (n? - (1+cz)?)/ n*h?. (26)
As" Jm
We choose a sufficient large co such that

2 2
n"—(1+c)=—<0
( 2)A2

and
2 2
n°—(1+c)—= <0.
(1+c2) i,
Then (26) implies that

n—2

( /M<nh>ff‘2> Y /M B2V, @7)

forany n € C§°(M — B,,), where A is a positive constant depending only on 7.
By Case I and Case II, we have that

n—2

([ =)

for any € C§°(M — B,,), where A is a positive constant depending only on n (n > 3).

<A / h2 V%, (28)
M

Next, the proof follows standard techniques (after inequality (33) in Cavalcante et al. (2014) and uses a Moser
iteration argument (lemma 11 in Li (1980)). We include a concise proof here for the sake of completeness.
Choose r > ro + 1 and n € C§°(M — B,,) such that

n=0 on By, U(M — By,),
n=1 on B, — By1,

V| < ¢ on Byyy1— By,
|Vn| < é&~ton Bs, — B,
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2063
for some positive constant ¢. Then (28) becomes that
. n;2 B A
(/ = gA/ h?+ = .
BrfBro-%—l Br0+1fBr0 r BerBr
Letting 7 — oo and noting that h € L?(M), we obtain that
( / hiz) " < A / h2. (29)
M_Bro+1 Br0+1_BT0
By Holder inequality
/ h2§(/ hf_z)"i(/ 1%)%7
Br0+2—Br0+1 Br0+2_B7‘0+1 Br0+2—Br0+1
we get that
/ h2 < (1+ AVol(BTU+2)i)/ h2. (30)
Birg42 Birg+1
Set

. 2|92+ 3H?|, for n=3,
2(n — 2) — 22|®> + nH?|, for n > 4.
Fix z € M and take 7 € C3(Bi(x)). Proposition 7 implies that

hAh > o|Vh|* — R,
where

{%, for n=3,
o =

ﬁ, for n>4.

Then, for p > 2, there exists

/T2hp1Ahza/ T2hp2\Vh|2—/ T2 UhP.
M M

M
That is,

—2/ Th?~Y VT, Vh) > (a+(p—1))/ 2 hP=2 |V h|?
B (z) By (z)

— / T2URP. (31)
Bl(fE)
Note that
—27hP~H(V7,Vh) = —2(h>V7,7h: "1Vh)

1
< —hPIVT]2 + ar?hP2|Vh |2
(6%
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Combining with (31), we obtain that

1
(p—1) / T2 hP~2|Vh|? < / Ur2hP 4 — / |V7|2hP. (32)
Bi(z) By (z) & JB (z)
Combining Cauchy-Schwarz inequality with (32), we obtain that
/ IV(th?)*> < AUT?hP + B|Vr|*h?, (33)
Bi(x) B ()

where A = p%l(% +8)andB=(1+5)+ a(pl—l) (%2 + ). Choose f = Th* in Proposition 6. Combining

with (33), we obtain that

n—2

</ (rh8)E) T < pe / (72 + |V, (34)
B1($) Bl(m)

where C depends on n and SUpp, () V. Set p, = (HQf;)k and pp = % + QA% fork = 0,1,2,---. Take a
function 73, € C§°(B,, () satisfying:

0 < Tk < 17

=1 on B, (x),

|Vry| < 2k+3,

Choosing p = p, and 7 = 73, in (34), we obtain that

1 1

([ )™ s epa ([ 63)
Bpk+1(x) Bpk (x)
By recurrence, we have
k 1 1
hll Lo (B @) < [ p: 4w €4 Ihll 2 @) < Pl a5, @), (36)
=0

where D is a positive constant depending only on n, Vol(By,+2) and sup Bry iz U, Letting k — oo, we get

1Al Lo (B, () < Dl 2B, (2))- (37)

1
2

Now, choose y € B, +1 such that sup Bryis h? = h(y)Q. Note that B (y) C By,+2. (37) implies that

sup h? <Dk e, ) < PllhlZa,, .- (38)
ro+1
By (30), we have
sup h® < Flhl|22p,, s (39)
Br0+1

where F depends only on n, Vol(B,,+2) and sup Bryso V. In order to show the finiteness of the di-
mension of H?(L?(M)), it suffices to prove that the dimension of any finite dimensional subspaces of
H?(L?(M)) is bounded above by a fixed constant. Combining (39) with Lemma 11 in Li (1980), we show
that dim H2(L?(M)) < +o0. By Proposition 4, we obtain that the dimension of the second space of reduced
L? cohomology of M is finite.
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Remark 9. For the case of n = 3, Theorem I can also be obtained by a different method. In fact, Yau (1976)
proved that if w € H*(L?(M)), then w is closed and coclosed. By use of the Hodge-* operator, we obtain
the dimensions of H*(L*(M)) and H'(L*(M)) are equal. By Theorem 1.1 in Zhu and Fang (2014), we
obtain the desired result.
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