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Abstract The inverse problem method can be applied to determine the properties of 
hydrological phenomena and estimate the parameters, which cannot be measured 
directly. This type of inverse focus can facilitate the implementation of the kinematic 
wave model (direct model-DM), to fill gaps for lateral inflow rate and runoff depth in 
watersheds. Thus, the goal of the study was the application of the inverse problem 
method (IP). The lateral inflow rate was generally obtained as a Fourier transform to 
represent any watersheds. The study was developed using a small catchment in the 
Amazon where intense rainfall events occur, producing runoff and sediments, which affect 
rural populations. Lateral inflow rate and runoff depth were derived using precipitation 
data and parameters estimated through the KINEROS2 (K2)/direct model (DM) model 
and the ensuing solution methods with MCMC (Markov chains Monte Carlo)/Fourier 
transform. The developed method was applied to four rainfall-runoff events, leading to 
a good fit between the observed and predicted data (Nash-Sutcliffe coefficients between 
0.76 and 0.85 and RMSE values between 1.80 mm and 6.72 mm).
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INTRODUCTION
Information related to the hydrology of a region is significant for environmental impact studies, 
water resource planning, and hydraulic engineering projects. In particular, most studies based on 
hydrological simulations in the Amazon can provide valuable spatial and temporal estimates of water 
resources for climate change studies, agribusiness and family agriculture, which encompass social, 
economic, political, cultural and environmental aspects relevant to sustainability (Costa et al. 2021, 
da Silva Cruz et al. 2022). Erosion in watersheds is often caused by a lack of management, affecting 
the environment through soil loss and the transfer of pollutants to rivers and changing water quality 
(Lagadec et al. 2016). For assessments of soil loss, hydrological models have been employed and 
are significant tools to understand and represent the dynamics of physical processes in watersheds 
(Galina et al. 2018). Villarreal et al. (2022) used hydrological modelling to analyze the influence of 
surface runoff as a function of land cover change due to forest fires. One way to manage hydrological 
dynamics is through models and geotechnologies. Several authors associate geoprocessing tools 
with land use and land cover mapping such as SWAT, AGWA, ARCSWAT combined with physical 
models, such as KINEROS2 (K2) (Goodrich et al. 2012, Abdalla et al. 2022).

There is undeniable concern about how climate change will affect the Amazon and the world in 
general in the future (Soito & Freitas 2011, Costa et al. 2021). In this context, the aim is to determine 
the lateral inflow rate and runoff depth in a small catchment in the Amazon where intense rainfall 
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events occur, producing runoff and sediments, which affect rural populations. This study considered 
Fourier transform for simulating lateral inflow rate, a term modelled more generally to represent 
any watershed. This type of inverse focus can be used as an aid to the analysed direct model (DM), 
which is the classic kinematic wave model, and is obtained through the mass balance equation, 
considering uncertainties of the parameters in the modelling (Al-Qurashi et al. 2008, Kennedy et al. 
2013, Kim et al. 2014). To apply the inverse problems in the representation of the lateral inflow and 
runoff depth in other basins, it is necessary to estimate parameters with the data that one wants to 
represent through simulations (Romanov 2009, Toto et al. 2009, Milledge et al. 2012, Kim et al. 2014). 
For simulation of lateral inflow rate and runoff depth, discretized precipitation data and physical 
parameters estimated through the KINEROS2 (K2)/direct model (DM) and the solution methods based 
on MCMC (Markov chain Monte Carlo)/Fourier transform were used.

The solution of the inverse problem leads to the estimation of the so-called observed data (i.e., 
synthetic observations) associated with the prediction model. Thus, alternative solutions to the 
problem should be highlighted, which represent the real scenario (Sanso & Guenni 2000). Among 
these alternatives, Bayesian techniques were applied in the first step of the solution, with MCMC for 
the first estimation of the lateral inflow rate. In the second step, the lateral inflow rate was modelled 
through the optimization of the Fourier transform.

KINEROS2 is a physical model for simulating runoff and sediment yield from agricultural and 
urban watersheds (Woolhiser et al. 1990). In the modelling, the physical phenomena of interception, 
infiltration, and surface runoff are considered. K2 has already been used to simulate surface runoff 
in several watersheds, under wet (Smith et al. 1995), arid, and semiarid conditions (Michaud & 
Sorooshian 1994, Hantush & Kalin 2005, Al-Qurashi et al. 2008, Kennedy et al. 2013, Kim et al. 2014, 
An et al. 2019, Kautz et al. 2019, Korgaonkar et al. 2020, Harche et al. 2021, Abdalla et al. 2022), as well 
as in other studies in environments with postfire erosion (Canfield et al. 2005, Goodrich et al. 2012, 
Villarreal et al. 2022).

One of the difficulties to represent the physics of runoff depth and sediment yield is to obtain 
the lateral inflow rate to a plane since it is not possible to measure directly. Usually, it is supposed 
that this lateral rate is a constant or satisfies a predefined function of the difference between the 
rainfall rate and the infiltration rate, generating uncertainties (Kim et al. 2014, Galina et al. 2018, An 
et al. 2019, Harche et al. 2021). There are few studies in the literature that consider the confidence 
intervals of rainfall-runoff modelling results (Al-Qurashi et al. 2008, Kennedy et al. 2013, Kim et al. 
2014), however, an important justification would be the error performance criterion of the events 
(Atiquzzaman & Kandasamy 2016, Ossa-Moreno et al. 2019, Kautz et al. 2019).

In the Amazon, the search for climate change projection studies becomes increasingly urgent 
as the occurrence of large seasonal and inter-annual variations becomes increasingly intense 
and frequent (Sorribas et al. 2016, Costa et al. 2021). For a more specific analysis, we considered a 
catchment in the Amazon influenced by soil change activities, family farming and agribusiness; a 
catchment most vulnerable to climate change (Costa et al. 2021, da Silva Cruz et al. 2022). It is also 
clear that the Amazon has a high strategic value, as Brazil is highly dependent on its water resources 
for various economic development activities (Costa et al. 2020).

Thus, the goal of this work was to apply the method of inverse problems, which the novelty of 
the paper, to estimate parameters and the lateral inflow rate to simulate runoff depth in a small 
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catchment of the Amazon, where intense rainfall events occur, and to simulate flow and sediment 
yields, affecting rural populations. This study may also prove to be useful to demonstrate basins 
where measured data are limited.

NOMENCLATURE
A0, A1, A2, B1, B2 parameters of the model of the inverse problems (IP)
h runoff depth per unit area, mm
hu(L,t) depth at the lower boundary of the contributing plane at time t
I identity matrix
IP Inverse problem
k random variable with Gaussian distribution from Metropolis-Hastings algorithm
K2 Kineros2 – A Kinematic Runoff and Erosion Model
L length, m
MCMC Markov chain Monte Carlo
n Manning’s coefficient
P* candidate parameter
q(x,t), q(t) lateral inflow rate, mm.h-1

Q discharge per unit width, mm.h-1

S slope
t Time
u subscript to the upstream surface
u* random number with Uniform distribution
W width, m
w search step
GREEK SYMBOLS
π(Data)  probability distribution of the data
π(Data|P)  likelihood function
π(P)  prior probability distribution
π(P|Data)  posterior probability distribution
φ  Metropolis test
α and m soil parameters defined according to the slope roughness
ρ1 and ρ2 constants fitted to the data seen using Markov chain Monte Carlo (MCMC)

MATERIALS AND METHODS
Study Area
The study area is the Prata catchment, located in the municipality of Capitão Poço (Fig. 1) in 
northeastern Pará, Amazon, Brazil. The basin has a total area of 82 km2 flowing into the Guamá River. 
The climate corresponds to the Köppen classification “Am” (equatorial climate), characterized as 
rainy and with a short dry season between September and November. This catchment has been the 
subject of previous hydrological and hydro sedimentological studies (Blanco et al. 2013, Silva et al. 
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2020). The region has an average annual temperature of 26.9 °C, with minimums and maximums of 
approximately 21.4 °C and 32.7 °C, respectively, while the average relative humidity is approximately 
83%. The annual rainfall is 2,370 mm, with the wettest months between January and June and the 
peak in March (Silva et al. 2020). Blanco et al. (2013) mention that the catchment has a long series 
of flow data; however, it does not have precipitation data. The streamflow data comes from the 
streamflow gauge station Marambaia, which is part of the HIDROWEB system (http://www.snirh.gov.
br/hidroweb/) of the National Agency for Water and Basic Sanitation of Brazil (ANA). Thus, the main 
river of the small catchment of creek’s Prata was considered in the KINEROS2 model (Fig. 1).

Direct Model - Kinematic Wave Model
Given the scarcity of data available on the National Agency for Water and Sanitation - ANA 

platform (http://hidroweb.ana.gov.br/) and the limitation of obtaining experimental/observed data 
in the watershed, the kinematic wave model was identified as the direct model (DM) is the model 
simulates the water sheet, flowing on the surface of the basin. Figure 2 summarizes the physical 
model of the kinematic wave, which is based on the continuity equation and is presented in Eqs. 1 
and 2 (Lighthill & Whitham 1955, Chow 1959, Singh 1983, Chow et al. 1988, Woolhiser et al. 1990, Smith 
et al. 1995, Kim et al. 2014, Galina et al. 2018, Harche et al. 2021).

   ∂ h _ ∂ t   +   ∂ Q _ ∂ x   = q(x, t)  (1.a)

Figure 1. Location of the small catchment of the Amazon.
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where Q is the discharge per unit width (mm/h), h is the runoff depth per unit area (mm) and 
q(x,t) is the lateral inflow rate (mm/h). The discharge Q can be represented by Eq. 1.b (Singh 1983, 
Walker & Humpherys 1983).

 Q = α  h   m   (1.b)

 α =  (  ρ  1   S)   1/2  / n  and  m =  ρ  2    (1.c-d)

where α and m are soil parameters defined according to the slope roughness, ρ1 and ρ2 are 
constants fitted to the data seen using Markov chain Monte Carlo (MCMC), S is the slope, and n is 
Manning’s coefficient.

The soil parameters of Eq. (1.c-d) are dimensionless. In this study, Eq. (1.c-d) was adapted from 
the K2 model, which considers values in this option: α = 1.49S1/2/n and m = 5/3 (Woolhiser et al. 
1990). However, ρ1 and ρ2 were inserted to represent the simulated observations via IP closest to the 
pseudo-observations obtained via K2. Combining Eqs. (1.a-d), results in Eq. 2.

   ∂ h _ ∂ t   + αm  h   m−1    ∂ h _ ∂ x   = q(x, t)  (2)

Equations 1 and 2 have the following boundary conditions (Eqs. 3 and 4) and initial condition (Eq. 
5) (Singh 1983, Woolhiser et al. 1990, Smith et al. 1995, Galina et al. 2018). If the upstream boundary is 
a flow divide, the boundary condition (Eq. 3).

 h(0, t )  = 0  (3)

 h (0, t)  =   [  
 α  u    h  u     (L, t)     m  u     W  u   _ αW  ]    

  1 _ m  

   (4)

 h(x, 0 )  = 0 → 0 ≤ x ≤ L ;  (5)

where hu(L,t) is the depth at the lower boundary of the contributing plane at time t, u is the 
subscript to the upstream surface, L is the length (m), and W is the width (m). Equation 4 is applied if 

Figure 2. Representation 
of the kinematic wave 
model.
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another surface is contributing flow at the upper boundary. It is important to emphasize the difficulty 
of determining the lateral inflow rate q(x,t) in the runoff process.

Direct Model Solution – The method of lines (MOL)
The direct model, applied to Eqs. (1-5), was solved using the method of lines (MOL – Fig. 3), where 
the partial differential equation is discretized and transformed into a system of coupled ordinary 
differential equations (Oymak & Selcuk 1996, Sadiku & Garcia 2000, Ismail et al. 2007, Shakeri & 
Dehghan 2008, Schiesser & Griffiths 2014, Roknujjaman & Asaduzzaman 2018). Figure 3 illustrates the 
applied discretization.

Applying centric differences and considering lagging differences in the lateral inflow rate term, 
the partial differential equation described in Eqs. (1-5) is presented by the following system of 
coupled ordinary differential equations.

   
∂  h  i   _ ∂ t   = q(  x  i   , t )  − αm   h  i     

m−1    
 h  i   −  h  i−1   _ Δx   ; 1 < i < N (6.a)

With the following boundary conditions,

i = 1 (h = h0);   h  i   =   [  
 α  u    h  u     (L, t)     m  u     W  u   _ αW  ]    

  1 _ m  

   (6.b)

And initial,

hi = 0; 1 < i < N (6.c)

The modelling of the lateral inflow q(x,t) was elaborated through this model because direct 
measurements were not possible. Attempts to obtain this information were constant (Sing 1983) or 
as a predefined function of differences between the rainfall rate and the infiltration rate (Kim et al. 
2014, An et al. 2019). Due to this difficulty, the lateral flow q(x,t) was modelled with inverse problems 
as a Fourier transform (Eq. 7) so that it depended only on the independent variable, i.e., time.

q(t) = A0+A1sin(wt) + B1cos(wt)+A2sin(wt)+ B2sin(2wt) (7)

KINEROS2 (K2)
KINEROS2 is a physical model that uses the equations of the kinematic wave model to be over 
rectangular planes and open channels through the platform’s K2 program (https://www.tucson.ars.
ag.gov/KINEROS/). The software uses three types of files: input (considers the parameters that describe 
the geometric, hydraulic, and infiltration characteristics of the basin); precipitation (considers rainfall 
data from the watershed), and output (shows the responses of rainfall rate, surface runoff, and 

Figure 3. Representation of the method of lines (MOL).
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sedimentation). The precipitation data are coolheaded on the work by Lima et al. (2014) and the rainfall 
station in the city of Ourém-PA (code: 00147016 - National Agency for Water and Sanitation - ANA). The 
physical parameters of the soil are calibrated in the K2 Software by successive approximations until 
the best value for each parameter is accepted so that the outputs of the hydrological rainfall-runoff 
simulation corroborate real scenario. It is noteworthy that the precipitation file of the KINEROS2 
simulations includes a set of data generated (accumulated discretization every 6 minutes up to 2 
hours) by the HUFF method (Huff 1967, Lu & Qin 2020). Figure 4 shows the representative sequence 
of K2.

The KINEROS2 model uses the equations of the kinematic wave model, establishing the solution 
of the water layer, which flows on the surface of the basin. However, depending on the geometric 
complexity, watersheds can be represented by a combination of planes, convergent section, divergent 
section and channel. A plan can be used to represent a study area or a part of it (Singh, 1983). This 
study will be limited to the case of a part of it (Fig. 1)

Following the procedure, an output file was obtained for the study area with observations of 
rainfall rate and simulated surface runoff and sediment yield. However, the lateral inflow rate cannot 
be explicitly validated. Hence, the data obtained in K2 can be used to solve the inverse problem 
method to estimate the lateral inflow rate and assess the influence of the optimized parameters for 
the runoff depth responses.

Method of Inverse Problems
Hydrological models have parameters that cannot be measured directly; therefore, inferences are 
made for their estimation. Thus, the Bayesian technique with Markov chain Monte Carlo (MCMC) was 
applied to estimate the parameters of the K2 model/direct model. When solving the physical model 
(Eqs. 1-5), the result is time series of runoff depth. This state variable (runoff depth) is the observable 
variable from which measurements can be obtained. The estimations were performed using MCMC 
in the simulation; where in this study Fourier transform (Eq. 7) was considered to represent q(t), 
the lateral inflow rate. In this form; this term is modelled more generally for any basin, because the 
direct model is obtained through the mass balance of the watershed. In this sense, applying the 
model to another basin, it is necessary to estimate parameters with the data or output that you want 
to represent through simulations. Therefore, to fill gaps in rainfall data and the lateral inflow rate 
in the watershed of interest, this observable variable (runoff depth) was applied to find the model 
parameters (Fig. 5).

Figure 5 presents the representation of IP in hydrological modeling. The IP combines information 
from the observed data and the mathematical model simultaneously. In the initial analysis, as 
part of the K2/DM model, the following model inputs were considered: physical parameters and 
precipitation data; resulting in simulated observations via DM-IP and pseudo-observations via K2. 
Similarly, following the analysis of simulated versus observed data, the application of the IP (using 
a Bayesian structure and a Fourier transform, respectively) was considered to estimate the model 
parameters and the lateral input rate (unknown variable). From this, the 95% CI was performed and, 
in sequence, the performance evaluation; obtaining the output of interest for the study, i.e., runoff 
depth.
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Bayes’ Theorem – Markov Chain Monte Carlo (MCMC)

In many problems, it not possible to have reliable observations or make direct measurements. These 
hydrological gaps can be filled using information about possible measurements with mathematical 
formulation (direct problem) and a priori knowledge of model parameters. This mathematical problem 
can be addressed using by Bayes’ theorem, the posterior distribution π (P|Data) being considered, 

Figure 4. Representation 
of input and output K2 
(Woolhiser et al. 1990).

Figure 5. Representative drawing of hydrological modelling based on the inverse problem method.
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as the probability of prior distribution π (P) by likelihood of π (Data|P), and under the marginal 
probability distribution π (Data) - (Beck & Arnold 1977, Kaipio & Somersalo 2006, Oliveira et al. 2020, 
Moura et al. 2021, 2022, Amador et al. 2022).

The estimation of the parameters of the physical model from observed data is a prerequisite 
for the modelling of the flow process (Canfield et al. 2005, Al-Qurashi et al. 2008, Kennedy et al. 2013, 
Kim et al. 2014). The Bayesian estimation method quantifies the discrepancy by a multiplicative 
factor while obtaining the probability distributions of a single set of physical parameters. In this 
work, the inverse problem was applied to surface runoff, and 4 different events were evaluated using 
hydrological modelling. The parameters of the model of the inverse problems (IP) are PT = [W Wu α αu 
Ω A0 A1 A2 B1 B2], where (W: width of the downstream plane - m; Wu: width of the contributing plane 
- m; α and αu: parameter referring to watershed properties, including slope: S, Manning roughness 
coefficient: n; coefficients: ρ1 and ρ2; Ω; and the parameters of the Fourier transform used, A0, A1, A2, 
B1, B2 – Eq. 7).

The Bayesian technique used to estimate the parameters was the MCMC method, which can be 
implemented using different algorithms of acceptance/rejection, for example, Gibbs and Metropolis‒
Hastings. In this study, the Metropolis‒Hastings accept/reject algorithm was implemented, and 
candidate parameters were generated, considering random walk as the transition kernel. The 
algorithm is as follows (Hastings 1970, Beck & Arnold 1977; Oliveira et al. 2020, Nunes et al. 2021, Viegas 
et al. 2022, Nunes et al. 2022):

The Markov chain iteration counter is initialized (i = 0), and a value is arbitrarily pick for the first 
estimate of the parameter P0.

A candidate value P* is generated through a transition kernel, Eq. 8, where k is a variable N (0,1) 
and w is the search step.

P* = (I + wk) Pi-1 (8)

I is the identity matrix.
1) The probability of acceptance (φ) of the candidate parameter is calculated using the Metropolis 

test (Eq. 9).

 ϕ = min [1,   
π(P *  / Observed)  _____________  

π(  P   (i−1)  / Observed)
  ]   (9)

2) Generate a random number u* from a uniform distribution, u* ~ U (0,1).
3) If U ≤ α, then the new value is accepted and Pi = P*. Otherwise, reject and make Pi = Pi-1.
4) Increment the counter from i to i+1 and return to step 2.

Performance criteria
Since observations were not available, pseudo-observations were obtained with the aid of K2 
software, which is necessary to supply information on precipitation data and parameters referring 
to the basin. In order to assess the agreement between the experimental/observed and predicted 
data; for performance evaluation, based on works by Moraes Cordeiro & Blanco (2021) and Costa et 
al. (2021) in the Amazon region, five statistical criteria were used, Pearson’s coefficient (r) (Duan et al. 
2015) presented in Eq. 10; the coefficient of determination (R2) (Cheng et al. 2014) presented in Eq. 11; 
the Nash-Sutcliffe coefficient (NSE) (Nash & Sutcliffe 1970) presented in Eq. 12; in this case, the closer 
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to unity, the better the fit between observable and predicted data. The root mean square error (RMSE) 
(Gebremicael et al. 2019) presented in Eq. 13; and the percentage bias (PBIAS) presented in Eq. 14. The 
RMSE penalizes errors of greater magnitude (Moraes Cordeiro & Blanco 2021).

 r =   
 ∑ i=1  

n   (  h  i  
OBS  −   h   OBS    

−
   )  (  h  i  

SIM  −   h   SIM    
−
   )
   ____________________________   

 √ 
_______________

    ∑ i=1  
n   (  h  i  

OBS  −   h   OBS    
−
   )    2     √ 

_______________
    ∑ i=1  

n   (  h  i  
SIM  −   h   SIM    

−
   )    2   

     (10)

  R   2  =   
 { ∑ i=1  

n   (  h  i  
OBS  −   h   OBS    

−
   )     (  h  i  

SIM  −   h   SIM    
−
   )}    2    __________________________   

  ∑ i=1  
n   (  h  i  

OBS  −   h   OBS    
−
   )    2    ∑ i=1  

n   (  h  i  
SIM  −   h   Sim    

−
   )    2 

    (11)

 NSE = 1 −   
  ∑ i=1  

n   (  h  i  
OBS  −  h  i  

SIM  )    2 
  _____________    ∑ i=1  

n   (  h  i  
OBS  −   h   OBS    

−
   )    2 

    (12)

 RMSE =  √ 
_________________

    1 _ n     ∑ i=1  
n   (  h  i  

OBS  −  h  i  
SIM  )    2     (13)

 PBIAS =   
 ∑ i=1  

n   (  h  i  
OBS  −  h  i  

SIM  )  * 100
  ________________   ∑ i=1  

n   (  h  i  
OBS  )     (14)

where n = number of observations at each time step; hi
OBS = observed data; hŌBS = average of 

observed data; hi
SIM = simulated data and hṠĪM = average of simulated data.

The logical structure of the method used in the study is shown in Fig. 6.
The IP combines information from the observed data and the mathematical model simultaneously. 

The KINEROS2/Direct Model (DM) model uses the kinematic wave equations and the mass balance 
equation to represent the processes of runoff and sedimentation (Singh 1983, Woolhiser et al. 1990, 
Smith et al. 1995). The approach of this study, estimating the runoff depth and the lateral inflow 
rate, used the kinematic wave model equation along with the IP, as direct measurements were not 
possible (Fig. 6).

RESULTS AND DISCUSSION
The results are presented in the following order: i) generation of pseudo-observations of the outflow 
by K2; ii) results from the generation of indirect measurements by the MCMC and Fourier; iii) results 
of the uncertainty analysis of the parameters and performance evaluation of the modelling; and iv) 
the optimized runoff depth results.

Outflow K2
Table I presents the results of the physical parameters calibrated in K2 for maximum/daily events [A 
(04/14/2011); B (04/09/2012a); C (04/09/2012b); and D (22/03/2013)] of accumulated rainfall, equal to 
113.3, 56.7, 54.6 and 63.8 mm, respectively.
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The values of parameters n, Ks, Cv, and G are consistent with the study by Memariam et al. (2012) 
for tropical basins, where the values used were between n (0.00-1.04), Ks (0.01-0.60), Cv (0.00-0.12) and 
G (0.00-2.68). In this sense, there are also case studies that used similar slope and width parameters 
(S [0.0004-0.023] and W [16.8-61.0]) for watersheds with physical characteristics, tropical climatic 
conditions and intensive land use, prone to severe flooding and with limited data available (Nguyen 
et al. 2015, Mirzaei et al. 2016).

For the physical parameters studied, seven had considerable influences on the outputs: S (0.01-
1.0), Si (0.0-1.0), n (0.01-0.8), Ks (0-50), Cv (0.01-50), G (0.0-500.0) and λ (0.01-1.43). Thus, the results 
agree with those available in the literature for basins with predominantly flat relief, sandy loam and 
sandy soil texture (characteristics that influence Ks), intensive agriculture (Kim et al. 2014), and slopes 
between 1% and 20% (Al-Qurashi et al. 2008, An et al. 2019). Slope is a parameter that influences the 
flow response speed. However, what caught our attention was the influence of some parameters on 
the outputs of K2 (Fig. 7), for example, S (0.05-1.0), n (0.01-0.1), Ks (0-50), and G (0.0-500.0). Figure 7 also 
shows the runoff depth peaks as a function of time for the four rainfall events of this study. Figure 7 
is represented using the values from Table I.

Even with similar calibrated physical parameters, the peaks of the hydrographs changed due to 
different inputs of accumulated precipitation. Therefore, the causes of changes in outputs may also 
be due to the speed of responses (automatic interpolation) by K2 (Woolhiser et al. 1990, Goodrich et 
al. 2012, Abdalla et al. 2022). The values presented in Fig. 7 considered the outflow at the catchment 
outlet (Fig. 1). However, in terms of outflow variability, the events showed an almost homogeneous 
behaviour (B, C, and D) between the runoff depth results represented in K2, but event A presented 

Figure 6. Schematic flowchart of the steps of the inverse problem method.
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a considerable difference in the output. However, unlike the other events (B, C and D), event A can 
be an indicator of the climatic extremes that occur in the Amazon region. Thus, understanding the 
effects of climate variability on the hydrological cycle is fundamental for government development 
plans, mainly because extreme hydroclimatic events can have a strong influence not only in the 
environmental aspect, but also in the socioeconomic aspect. In the Amazon, the search for climate 
forecast studies becomes increasingly urgent, as the occurrence of large seasonal and interannual 
variations becomes increasingly intense and frequent (Costa et al. 2021).

Overall, the K2 responses showed a slight difference in the peak time of the hydrographs (from 
100 to 140 minutes) due to different rainfall inputs automatically interpolated based on the space-
time relationship, as shown by Woolhiser et al. (1990). These results, with variable responses and 
differences in calculated water peaks, are justified by Araújo et al. (2013), Kennedy et al. (2013), Kim et 
al. (2014), and An et al. (2019). The authors credit this to the nonlinearity of the model, interpolated 

Table I. Identification of K2 parameters.

Parameter Symbol Units
Values 
used in 

the study
Values 

suggested Estimation method/ Reference

Length L m 3000 - Field measurements

Width W m 20 - Field measurements

Slope S - 0,025 0-1 Kim et al. 2014

Density Ss - 0.80-1.50 0-2.80 An et al. 2019

Thickness Thick mm 300 0-500 An et al. 2019

Soil porosity ɸ - 0.38 0-45.77 Al-Qurashi et al. 2008, An et al. 
2019

Saturation initial Si - 0,2 0-1 Kim et al. 2014, An et al. 2019

Manning n - 0,3 0.01-0.8 Memariam et al. 2012, An et al. 
2019

Saturated hydraulic 
conductivity Ks mm.hr¯¹ 0.60 0-50 Al-Qurashi et al. 2008, 

Memariam et al. 2012

Coefficient of variation of Ks Cv - 0.1 0.01-50 Memariam et al. 2012, Kim et al. 
2014

Mean capillary drive G mm 12.70 0-500 Memariam et al. 2012, An et al. 
2019

Pore size distribution index λ mm 0.45 0.03-1.43 Kim et al. 2014, An et al. 2019

Rainsplash coefficient Cf - 0 0-625, 2500, 
5625 An et al. 2019

Soil cohesion coefficient Co - 0.5 0.001-0.1 An et al. 2019

Micro topographic Relief re mm 2 0-400 Kim et al. 2014

Micro topographic Spacing rs m 0.3 0.001-10 Al-Qurashi et al. 2008, Kim et al. 
2014

Rock cover r % 0-1 0-1 An et al. 2019

Interception depth In mm 1.0 0.01-300 Kim et al. 2014

Plant cover p % 0-1 0-1 An et al. 2019
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precipitation data, and unsatisfactory performance of showing the best parameter values in the 
calibration process.

Generation of indirect measures

Parameter estimation with MCMC

Table II presents the values of the parameters generated with the IP as a function of the maximum 
rainfall events/day (A, B, C, and D).

The parameters obtained via IP are the results of the estimation with MCMC given the values 
reported in Table 1, being put in two groups: physical parameters K2 [W; Wu; α and αu (i.e., S and n)]; 
and physical parameters (Ω, A0, A1, A2, B1, B2) of the DM/IP, derived from the Fourier transform used 
(Eq. 7). Thus, these sets of parameters simulated the lateral inflow rate and represented the runoff 
depth (Fig. 8). Overall, the estimation of parameters using MCMC was able to quantify their reliability, 
as well as, the scenarios, and models, in addition to being used for sampling and characterizing the 
solution of an IP (Kaipio & Somersalo 2006).

According to Hastings (1970), Beck & Arnold (1977), Oliveira et al. (2020), Nunes et al. (2021), and 
Viegas et al. (2022), the purpose of parameter estimation with MCMC was to provide the model with 
a gradual convergence to an equilibrium distribution, i.e., the Markov chain becomes more stable, 
having standardized parameter values. In this context, the results of the best values of Table II 
were considered a local sensitivity analysis with up to 3000 states of the Markov chain around 
the standard values of Table 1. In this process of parameter standardization of IP, an approximate 
simulation time of twenty minutes was registered for each catchment event. Thus, as expected, the 

Figure 7. Outflow of 
events represented 
with the K2 model.
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parameter estimates depended on the perturbations (chain states) made in the first values of the 
parameters (Al-Qurashi et al. 2008, Kennedy et al. 2013, Kim et al. 2014).

Runoff depth and lateral inflow rate estimates
Figure 8 shows the responses of the runoff depth developed with K2 and IP and the simulation 

of the lateral inflow rate obtained with IP as a function of the maximum/daily precipitation events (A, 
B, C, and D) evaluated around the study area. The runoff depth and lateral inflow rate responses are 
the results of the interactions of the inputs obtained in K2 (observable data) and of the standardized 
parameters with MCMC and Fourier in rainfall-runoff modelling when trying to represent the 
existing scenario closer to the catchment. After the process of estimating the parameters via IP, the 
occurrences of lateral rate variability in the outflow responses showed little variable behaviour close 
to the observed measurements at K2. In this sense, the IP simulations showed a slight difference in 
the representation of the runoff depth with respect to the K2 responses. The considerable difference 
is in event A, with the highest peak volume; is due to possible variations in the input data obtained 
with K2 (Woolhiser et al. 1990) and the nonlinearity of the direct model (Lighthill & Whitham 1955, 
Singh 1983, Woolhiser et al. 1990, Smith et al. 1995). However, other studies addressing rainfall-runoff 
modelling cite that the lateral inflow rate estimate may handle errors and changes in the flow sheet 
representation (Singh 1983, Kim et al. 2014, An et al. 2019).

According to Woolhiser & Goodrich (1988), water flowing from the planes enters the main channel 
in the form of a lateral inflow rate. Therefore, it is important to estimate the values of this influence on 
the outflow, which may result from changes in land use and cover. In this sense, our results with the 
IP estimated the lateral inflow rate, serving as a surrogate to reduce costs and time in experimental 
tests to quantify the flow process. As analysed in other studies (Nguyen et al. 2015, Mirzaei et al. 2016), 
K2 alone does not accurately estimate the water level of the river, a key variable to characterize flash 
floods. Thus, using K2 together with the IP method, it became possible to simulate the lateral entry 

Table II. Parameter estimates through the IP developed for each event evaluated.

Parameter
Optimal values with IP per event

Event A Event B Event C Event D

Upstream width Wu 13.49 17.935 14.142 16.104

Width W 10.826 9.469 9.378 9.711

Upstream slope and roughness αu 112.672 147.632 158.668 149.114

Slope and roughness α 7.394 6.179 6.278 6.671

Fourier transform coefficients

Ω 0.009 0.009 0.009 0.009

A0 0.456 0.438 0.462 0.458

A1 41.189 39.702 39.609 41.182

B1 26.673 16.947 15.872 17.186

A2 15.28 14.866 14.189 14.404

B2 2.12E-04 2.33E-04 2.13E-04 2.32E-04
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rate and show this influence on changes in the behaviour of the runoff depth, as mentioned by Singh 
(1983) and Kim et al. (2014). Thus, the quality of adjustment of the lateral rate of Fig. 8 can be verified 
in the practical sense of applying the inverse solution (Araújo et al. 2013).

However, in the analysis of the peak times of the K2/IP responses, event C presented a considerable 
delay in peak time (more than 130 minutes). According to Kennedy et al. (2013) and Kim et al. (2014), the 
differences and delays associated with K2 and IP responses may be due to standardized parameter 
values and known or input data (Harche et al. 2021). Peak time considerations and knowledge of 
runoff depth variability are appreciable in structural designs to control flooding, erosion, and soil 
nitrogen loss (Lange & Haensler 2012, An et al. 2019, Kautz et al. 2019, Korgaonkar et al. 2020).

Uncertainty analysis and performance evaluation
Table III presents the values of the K2/IP physical parameters for each maximum/daily event with a 
95% confidence interval (CI).

The parameters, considering a 95% confidence interval, are average (best) values and threshold 
values that simulated the outflow via IP closest to the outputs of K2 (i.e., pseudo-observations). 
Thus, these values represent a considerable degree of reliability in hydrological modelling (Fig. 8). 
In this context, the results of the uncertainty analysis of the events evaluated were compared to 
verify their consistency (NSE ≥ 0.75) (Goodrich et al. 2012, Harche et al. 2021) and their strengths in 
real hydrological situations (Walker & Humpherys 1983, Sanso & Guenni 2000). Good practices in 
hydrological modelling require that the modeller provides a reliable assessment of the parameters 
and the model, evaluating the possible uncertainties associated with the simulation process (Sanso 
& Guenni 2000, Al-Qurashi et al. 2008, Kim et al. 2014, An et al. 2019).

Analysing Table IV, the NSEs demonstrate satisfactory performance for the rainfall-runoff events 
modelled through IP and PBIAS demonstrate very good performance (An et al. 2019, Harche et al. 
2021, Costa et al. 2021). The results of the IP were consistent with those of the studies. Considering the 
peak and duration of the hydrographs, such as wave delays, it is assumed that the series IP present 

Figure 8. The runoff 
depth K2/IP responses 
(observed/simulated) 
and lateral inflow 
rate (simulated) as a 
function of time for 
the four maximum/
daily rainfall events.
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values smaller than the pseudo observed ones in relation to K2. Even, the performance criteria r, R2 
and RMSE, based on the ideal metric values, are consistent with the values of the work by Moraes 
Cordeiro & Blanco (2021) (r ≤ 1.00, R2 ≤ 1.00, RMSE ≥ 0.00). Thus, the applied IP method can be used 
to predict the runoff depth responses and lateral inflow rates for small watersheds. Obtaining direct 
measurements is especially limited (Sanso & Guenni 2000, Al-Qurashi et al. 2008, Kennedy et al. 2013, 
Kim et al. 2014).

Optimization of the outflow uncertainty
After the uncertainty analysis process (CI = 95%) from Table III and performance evaluation with 
Nash-Sutcliffe from Table IV, the results of statistical correlation (R2) showed a difference in the 

Table III. Physical parameters K2/IP variable as a function of the Fourier transform used and evaluated with a 
confidence interval of 95%.

Events
Parameters K2/IP

W Wu α αu Ω A0 A1 B1 A2 B2

Range 0-50 0-50 0-200 0-200 0-0.01 0-0.5 0-50 0-50 0-50 0-0.01

A

Average 13.49 10.83 112.67 7.39 0.009 0.46 41.19 26.67 15.28 2.12E-04

CI
13.4-13.5 10.8-

10.9
112.6-
112.7 7.3-7.4 0.008-

0.009
0.45-
0.46

41.18-
41.19

26.6-
26.7

15.2-
15.3

2.12E-04-
2.13E-0495%

B

Average 17.93 9.47 147.63 6.18 0.009 0.44 39.7 16.95 14.87 2.33E-04

CI
17.7-18.1 9.32-

9.60
145.5-
148.9

6.10-
6.25

0.008-
0.009

0.43-
0.44

38.11-
40.62

15.8-
18.3

14.6-
15.1

2.31E-04-
2.36E-0495%

C

Average 17.14 9.38 158.67 6.28 0.009 0.46 39.61 15.87 14.19 2.13E-04

CI
16.9-17.4 9.28-

9.51
153.5-
164.1

6.21-
6.34

0.008-
0.009

0.45-
0.47

38.35-
41.18

14.8-
17.0

13.9-
14.6

2.11E-04-
2.15E-0495%

D

Average 16.1 9.71 149.11 6.67 0.009 0.46 41.18 17.19 14.4 2.32E-04

CI
16.0-16.2 9.60-

9.84
143.7-
156.7

6.61-
6.72 0.009 0.45-

0.46
39.28-
43.02

16.0-
18.5

14.3-
14.5

2.30E-04-
2.34E-0495%

Table IV. Performance results at events.

Events r R2 NSE RMSE PBIAS

A 0.88 0.77 0.76 6.72 -3.35

B 0.93 0.86 0.83 1.95 -5.32

C 0.93 0.87 0.84 1.80 -5.38

D 0.93 0.86 0.85 2.25 -3.88
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trends of the runoff depth compared to the solution observable in K2. The considerable difference 
was for event A, with the lowest statistical correlation result (R2 = 0.77), although considered a good 
result. The results of R2 of events B, C, and D showed a better fit in the rainfall-runoff modelling of 
the watershed, with results of 0.86, 0.87, and 0.86, respectively. This validates the methodological 
framework based on development of rainfall prediction solutions and unavailable data estimates, 
applying MCMC and Fourier transform as inverse methods (Sanso & Guenni 2000).

Although the K2 is a consolidated physical model in the literature and the simulations are for 
scenarios of observed hydrological data gaps (runoff depth and lateral inflow rate), the IP presented 
satisfactory efficiencies when comparing the performance criteria r, R2, NSE and RMSE and the K2 
simulations of the maximum accumulated rainfall events in the region.

CONCLUSIONS
The analysis of data from maximum/daily rainfall events, modelled with IP, shows good precision 
and reliability, as Nash-Sutcliffe coefficients and determination coefficients considered very good for 
events A, r = 0.88, R2 = 0.77, NSE = 0.76 e RMSE = 6.72; B, r = 0.93, R2 = 0.86, NSE = 0.83 e RMSE = 1.95; C, r 
= 0.93, R2 = 0.87, NSE = 0.84 e RMSE = 1.80 e D, r = 0.93, R2 = 0.86, NSE = 0.85 e RMSE = 2.25. The rainfall-
runoff simulations largely depended on the determination of a suitable parameter values.

It is important to highlight that the results of the estimates of the runoff depth and the lateral 
inflow rate of the maximum/daily rainfall events A, B, C, and D showed reliability in the responses 
of the pseudo observations using KINEROS2 and simulated observations using IP, with a degree of 
reliability equal to 95%. The lateral inflow rate and the parameters that interacted were estimated 
using the behaviour of the rainfall-runoff modelling. 

The lateral inflow rate, more generally modelled as a Fourier transform, can represent any 
watershed when obtained through the mass balance equation and parameter estimates with the data 
to be represented through simulations. Thus, the quantification of the reliability of the responses 
of the modelled physical processes is fundamental in the socioenvironmental management of rural 
and urban regions.

Rainfall-runoff modelling with applications of inverse problems is workable for real scenarios of 
physical processes and as part of a system of hydrometeorological data estimates to contribute to 
management and socioenvironmental control (flood and soil degradation); they interact satisfactorily 
in the adjustment process. Inverse problems (from the most rigorous at a statistical level to the least 
formal) can be workable to analyse changes in hydrological processes. 

However, the method may present uncertainties in precise measurements, uncertainties 
that can be justified by the identification of the best numerical values of the parameters in the 
standardization process. In this context, the study of inverse problems in hydrology promotes the 
adaptation of indirect rainfall measures, lateral runoff rate estimates, and unavailable data estimates 
as a sustainable practice of cost and time reduction. In this case, the inverse problems can be 
considered as a tool to help reduce costs and time in the hydrological modelling with the scarcity of 
data and limitation of direct measurements.

As a suggestion for future studies, the application of inverse problems to other physical processes 
in hydrology, analysis of modelling behaviour and evaluation of parameters influencing the responses 
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of the models, uncertainty analysis, analysis of the information matrix, and the autocorrelation 
between the model parameters, as well as the input data in the probability distributions used as 
priors, are proposed as a solution to problems of identification of direct and indirect causes in 
hydrological processes to understand how they influence the results posteriorly.
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