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ABSTRACT
The complete and exact solution of the scattering of a TE mode frequency domain electromagnetic
plane wave by a vertical dike under a conductive overburden has been established. An integral
representation composed of one-sided Fourier transforms describes the scattered electric field
components in each one of the five media: air, overburden, dike, and the country rocks on both sides
of the dike. The determination of the terms of the series that represents the spectral components
of the Fourier integrals requires the numerical inversion of a sparse matrix, and the method of
successive approaches. The zero-order term of the series representation for the spectral components
of the overburden, for given values of the electrical and geometrical parameters of the model,
has been computed. This result allowed to determine an approximate value of the variation of
the electric field on the top of the overburden in the direction perpendicular to the strike of the
dike. The results demonstrate the efficiency of this forward electromagnetic modeling, and are
fundamental for the interpretation of VLF and Magnetotelluric data.
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INTRODUCTION

Electromagnetic (EM) wave propagation and EM geophysical methods are employed in mineral,
groundwater and petroleum exploration, in shallow geotechnical investigation, or in related sub-
jects such as Global Positioning System (GPS). They are based on the distribution of the EM field
components in the ground induced by natural or man-made EM source fields. The electromagnetic
description of a medium similar to the earth’s crust consists in the determination of the electromag-
netic parameters of the medium from the knowledge of the distribution of the components of the
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EM field inside it. Maxwell's and the constitutive equations provide the means for relating those
field components and the electromagnetic parameters. Among the electromagnetic parameters the
conductivity is the most diagnostic for the rocks of the crust. The analysis of the overall distribution
of the charges, the electric currents, and the field components is in general very difficult because of
complex geological structures. Therefore there are many unsolved problems related to Maxwell’s
equation demanding advanced research.

The investigation of the scattering of EM plane waves caused by lateral variation of the proper-
ties of the rocks is fundamental for the success of geophysical exploration. (Sommerfeld 1896) and
(Wiener and Hopf 1931) employed different techniques to solve the problem of the scattering of
EM plane waves in a perfectly conductive half-plane. The need for investigating three-dimensional
problems, with a relatively small computation time, led to the development of several algorithms
of numerical modelling (Gupta et al. 1987), (Livelybrooks 1993), (Avdeev et al. 1997), and (Zh-
danov et al. 1997). Some are flexible, and either compute the wave field at non-uniform sampling
intervals, or evaluate the derivatives with unequal deggrees of precision. Others excite the system
from different functions, or restrict the information at the boundaries. All of them compromise the
accuracy of the final result.

Presently there are very few options available in the literature of EM models obtained an-
alytically. Generally the analytical solutions are related to one-dimensional models of the earth
or simple structures as hemispheres or outcropping faults. The exact analytical solution of the
scattering of a TE mode EM plane wave by an outcropping vertical fault in the frequency domain
was done by (Sampaio and Fokkema 1992). Subsequently (Sampaio and Popov 1997) developed
the correspondent analytical solution in the time domain for the zero-order term.

We present the basic formulation and the analytical solution of the scattering of a TE mode
EM plane wave in the frequency domain by the following earth model: a vertical dike between two
guarter-spaces and covered by an overburden. A preliminary version of this investigation has been
presented by (Batista and Sampaio 1999). The analytical tools developed here will also be useful
as a check of the efficiency of the numerical techniques of forward and inverse modelling.

FORMULATION OF THE PROBLEM
THE WAVE EQUATION

The application of the concept of an EM plane wave to geophysical problems was proposed orig-
inally by (Tikhonov 1950) and by (Cagniard 1953) for the study of the magnetotelluric method.
We will follow this concept for the configuration of the primary field.

Let a TE mode EM plane wave, which propagates in the positidieection, be scattered by
a geological structure consisting of a buried vertical dike as depicted in Figure 1. The horizontal
layer thickness i, its electrical conductivity ig1, and it is in contact along the plane= 0 with
an infinitely resistive half-space (< 0). The vertical dike presents an electrical conductivify
and it is laterally limited by two vertical half-planes= —a andx = +a. The two quarter-spaces
have, respectively, conductivity for x < —a and conductivitys, parax > +a. The horizontal
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layer is in contact with both the dike and the two quarter-spaces along the horizontal ptané.

=Y

Fig. 1— Representation of the physical and geometrical properties of the buried
vertical dike model.

For the TE mode the electric vector is always along thdirection, and for the described
model the total electrical conductivity presents a constant and finite value in each medium. So the
problem consists in finding the solution for the two-dimensional homogeneous Helmholtz wave
eqguation in each medium:

9%E,  0%E,
0x?2 dz2

+ ksEn = 0 n= Oa 1’ 25 37 4a (1)

where:

e k, = /—iwuo(o, + iweg), is the propagation constant in each mediumis the angular
frequencyyuo andeg are the free-space values of, respectively, the magnetic permeability and
the dielectric permittivity; and, is the conductivity.

» E, represents the component of the electric field vector.

o]

E,=Ex,z,0) = / ey(x,z,t)e ' dt.

—00

REPRESENTATION OF THE FIELDS

The solutions of the differential equation in each medium are as follows (Figure 2):
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1. For—co <z <0:

oo
Eoo = E'+ E{fz + / [fo,zeuox coSwz) + go.2e"* Cos(ax)] da; (2)
0

3

Eos = E'+Ef;+ / [(fozae™ + fozpe"®) cosaz) + gose"® cosax)]|de;  (3)
0
o0

Eos = E'+E{, + / [ fo.ae """ coSaz) + go.4¢"* cogax)] da. (4)
0

2. ForO< z < h:

E1p = Ej,+Ef,+ / f12¢" coS@z) + (gr20€ " + g1.25€"*) cOYax) | da;  (5)

o
3

Ei3 = E§3+Efg+/
0

(81.30€ " + g13p€"¥) cOax)]| do; (6)

[e.e]

[
[(frzae ™™™ + f13pe™™) codaz)+
[

Ei4 = Ea4+Ef4+/

frae™"* coSaz) + (graae” " + grape"*?) coSax)]|da.  (7)
0

3. Forh <z < o0:

E, = EJ+ / [fze”” coqwz) + gre “¥ COS(ax)] da; (8)
0

Es = Ej+ / [(fane 3" + fape"®") cogaz) + gse “* codax)]|da; )
0

E, = Ej —I—/ [f4e_“4x coSwz) + gae” ¥ Cos(ax)] da. (20)
0

Where: E! = ¢~ represents the incident field far< 0; Ef; = Ro ', Ro ; are the
free-space reflection coefficient8 ; = To je™"%, Tp; are the transmission coefficients from
the free-space into the horizontal layéy ;= Ry jefG=h "R, i are the reflection coefficients
for the horizontal layer relative to medium 2, 3 and 4 respectivE;SI;: Tl,je—"kf(z—m, Ty ; are
the transmission coefficients from the horizontal layer into medium 2, 3 e 4 respectively; and
u, = /a? — k2, represents the wave number in the transformed space.

BouNDARY CONDITIONS

To solve the problem it is necessary to find the 24 spectral compoyientse 2, fo.34, fo.38, 0.3,

fo.a: 80,4, f12, 81,24, 81,28+ f1,34: f1.38: 8134, 81,38, fL4) 81,44, 8148, [2, &2, faa, fa, &3, fa, and
g4, employing the pertinent boundary conditions.

. 0E;; . 0E, ; . . .

l; I|mA p Jo=, Ilmka—”+1 and Eij = Enj+1, in thex direction;
xX— X xX— X N
. E[ j . aE}n / . . .

I; lim 3 Jo= 7, lim a—’“ and Ei; = En 1, in the z direction.
=y Z =Y Z
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Fig. 2 — Representation of the incident field components and of the electric field in each medium.

The weighing factof, is the inverse of impedance per unit length in each mediug;+a; and
y =0o0rh.

Substituting Equations (2)—(10) in the boundary conditions and putting in the left hand side
only the terms that are function either of ¢@s) or of coguz), we obtain the following system of
twenty four integral equations in twenty four unknowns — the spectral components:

o
/ o [¢7" fo2 + € foza — e ™" fo3p] cOLaz)da
0

o0
= / [—e”ozgo,z + euozgo,g] a Sin(aa)da (12)
0

00
/ [efuoa fO,Z _ ptoa fO,3A — efuoaf0,33] COiOlZ)da
0

o0
= / [—€“g02 + €"%go 3] COSaa)da + e O (E3 — Ej) + ¢*(Ros — Rop)  (12)
0

o
/ o [_eiuoa foza + €% fozp + e f0,4] coduz)do
0

= / [e”01g0,3 — e”ozgo’4] a sin(ea)da (13)
0
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o0
/ [e7 fozn + € fozs — "% fo.4] COSaz)da
0

o0
= / [—¢“““g0.3 + €% go.4] COLaa)da + e % (E4 — Es)
0

+ " (Ro4 — Ro23)

o
/ ur[e7 fro + € frzq — e f13p] cOSaz)da
0

o0
= / [—e 78124 — € g125 + € " g1 34 + "V g1 35| @ SiN(a)da
0

o
/ [e7 fr2 — " frza — €7 f135] COSaz)da
0

o0
= / [—e " g124 — €7 8125 + € Vg1 34 + €Y g1 35 ] COLa)dar
0

+ M (To3 — Top) + e ™ME(Ry 3 — Ry )

oo
/ Ui [_e_ulaflﬁA + " fi3p + e_ulaf1,4] coqwz)da
0

o0
= / [e7%g134 + €V 8135 — € Vg1 a4 — €V g1 48] @ SIN(@a)d
0

o0
/ [e7 fLaa + € frap — e f14] COSz)da
0

o0
= / [—e ™7 g134 — €7 8135 + € Y g14a + €Y g1 45| COSa)da
0

+ e (T4 — Toz) + e (R14 — Ry3)

o
/ [louze™2 fo + I3uze"™ fan — lauze " fp] coaz)da
0

o0
= / [—lze_“zzgz + lge_““gg] a sin(aa)da
0

0

o0
= / [—e_”zzgz + e_“3zg3] coSaa)do — e_’kZ(Z_h)Tl,z + e_’k?’(z_h)Tl,g
0
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o0
f [—lause ™ f3p + l3uze"™ fap + lause ™ f2] cotaz)da
0

o0
= / [lge_”?’zgg - l4e_”4zg4] o Sin(aa)da
0

00
f [e—ugaf3A + €3 fap — e—u4af4] coSaz)da
0

oo
= / [—e™¥ g3+ e " gq] cOSaa)da — e RNy 5 4 o7,
0

o
f [lotogo.2 + 1118124 — 11181 25| COSax)da
0

= iloko(E" — Ro2) — il1k1(To2 — e M Ry )

o
/ [02 — g1.24 — g1,28] COS@x)da
0

o
= f [_euoxfo,z + eulel,z] da — E' — Roo+ Too + ef’klth’z
0

o
/ﬁ [—liure ™ 124 + liuse* 8125 + louze™?" go] coOgax)dex
0

= f [118“” fr2 + lpe"® fz] a sin(ah)do
0

— ilik1(e ™" Ty — Ry2) + ilokaTi o

o
f [e7" g104 + € g1 05 — €% g5] COLarx)dex
0

o0
= / [—e“ f12 — 2" fo] coSah)da — €™ Ty — Ry2 + Ti2
0

o
f [lotogo.s + 18134 — l1u1g1 35| COSax)dor
0

= iloko(E" — Ro3) — il1k1(Toz — e """ Ry 3)

o
/ [g0.3 — g1.34 — g1.35] COLax)da
0

o0
= f [—e7" foza — € fozp + € " fuza + € fizp]da
0

195

(21)

(22)

(23)

(24)

(25)

(26)

(27)
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— E' — Roz+ Toz+e ™Ry 3 (28)

o
/ [—liure ™ g134 + laure* g1 35 + lquze ™" g3] coSlax)da
0

o0
= / [l1e™Y fraa + le"™ frap — lse "3 fan — I3¢"3* fap] o Sin(ah)do
0

+ iliky(Toz — e ™" Ry 3) + ilskze™ Ty 5 (29)

o
/ [e7“ g134 + € g1 35 — €73 g3] cOLarx)dx
0

o0
= / [_e_ulel,SA o eulel,SB + e—u3xf3A + eugxfsB] cosah)da
0

— e ™Mo — Riz+ Ths (30)

o
/ [lotogo.a + 1118144 — U181 45| COSax)da
0

= iloko(E" — Ro.4) — il1k1(Toq — e " Ry 4) (31)

o0
/ [80,4 — 81,44 — g1,43] coqux)do
0

o0
= / [—e™ foa+e ™ fra]da — E' — Roa+ Toa+e ™" Ry4 (32)
0

o0
/ [_llule_ulhglAA + liuge" g1 45 + l4u4€_"4h84] coSax)da
0

= / [lle_ulel,4 — [pe™" f4] a sin(ah)da + il1k1(To4 — e_iklthA)
0

+ il4k4eik4h T1’4 (33)

o0
/ [e7“ g14a + € g1 4p — 7" g4] cOLarx)dx
0

o0
= / [—e ™ fra+ e " falcoSah)da — e " Ty 4 — Ry 4 + Tra. (34)
0

It will prove to be useful to organize this system in a matrix form. Therefore, Equations (11)—(34)
can be rewritten in the following form:

fo W(@) - ¢ (@) costap)da = /O M(a: B) - dl@)da + Y (). (35)

Where: 8 = z, in Equations (11) to (22), o8 = x, in Equations (23) to (34)W(«a) is a
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pentadiagonal square matrix (2424), which contains the constant coefficients constituted by six
sparse submatrixes,

0
(W1)4><4 \
1
(W1)axa 0
W(p) = (W2)ax4a
= W2
(W3)axa
3
0 (W3)axa
Do )
(W3)axa ) 54 04
,—uja —uja . ,—uid
uje "¢ uje " uje " 0
—uija —uja —uj a
e i —e Y —e 4 0
J ;—
Wl - uja uja —u;a J = 0,1,
0 —uje J uje J uje J
O e—uja eLlja _e—uja
louye™424 l3uze"3? —l3uze 3¢ 0
W e lt2a _pltsa _eU3a 0
2 = _ _ _
0 —l3u3e i3a lguge usa l4u4e uaa ’
0 e ltsa plt3a s
louo llul —llul 0
W, = ! ! ! 0 i=234
3 = —u1h uih —uih ’ -/
0 —luqe liuqe liuje "
0 efulh eulh _efu,-h

M («; B) is a sparse square matrix (2424), formed by six sparse submatrixes,

(0 (Mo)axo 0 )
0 (M1)4x10
M (@: ) = 0 (M2)axg
(M3)axo 0
(M4)ax10 0
0 (Ms)axo 0 24
—¢"5 0 0 0 ¢S 0 0 0 0
Mo = —e"tC* 0 0 0 e:Cc* 0 0 O 0
0 0 0 0 e*§% 0 0 0 —ettor§? '
0 00 0 —C* 0 0 0 —e"iCe
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—eTHZgA  _puizga (Q (Q eMzga  gu1zgd Q0 Q 0 0
My — —eTHICA  _eMZCE 0 Q  eTHECT  ¢MECT 0 0 0 0 ’
0 0 0 0 I8¢  plazga Q0 —e M1T5E  _pt1zga
0 0 0 0 —eMzCae _pMizca (0 0 e~ M1z (4 eMzca
—le™22§4 0 0 0 lze™s* 0 0 O 0
M, = —e™22C¢ 0 0 0 emCc* 0 0 O 0 ’
0 0O O 0 [ge7™5§% 0 0 0 —lyet4x8e
0 0 0 0 —™C* 0 0 0 e (e
5O 0 0O —50 0 0O 0
Mg — —e*C% 0 0 0 e*Cc° 0 0 O 0
0 0 0 0 l1e*S" 0 0 0 —le2*s" |’
0 0 0 0 —e*C" 0 0 0 e"2*Ch
50 50 00 50 -s? 00 0 0
Ma— —e7uorc0  _euorc0 0 0 7 C0  xc® 0 0 0 0
0 0 0 0 le™1*§" Jie"*Sh 0 0 —lge "3 Sh  —[gets¥sh |’
0 0 0 0 —e*Ch _euxch Q0 0 e #¥Ch en3x Ch
—50 0 0O SO 0 0O 0
— 50 0 0O SO 0 0O 0
Ms=] —eC® 0 0 0 e™C% 0 0 O 0
0 0 0 0 lie™*Sh 0 0 O —lpearsh
0 0 0 0 —e™*C" 0 0 0 e rCh

Where: S/ = o sin(ej) andC’/ = coSwj), j = a, h or 0; ¢ («) is a vector with 24 positions that
represents the spectral components;anl) is a sparse vector, which represents the independent
constants.
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Joz2 0
Jo.3a —e o (Ef, — Ef 5) — € (Ro2 — Ro3)
fo3s 0
foa —e M(Ef 3 — E§ ;) — €™ (Ro3 — Ro.)
J12 0
J1.34 —e M3 (Ty o — Toz) — €M (Ry o — Ry3)
f138 0
J1a —e (T3 — To ) — €M (Ry3 — R1a)
J2 0
f3a —e RGN, 5 4 emiksGINT, 4
f3 0
¢ = Ja ; YB)=| . —e*ik3(th)T1’3. - e*ik4(2*h>le4
80,2 iloko(E§ 5 — Ro2) — il1ka(Toz — e ™" Ry 5)
80,3 —E{,— Ro2+ To2+ e ™"Ry
80.4 iliky(Top — e ™" Ry 5) — ilokyTh 2
81.24 —e Moo — Rip+ T
81,28 iloko(E{ 5 — Ro3) — ilik1(Toz — e " Ry 3)
81,34 —E§3—Roz+ Toz+e "Ry
81.38 iliki(Toz — e ™" Ry 3) — ilsksTv3
81.44 —e Ty 3 — Riz+ Tis
81.48 iloko(E{ 4 — Roa) — ilak1(Tos — e " Ry 4)
g2 —E{4— Ros+ Toa+e ™Ry
g3 iliky(Toa — e ™" Ry 4) — ilzksTr 4
g4 —e M Toa— Ria+ Tia

DETERMINATION OF THE SPECTRAL COMPONENTS

Applying the inverse cosine Fourier transfoffi1}(8 — «) in Equation (35), we obtain:

« Left Hand Side,

Fl ( /O " W) ¢ COS(aﬁ)da) = W(@) - ¢(e); (36)

» Right Hand Side,

00 2 o _
i (fo M(a;ﬁ>-¢(a)da+v<ﬂ>) - ;(/ M (i §) - § () +y<a>). (37)

0
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Where:
0 (M&)axo 0
0 (M9)ax10
_ M%)
M = - 0 (M%) ax9
(M3)ax9 0
(M%)ax10 0
0 (M%) axo 0 2424
S 000 -5 000 O
g _ |cooo0o-cgooo o
"l o oo0oo0-sc 000 s¢ |
0 000 C& 000 —C¢
~S¢ S8 00 S& —S 00 0 O
. _ | ¢t ctoo0o ¢ —cgo0 0 o0
! 0O 0 00 S -85 00 —s5¢ s¢ |
0 0 00 -C{f Cf 00 C&@ —C¢
—,SS 0 0 0 1382 000 O
g, _ | ¢ 000 cg o000 o
27 0 00 0 /5S¢ 00 0 —8¢ |
0 000 -C{&0O0O0 Cf
2000 -2 000 O
. 000 -C000 O
* 0 00O0KHS" 00 0 Lst |
0 000 C' 000 —Cl
~s2 200 S -2 00 0O O
M. — -c§ ¢ 00 ¢ -c? o0 O 0
4 0 0 0 0 iS' —uS" 0 0 —Izst st |
0O 0 0O0-ct ci 00 ct -cCi
~$2 000 £ 000 O
. _ | 8000 g ooo o
> 0 00 0 LS" 0 0 0 —LS!
O 000-Cctoo0oO0 CcCl

For
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- %s Sin(&j);
C Fu) .
. C) = WCOS@])-

Forj =a,hor0Oandn =1, 2,3 and 4.

0
—2k0 - (Ro — Ro3)
T(@?—id)
0
—2k0 - (Ro3 — Ro.4)
7 (ac—kg)
0
—ﬂ(jélilkf) [(To2 — To3) — (Ri2 — Rig)e "]
0
—,,(jgk_lk%) [(To3 — To.4) — (Ri,3 — Ria)e "]
0
i eik h i eik h
- 5(222—155) T2+ 3(1;32—1(35) s
0
i eik h i eik h
y(a) = _5(];32—133) s+ :(l;g_é) T4
0
0
0
0
0
0
0
0
0
0
0
0
From Equations (36) and (37) we obtain,
W@ - p@ =y@ + [ M e)peds (38)
0
Multiplying Equation (38) byW ~*(«), we obtain,
b =v@+ [ K@ soeue. (39)
0
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Notice thatW—(«) represents the inverse matrix, obtained by a straightforward operation;
V() = W) - y(a) represents the vector of the independent constants;Kandé) =
W-L(a) - M (a; £) is a sparse square matrix, denominated nucleus matrix.

The integral equations of the system (39) are classified as Fredholm singular integral equations
ofthe second kind. Theregular paj@>O K(a; £)¢ (§)d§ isaRiemannimproper integral, possessing
a finite value. So, the solution of the equation (39) can be obtained employing the method of
successive approximations (Kondo 1991):

6@ = 3 Adule) = V@) + Kia: §) + K2@: &) + ...
m=0

(40)
+ K" Y@ £)) 0 Yr(@) + K" (@3 §) 0 Y (),
because
$o(@) = Ao(@) = Y (), (41)
and
st = | " K (@ £0) AdolEodéo (42)
8@ = [ K@i gy ndgnon. [ Ko Adoledso (43)

Where:K"(a: £) = K(a: &) o K'Y(a: &), forn > 1, andKX(a: &) = K (a: &).

The elements of the vectagr, (o) are the spectral components used to calculate the scattered
electric field in the nine domains of the model under study.

It is sufficient the series (40) be convergent in order for

lim ¢, (@) = 0(w). (44)

A necessary but not sufficient condition for the convergence of the series is that
lim,,_ o A¢, () = 0. (Sampaio and Fokkema 1992) verified numerically that the terms of the
series decrease and the series remains bounded for up to five terms for the model of a vertical fault,
and we expect the model of the buried dike to present a similar behavior. However the rigorous
proof of the convergence of the series is a difficult mathematical problem and we lack such a proof.

NUMERICAL RESULTS
Basic CONCEPTS

The values of frequency and the values of the earth’s crust conductivity employed in geophysics
are such that the modulus of the constant of propagation of the subsurface is always much larger
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than the modulus of the constant of propagation of the air. In the present case this implies that
lk.| > |ko|, forn = 1, 2, 3, 4. Therefore the reflection and transmission coefficients assume the
following values:

R, -Ti—1 R si—1
Oyl_rj—f—l’ 1’J_rj+1j’
Sj+1 2.5'/'

0,j l’j+1] 1j rj—l-lj

I kolky + kjtgh(ikih)]
7 kalk; + katgh(ikih)]’
S = kl'
J kj’

2r; .
VT At ey 4 (1= eikah)’

wherer is the overburden thickness.

COMPUTATION OF THE SPECTRAL COMPONENTS

Due to the fast convergence of the terms of the series, we will compute only the first term of the
series (zero-order term), employing Equation (41). With the simplification of the series the original
system reduces to a sparse system of 12 linear equations in 12 unknowns.

W(a) - ¢ (o) = y(@). (45)

The solution of the system of equations (45) is relatively simple, because its matrix is sparse,
pentadiagonal, and contains only threg 4 independent submatrixes.

GRAPHICAL REPRESENTATION OF THE SPECTRAL COMPONENTS

The convergence of the spectral components can be verified through a graphical analysis from the
behaviour of each element of the vectpias a function of the integration varialkde In order

to do that we applied the zero-order solution to the following model of the earth: a vertical dike
of width 2a = 0.5|k3|] and conductivityoz = 0.1 S/m, immersed between two quarter-spaces

of conductivitieso, = 0.01 S/m ando, = 0.005 S/m, and covered by a horizontal layer of
conductivityo; = 0.055/m and thicknesg = 0.01|k3|.

Figure (3) displays the variation of the real and the imaginary parts of the spectral components
on the surface of the earth. They are the kernels of the equations that represent the electric field on
the top of the overburden.

Figure (3) displays the convergence of the spectral components relative to the integration
variable. All the components of the vecigir) have a similar behaviour: they start at a finite value
for o = 0, asa increases they pass by a maximum or a minimum value, and rapidly decay to zero
asa — +o00. This demonstrates the convergence of the sequgde Therefore the integrals
converge and the computation is performed with a good accuracy.
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Fig. 3 — Variation of the real and the imaginary parts of the spectral components as a function of the normalized

integration variable.

COMPUTATION AND REPRESENTATION OF THE NORMALIZED ELECTRIC FIELD

After the determination of the spectral components and the check of the convergence of the integrals
we computed the normalized electric field, Hlea?/lLo’ at the surface of the earth for the proposed
dike model, employing Equations (5), (6) and (7). We employed different geoelectric parameters
to simulate distinct models.

Figure (4) displays the variation of the real and the imaginary parts of the normalized electric
field onz = 0 as a function ofks|x, for the vertical dike model with the following parameters:
variable dike width 2 and overburden thickne#s o1 = 0.05 S/m; 0, = 04 = 0.005S/m; and
o3 = 0.1 S/m. The electric field has been computed for the following values,6£ 2a/h: 1; 5;

10; 50; and 200.
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Fig. 4 — Variation of the real and the imaginary parts of the scattered electric field as a function of the wave number
|k3|x, onz = 0, where:o1 = 0.055/m; 02 = 04 = 0.005S/m; 03 = 0.1 §/m; and given values of; = Zh—“

Figure (4) shows that ag{ — o0) the contacts between the dike and the surrounding rocks
are very well defined dit| = a. In the limit the model becomes that of an outcropping dike. On
the other hand, ag; — 0, which in the limit means either an infinite thickness of the overburden
or a zero width of the dike, the same contacts become, as expected, progressively not well defined.
Figure (5) displays the variation of the real and the imaginary parts of the normalized electric
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field onz = 0 as a function ofks|x, for the vertical dike model with the following parameters:
variable conductivity of the surrounding rocks and the dikes= 0.05 S/m; overburden thickness
such that: = 0.02|k3|; and width of the dike such that:2= 0.4|k3|. The electric field has been
computed for the following values ¢f, = o3/0%: 0.1; 1; 10; 100; and 1000.
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Fig. 5 — Variation of the real and the imaginary parts of the scattered electric field-0@ as a function of the wave

numberlks|x, where:oq = 0.05S/m; h = 0.02/k3|; 2a = 0.4|k3|; and given values gp, = g—g

We observe in Figure (5) that, as expected, the behaviour of the curves fer0.1 is the
opposite to the curves for, > 1. The real part curves fgr, > 1 reach a maximum value at= 0
and have an inflection point &t| = a. For p, = 0.1 these curves reach a minimunwxat 0 and
they also have an inflection pointjat = a. The behaviour of the imaginary curves is exactly the
opposed.

Figure (6) displays the variation of the real and the imaginary parts of the normalized electric
field onz = 0 as a function ofks|x, for the vertical dike model with the following parameters:
variable conductivity of the overburden and the dike; overburden thickness suéhth@02|k3];
dike width such that 2 = 0.4|k3|; ando, = o4 = 0.0005S/m. The electric field has been
computed for the following values gf; = o3/07: 0.1; 0.4; 1; 10; and 100.
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Fig. 6 — Variation of the real and the imaginary parts of the scattered electric field=00 as a function of the wave
numberlkz|x, where:oo = o4 = 0.0005S/m; 2a = 0.4|k3|; h = 0.02/k3|; and given values gp3 = g—i

We observe that in the real part curves the contacts between the dike and the surrounding rocks
are well defined fops > 1, whereas for an overburden more conductive than the dike they are not.
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However this distinction does not happen in the imaginary part curves. For them the contacts are
always well defined. The maximum value is observed at O for p3 > 1, whereas fopz < 0.1
the position of the maximum is not well defined.

CONCLUSION

The complete and exact algebraic solution of the scattering of a monochromatic EM plane wave, for
the case of a vertical dike immersed in two quarter-spaces and overlaid by a horizontal layer, was
determined. As afirst step, zero-order terms of the series representation of the spectral components
were selected to compute an approximate value of the electric field above the vertical dike.

The results of the modeling show that: 1) for the outcropping dike;> 0, the contacts
between the dike and the surrounding rocks are very well defined; 2) for a large thickness of the
overburdenk — oo, the contacts between the dike and the quarter-spaces are not defined; 3) when
the conductivity of the overburden is much larger than the conductivity of the dike; > o3,
it is not possible to define the contacts between the dike and the surrounding rocks employing the
real component of the electric field, but the contacts are defined through the imaginary component.

The results show the precision of the zero-order terms in the calculation of the secondary
electric field. So they can be used in the computation to substitute other technigues with advantage.
Therefore the expressions of the analytical solution of the electric field are fundamental for the
interpretation of magnetotelluric, or VLF (Very Low Frequency) data, associated to the geophysical
exploration.
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RESUMO

Estabelecemos a solucao exata e completa do espalhamento de uma onda plana eletromagnética no dominio
da freqiiéncia e no modo elétrico transverso por um dique vertical soterrado por uma camada condutora.
Uma representacao integral composta de transformadas unilaterais de Fourier descreve os componentes
do campo elétrico espalhado em cada um dos cinco meios: ar, cobertura, dique e as rochas encaixantes
de cada lado do dique. A determinagcdo dos termos da série que representa 0s componentes espectrais
das integrais de Fourier requer a inversdo numeérica de uma matrizespammétodo das aproximacdes
sucessivas. Calculamos o termo de ordem zero da série para 0s componentes espectrais da camada de
cobertura, para valores especificados dos par@metros geométricos e elétricos do modelo. Este resultado
permitiu determinar um valor aproximado da variagdo do campo elétrico no contato enee@@amada

de cobertura em uma direcdo perpendicular ao trago do dique. Os resultados demonstram a eficiéncia desta
modelagem eletromagnética direta, e sdo fundamentais para a interpretagcdo de levantamentos geofisicos
com os métodos VLF e Magnetoteldrico.
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