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Abstract:

The determination of the position and velocity of the GLONASS user’s begins with the GLONASS satellite’s orbit
computation. In this paper, using the positions and velocities of GLONASS satellites given in the broadcast ephemerides
file every 30 minutes as initial conditions, we study the effect of the order and the step size in the integration of the
differential equation of satellite motion by the Runge-Kutta method to get the positions and velocities of GLONASS
satellites at any time. This method consists of several orders, including order four recommended in the GLONASS
Interface Control Document; order five; and order four and five. These three orders are tested in this study using two
distinct step sizes (1 sec and 0.5 sec). In terms of the differences obtained between the forward (+15 min) and the
backward (-15 min) integration processes and the runtime, order four is the most suitable for the determination of
GLONASS orbits compared to the other orders employed in this study. The data used is the positions, velocities, and
luni-solar acceleration of all GLONNAS satellites on April 20, 2021, given in the broadcast ephemerides file.
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1. Introduction

The acronym GLONASS stands for Globalnaya Navigazionnaya Sputnikovaya Sistema, meaning Global
Navigation Satellite System. It is the Russian equivalent to the American Global Positioning System (GPS), created by
the former Soviet Union and presently operated by the Russian Space Forces (Dach et al. 2015). The first GLONASS
satellite was launched in 1982 (Hofmann-Wellenhof et al. 2008, Jeffrey et al. 2023). In 1993, the system was formally
declared operational, and in 1995, it was brought to a fully operational constellation (24 GLONASS satellites of the
first generation) (GLONASS 2023).

Like GPS, GLONASS is a radio-based satellite navigation system that provides users worldwide with free, real-
time positioning (P), navigation (N), and timing (T) services in a global geodetic reference system known under
the name PZ-90 Parametri Zemli, or Parameters of the Earth (Dach et al. 2015; ESA 2011; Revnivykh 2009). The
PZ-90 is the system similar to the WGS84 (World Geodetic System) used as the nominal reference for the GLONASS
navigation system (Kang et al. 2002). The main parameters of the PZ-90 system are given in ICD-GLONASS (2016)
and Rossbach (2000).

To enable full global coverage, the GLONASS space segment was planned to contain at least 24 satellites
equally distributed in three orbital planes, with eight satellites per plane. The GLONASS constellation satellites are
placed into nominally circular orbits with target inclinations of 64.8 degrees and an orbital radius of about 25510 km
(Leick 2004; Revnivykh 2009; Thirsk 2015). Each GLONASS satellite completes the orbit in approximately 11 hours 15
minutes 44 seconds, repeating the geometry every eight sidereal days (Dawidowicz et al. 2015).

Each GLONASS satellite transmits a navigation message that contains the positions and velocities of all
GLONASS satellites every 30 minutes in the PZ-90 system (Dach et al. 2015; Revnivykh 2009). This information is
an important parameter in the determination of the user’s position using the trilateration principle (Hofmann-
Wellenhof et al. 2008).

Since the launch of the first GLONASS satellite, navigation signals have changed significantly. Traditionally,
GLONASS satellites transmit navigational signals on two frequency sub-bands, L1 ~ 1602 MHz and L2 ~ 1246 MHz,
relying on the Frequency Division Multiple Access (FDMA) technique (Dawidowicz et al. 2015). This is a different
technique from the Code Division Multiple Access (CDMA) used by GPS and the other GNSS constellations (Jeffrey
et al. 2023). The new K-GLONASS satellites were developed to broadcast new signals in the L3~1202.025 MHz band,
relying on the CDMA and FDMA techniques (GLONASS 2023).

The motion of GLONASS satellites orbiting around the Earth is described by differential equations of second
order (Medjahed et al. 2021); this equation can be solved numerically by the Runge-Kutta integration method
recommended in the GLONASS Interface Control Document (ICD-GLONASS 2016, Géral and Skorupa 2015). The
ICD-GLONASS is a technical document established by the Coordination Scientific Information Center that gives
information about the GLONASS system and specifies parameters of the interface between the GLONASS space
segment and the user equipment (Hofmann-Wellenhof et al. 2008; Leick 2004).

Determining the position of a GLONASS user’s begins with determining the position of at least four satellites in
orbit. In effect, the broadcast ephemerides are transmitted at 30-minute intervals. The integration of the differential
equation of GLONASS satellite motion using the Runge-Kutta method permits determining at any given time the
GLONASS satellite’s position and velocity.

The main objective of this paper is the study of the order and integration step size effect on the position and
velocity of GLONASS satellites computed by the Runge-Kutta method and, consequently, on the GLONASS user’s position.

Three different orders of the Runge-Kutta (RK) method were used in this study: order four (RK04); order five
(RKO5); and order four and five (RK45), and two different step sizes: 1 sec and 0.5 sec, to compute the position and
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velocity of GLONASS satellites. The runtime or execution time of the scripts (programs) developed in this study is an
important factor to take into consideration in the evaluation of the results.

The rest of this paper is organized as follows: In Section 2, the differential equation of GLONASS satellite
motion is given, and we present in this section the principle of the Runge-Kutta integration method and the different
orders of the Runge-Kutta method used in this study. Section 03 is divided into three sub-sections reserved for the
description of the methodology followed in this study and the application, as follows:

Firstly, in Section 3.1, we present the broadcast ephemeris files (data used), the GLONASS satellites in the
PZ90-ECEF (Earth-Centered Earth-Fixed) and the transformation from ECEF to the ECI (Earth-Centered Inertial)
reference frame.

Secondly, in Section 3.2, we present the forward and backward integration processes used in this study.

Thirdly, in Section 3.3, we present the statistical analysis and discussions of the application results based on
the differences between the forward and backward integration processes. The runtime of all programs is given in
the form of graphs and discussions. Finally, a summary of conclusions is given.

2. Runge-Kutta Integration of GLONASS Orbits

The orbital motion of a satellite is a result of the Earth’s gravitational attraction; mathematically, the equation
of the satellite’s motion is a differential equation of second order given in (Leick 2004; Lin et al. 2009; Son et al.
2019) by Equation (1):

Ve =X, (1-my) X wiX 42w, Vy 7, i
7, =Y -1, (1-n;) Y+ WY -2w Vx +y, ¢ (1)
V. =NZ-n, (3_n3)Z+YZ-LS

In Equation (1), we have the following notation:

n = GM/7”3, G is the gravitational constant, M is the mass of Earth and r is the orbital radius
n,= (3/2)‘]2GMa2 /1>, J,is the second order of the harmonic coefficient and a is the equatorial radius.

Ns =5Z2 /1‘2’ w, is the rotation rate of Earth, (¥,¥,Y,) are the accelerations of satellites, (X,¥Z) are
the coordinates of satellites, (Vx Vy) are the velocities of satellites and (¥,..9¥,.1.5¥..s) are the luni-solar
accelerations (sun and moon perturbations).

The constants GM, J,, a and w, are given in the ICD-GLONASS (2016), Son et al. (2019) and Rossbach (2000)
documents.

To determine the position (Y) and velocity (V) vectors of a GLONASS satellite at time (Tc) as given in Figure 4,
we solved the differential Equation (1) of a second-order transformed to a first-order given in (ICD-GLONASS 2016;
Rossbach 2000; Subirana et al. 2013) by:
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d_X:Vx
t
dYy
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dv;
Ty =-n,Y -1, (1'n3)Y+W§Y_2WcVX+yY'LS
dVz
T: n,Z-n, (3'n3)Z+YZ-LS

There are many numerical methods used for the integration of the Equation (2); the Runge-Kutta method
has been designed to solve first-order differential equations (Es-hagh 2005). This method (the R-K method) was
developed around 1900 by the German mathematicians Carl Runge (1856-1927) and Martin Wilhlem Kutta
(1867—-1944) in the context of the resolution of differential equations in the field of atomic spectra (Arora et al.
2020; Vallado 2013). With the numerical development, other special and modified Runge Kutte methods were
developed, such as R-K order three and four proposed by Abebe and Gustaf; R-K Fehlberg; R-K order four and five
developed by Dormand and Prince and the R-K Merson (Arora et al. 2020; Bradley 2015; Vallado 2013).

The principle of the R-K method consists in the computation of the approximate value of (Y,,;) from the
previous value of (Y;) (Medjahed et al. 2021). This integration method is efficient, accurate, relatively simple, and
easy to implement in programming software such as MATLAB; the integration step size can be easily changed (Son et
al. 2019). The disadvantages of this method include the numerical errors, the instability in solving some problems,
the computation time, and the convergence difficulties.

In this study, Equation (2) is solved using the following orders of the R-K method (Arora et al. 2020; Dormand
and Prince 1980; Es-hagh 2005; Lin et al. 2009):

1. The R-K Method’s Fourth Order (RK04)

Y., =Y +(K +2K, +2K,+K,)/6

i+l

K, =f(t,.Y,)

K,=f(t,+h/2,Y, +hK,/2) (3)
K,=f(t,+h/2,Y, +hK,/2)

K,=f(t,,Y, +/K,)
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2. The R-K Method’s Fifth Order (RKO05)
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3. The R-K Method’s Four and Five Order (RK45):
Y., =Y +(35K,/384+500K, /1113+125K, /192 -2187K / 6784+ 11K / 84)
K, =f(X,.Y,)
,=f(X,+h/5Y, +hK, /5)
,=f(X, +3h/10,Y, +3hK, /40+9hK, / 40)

K
K, =
K, = f(X +4h/5,Y, +44hK, /45-56hK, /15+32hK, /9) (5)

c o[ % +8h/9,Yn+19732hK1/6561-25360hK2/2187j
’ +64448hK, / 6561-212hK , / 729

K ot (xn +h,Y, +9017hK, /3168-355hK, /33+46732hK, /5247]
¢ +49hK, /176-5103hK /18656

The R-K method order four and five (RK45) is available in MATLAB, where it is known as ODE45, Ordinary
Differential Equation (Bradley 2015; Lin et al. 2009).

3. GLONASS Orbits Computation: Methodology and Application

3.1 Data Used in GLONASS Satellite Computation

The broadcast ephemeris are part of the navigation message (Hofmann-Wellenhof et al. 2008). The orbital
information of GLONASS satellites is provided in the form of position, velocity, and luni-solar acceleration every
30 minutes in RINEX (Receiver Independent Exchange) format (Gdral and Skorupa 2015; Kang et al. 2002; Krzyzek
and Skorupa 2015). The description of the broadcast ephemeris files is given in Gurtner (2007) and Subirana et al.
(2013). In Table 1, we present an example of the broadcast ephemerides of GLONASS satellite number 9.
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Table 1: Broadcast ephemeris of GLONASS satellite number 9. (April 20, 2021, at 13.45 p.m.)

Parameters Description Value Unit
Toe Time of ephemeris 49500 sec
X X-Satellite Position -0.298314257812D+04 km
Y-Satellite Position 0.109017329102D+05 km
z Z-Satellite Position -0.228514213867D+05 km
Vx X-Satellite Velocity -0.292448902130D+01 km/s
Vy Y-Satellite Velocity -0.111781024933D+01 km/s
Vz Z-Satellite Velocity -0.157857894897D+00 km/s
Yy X-Luni-Solar Acceleration -0.931322574616D-09 km/s2
Y, Y-Luni-Solar Acceleration -0.931322574616D-09 km/s2
Y, Z-Luni-Solar Acceleration 0.186264514923D-08 km/s2

The data used in this study is the broadcast ephemeris file downloaded from the International GNSS Service
(IGS 2021) and available in the Crustal Dynamics Data Information System (CDDIS 2021) database.

The broadcast orbits of all GLONASS satellites on April 20, 2021, as provided in the broadcast ephemerides
file, are shown in Figure 1.

Figure 1: GLONASS orbits in PZ90-ECEF reference frame.

The left figure shows all GLONASS satellites in the PZ90-ECEF reference frame (April 20, 2021), and the right
figure shows the orbits of GLONASS satellites numbers 1 (Plane 1), 9 (Plane Il) and 17 (Plane lll).

Figure 2 shows the broadcast orbits of GLONASS satellites on April 20, 2021, transformed from the ECEF to the
ECI frame by Equation (6) given in (ICD-GLONASS 2016; Krzyzek and Skorupa 2015; Subirana et al. 2013) by:
Boletim de Ciéncias Geodésicas, 30: e2024015, 2024
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X, =X cos0, - Ysinf

Y, =Xsinf_ +Y.cos

Za - Ze

Vi, =Vx,cos60 -Vysind -w.Y,

Vy, =Vxsinf _+Vyccosh +w.X, (6)
Vz. = Vz,

Yxa = V€080 -y, sinb

Yya = yxesmecc wLyyecoseGc

’YZa = Yze

Where X,, Y, Z,, Vx, W, Vz,V.» Vyo V. are the positions, velocities, and luni-solar accelerations of GLONASS
satellites and 6, is the sidereal time at epoch t given in the Appendix.

Figure 2: GLONASS orbits in ECI reference frame.

The left figure shows the GLONASS constellation (24 satellites) in the ECI reference frame (April 20, 2021), and
the right figure shows the orbits of GLONASS satellites numbers 1 (Plane ), 9 (Plane Il) and 17 (Plane IIl).

A satellite’s ground track is its orbit-projected perpendicular to the Earth’s surface; Figure 3 depicts the ground
track of GLONASS satellites on September 17, 2023 (GLONASS 2023).
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Source : https://glonass-iac.ru/en/map/.
Figure 3: GLOANSS ground tracks of satellites.

3.2 Integration Processes of GLONASS Orbits

In this study, the GLONASS broadcast orbits are computed by integration within an interval of £15 minutes
in the forward integration (+15 min) and backward integration (-15 min), as shown in Figure 4, using the data
(GLONASS broadcast ephemerides) presented above.

Figure 4: GLONASS orbits integration processes.

1 - In the forward integration process, the computation of Y = (X, Y, Z) and V = (Vx, VY, Vz) at time Tc = H: 30
min or Tc = H: 00 min from T,, with T,; < Tc.

2- In the backward integration process, the computation of Y = (X, Y, Z) and V = (Vx, Vly, Vz) at time Tc = H: 30
min or Tc = H: 00 min from T,, with T, < Tc.

The forward and backward integration processes are given in Kang et al. (2002), Medjahed et al., (2022), and
Rossbach (2000).

In the document ICD-GLONASS (2016), a simplified algorithm is given (Algorithm J-2, page 53), where the
luni-solar acceleration is considered constant on an interval of 15 min (ICD-GLONASS 2016, Leick 2004). It can also
be considered variable during the integration interval if we apply the precise algorithm given in the document ICD-
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GLONASS (2016) (Algorithm J-1, Page 45).

The steps of GLONASS orbit computation followed in this study are represented in the following diagram:

Figure 5: GLONASS orbits integration steps.

3.3 Results and Discussions of GLONASS Orbits Integration

In this section, we present the results of integration. Figure 6 shows the integrated orbit (in forward and
backward by RKO5 and h = 1 sec) and the orbit provided in the data file (broadcast ephemerides) every 30 minutes.
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Figure 6: Orbits of GLONASS satellites number 9 (April 20, 2021).

The statistics of differences between the forward and backward integration processes of GLONASS satellite
number 9 on the X, Y, and Z-axes in position and velocity are given in Table 2.

Table 2: Statistic of GLONASS satellite number 9 during 24 hours (20/04/2021).

RKO04 RKO05 RK45

Min Max Aver Min Max Aver Min Max Aver

X (m) 0.027 5.128 1.019 0.006 2.477 0.402 0.016 2.484 0.403
Y(m) 0.008 2.090 0.391 0.052 2.640 0.632 0.000 2.085 0.392
Z (m) 0.049 1.505 0.370 0.051 1.505 0.370 0.050 1.505 0.370
Vx (m/s2)  0.000 0.003 0.000 0.000 0.003 0.000 0.000 0.003 0.000
Vy (m/s2)  0.000 0.002 0.000 0.000 0.002 0.000 0.000 0.002 0.000
Vz (m/s?) 0.000 0.003 0.000 0.000 0.003 0.000 0.000 0.003 0.000

On the X-axis, the minimum value was obtained with RKO5 (0.006 m) and the maximum value was obtained
with RKO4 (5.128 m). On the Y-axis, the minimum value was obtained with RK45 (0.000 m) and the maximum value
was obtained with RKO5 (2.640 m). On the Z-axis, the same minimum (0.05 m) and maximum (1.505 m) were found

with RKO4, RKO5 and RK45. On the velocity components, the same minimum and maximum values were found with

RKO4, RKO5, and RK45 on the X, Y and Z-axes.

The results of the 3D-difference (Min and Max) in position of all GLONASS satellites between forward and
backward integration are shown in Figure 7; where the 3D-Diff in position = \/AX2 +AY? +AZ* and A is the absolute
difference between forward and backward integration on the X, Y and Z-axes.
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Figure 7: Difference in position (all GLONASS satellites).

The results of the 3D differences in position between forward and backward integration are visually identical
during the integration interval (24 hours) for all GLONASS satellites. Table 3 shows the statistics of the differences

(forward and backward) presented in Figure 7.

Table 3: Statistics of all GLONASS satellites (20/04/2021).

RK04 RKO5 RK45
Min(m) Max(m) Aver(m) Min (m) Max(m) Aver(m) Min(m) Max(m) Aver(m)
h=01sec  0.156 5.946 2.89 0.119 6.854 3.36 0.041 6.486 3.22
h=0.5sec  0.089 5.887 2.89 0.059 6.659 3.30 0.034 6.475 3.22

The minimum difference was obtained by RK45 (0.041 m); this is due to the precision of the Equation (5) and
the number of K-coefficients. The maximum differences obtained are metric which is acceptable for the computation

of the broadcast orbits.
The differences obtained are due to several factors, such as the precision of the broadcast orbits and

the precision of the R-K method. The luni-solar acceleration is taken constant during 15 minutes of integration.
Considering this perturbation as a variable can improve the position and velocity of GLONASS satellites.

The results of RKO5 and RK45 are almost identical, with a slight priority for RK45. This is because the equations
(4) and (5) of these two orders are similar.

The 3D difference between RK04 recommended in ICD-GLONASS and the other orders does not exceed a few
centimeters; this difference is negligible compared to the dimensions of GLONASS orbits.
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According to the results of Table 3 (average results), the orders are classified as follows: firstly, order four
(RKO04); secondly, order four and five (R45); and thirdly, order five (RKO5).

Figure 8 displays the runtime (computation or execution time) of the scripts developed in this study of 1
epoch (15 minutes) and 1000 iterations.

Figure 8: The runtime of 1000 iterations in second.

The runtime is in function of the R-K order and the integration step size; order four (RK04) is faster in
execution compared to the other orders because the simplicity of their equations and the number of K-coefficients
(4 per iteration).

Due to the similarity of equations and the number of K-coefficients (6 per iteration), the RKO5 and RK45 are
almost identical, with a slight priority for RKO5, the order four and five of R-K method (RK45) is slower because of
the complexity of their equation.

The mean execution time is almost twice when the integration step is divided as follows:
e Step size =1 secis 0.020 sec, 0.076 sec, and 0.081 sec for RKO4, RKO5, and RK45, respectively.
e Step size = 0.5 sec is 0.040 sec, 0.160 sec, and 0.179 sec for RKO4, RKO5, and RK45, respectively.

According to the results of the runtime, the orders are classified as follows: firstly, order four (RK04); secondly,
order five (RK05); and thirdly, order four and five (RK45).

Finally, in terms of 3D difference and runtime results, RKO4 offers the best results in integration and runtime,
followed by RKO5 and then RK45.
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4. Conclusions

In this paper, we studied the effect of the order and step size on the integration of GLONASS orbits using the
Runge-Kutta method. The runtime is an important factor to take into consideration.

The order effect of the R-K method is less important and slightly changes the results and the effect of the step
size is very important on the runtime. Reducing the integration step significantly increases the runtime.

To profit from the advantages of the fourth order, including ease of implementation in software due to the
simplicity of the equations and the reduced execution time (runtime), it is recommended to use order four (RK04) of
the Runge-Kutta integration method for the smaller integration steps (1 sec, 0.5 sec, 0.25 sec, etc.) . The order five
(RKO5) and the order four and five (RK45) of the Runge-Kutta integration method can be used for the big integration
steps (10 sec, 15 sec, 20 sec, etc.).

The comparison between the broadcast GLONASS orbits computed by the R-K method and the precise
GLONASS orbits can evaluate the results of our study. However, this comparison requires, if we use the IGS products,
the transformation of the precise GLONASS orbits in the PZ-90 reference frame and taking into account the difference
between GLONASS time the reference of the broadcast ephemerides and GPS time the reference of the precise
ephemerides. The precise ephemerides are available at 15-minute intervals, whereas the broadcast ephemerides are
available at 30-minute intervals. This requires the use of an interpolation method such as Lagrange interpolation to
get the precise positions and velocities of the GLONASS satellites at any given time (time of broadcast ephemerides).
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APPENDIX

Computation of sidereal time for the transformation from ECEF to ECI (Subirana et al. 2013; Vallado 2013). We
have: 0, = 960 +w.te; Og: the Greenwich meridian at midnight.

0, = 24110.54841+8640184.812866Tu +0.093104Tu’ -6.2x10° T’
Tu: Julian Centuries; Tu=(JD-2451545)/36525; JD: Julian Date
ID =1721013.5+367Y -int| 7/4(Y +int[ (M +9)/12]) [+int[ 275M /9 |+ D +(60h +m +5/60) /1440

Y =2021(Year);M = 04(Month); D =20(Day);m =15 or 45 (Minutes) ;s = 0(Second)
The sidereal time computed for all GLONASS satellites (April 20, 2021):
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