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There is a renewed interest in using Alfv�en waves (AW) in tokamak plasmas. Previously, AW
were actively explored mostly for current drive and plasma heating in tokamaks. Presently, the
possibility of the anomalous and neoclassical transport suppression by AW in tokamak plasmas is
being vividly discussed. AW can also induce poloidal and toroidal plasma rotation. Toroidal plasma
rotation can reach the subsonic level. These ows can substantially a�ect neoclassical transport
both in collisional and weakly collisional plasmas. In this paper, the e�ect of plasma subsonic
toroidal ows induced by Alfv�en waves on transport processes in the edge of elongated tokamak
is investigated. The dependence of poloidal plasma rotation and ion heat conductivity on the
elongation parameter and the ratio of induced toroidal velocity to the sonic speed are analytically
obtained.

I Introduction

It is well-known that Alfv�en waves are one of the basic
methods of current drive (AWCD) and plasma heating
(AWPH) in tokamaks.1�5 These methods were clearly
demonstrated in numerous experiments6�8 and will be
anew applied in forthcoming experiments in TCABR
(Tokamak Chau�age Alfv�en Brasil) tokamak.9;10 The
comparatively recent applications of AW in toka-
maks are creation of transport barriers and suppres-
sion of anomalous and neoclassical transport by these
waves.11�14 The main idea is to induce a sheared radial
electric �eld that can take apart the turbulent plasma
eddies and thus suppress anomalous transport.15�17

Suppression of neoclassical transport in weakly colli-
sional tokamak plasmas is connected with ion banana
orbit squeezing by the sheared radial electric �eld.18;19

Alfv�en waves can be used to eÆciently induce the
strongly sheared radial electric �eld11�14 thus achieving
suppression of anomalous and neoclassical transport.
The �rst experimental evidence that AW can be use-
ful to create plasma rotation, and, consequently, the
radial electric �eld, was obtained in the Phaedrus-T
tokamak.20

Besides these very attractive topics, there is also
the additional physical mechanism where AW can play
a substantial role, i.e., the ion neoclassical transport in
the tokamak edge (collisional) plasma. The importance

of this mechanism was emphasized in the papers by
Rogister,21�23 where the experimental results in mod-
ern tokamaks were carefully analyzed. Rogister con-
siders the transport processes in tokamak edge plas-
mas to be in the H-mode (the so-called high regime),
when the characteristic length of plasma macroscopic
parameters Ln is of the order of the ion Larmor radius,
�i� = cvTiMi=eiB�p, calculated on the poloidal mag-
netic �eld B�p, i.e., Ln � �i�. Here ei and Mi are the
ion charge and mass, respectively, B�p is the "physical"
component of the magnetic �eld, to di�er it from co-
variant or contravariant components that appear below,
and vTi =

p
2Ti=Mi is the ion thermal velocity. How-

ever, there are some relevant problems that need to be
investigated in collisional tokamak plasmas, in the L-
mode (the low regime), when the condition Ln > �i� is
ful�lled.

The ion neoclassical transport in tokamak collisional
plasmas24 was originally investigated by Shafranov. He
used the well-known approach by P�rsch and Schl�uter
to calculate the ion heat conductivity in tokamak plas-
mas with circular magnetic surfaces. These results were
later generalized for arbitrary geometry of the magnetic
�eld.25 The next step in this direction was taken by
Mikhailovskii and Tsypin,26 who considered the e�ect
of sonic toroidal ows on transport processes in colli-
sional plasmas. The very interesting e�ect of chang-
ing the sign of the ion poloidal velocity at a speci�c



V.S. Tsypin et al. 35

value of the ratio of toroidal velocity Ui� to sound ve-
locity c2s = (Te + Ti) =Mi, and the importance of the
collisional parameter b = q2R2=�2i were brought up
in this paper. Here, q is the inverse rotational trans-
form, R is the tokamak major radius, �i = vTi=�i is
the ion mean free path, Te and Ti are the electron
and ion temperature, respectively, and �i is the ion-
ion collision frequency.27 This study was later contin-
ued to determine also the ion heat conductivity taking
into account of large values of the collisional param-
eter b, 1 < b < Mi=Me,

28;29 external forces,30 and
elongation.31 In this paper we carry on this investi-
gation studying the e�ect of plasma subsonic toroidal
ows induced by Alfv�en waves on poloidal plasma ro-
tation and ion heat conductivity in collisional plasmas
of elongated tokamaks, with smooth pro�les of macro-
scopic plasma parameters, Ln > �i�.

II Magnetic �eld and metric

To solve our problem, we need to choose the coordi-
nate system to carry out the calculations for a toroidal
plasma column with elliptic cross-section. As the cal-
culations of the metrics have been repeatedly presented
in many previous publications, we here show only main
steps to obtain it. Initially, we take the coordinates �0,
�00 and � to be attached to the geometrical center of the
magnetic surfaces, where �0 is the radial coordinate in
the tokamak cross-section and �00 and � are the poloidal
and toroidal angles, respectively. The length element in
these coordinates is

dl2 = d�02 + �02d�002 + (R � �0 cos �00)2d�2: (1)

The next step is the "encircling" of the magnetic sur-
faces by means of the transformation

� cos �0 = exp(�=2)�0 cos �00;

� sin �0 = exp(��=2)�0 sin �00; (2)

where � =
p
l1l2; � = ln(l2=l1), and l2 and l1 are semi-

major and semiminor axes, respectively, of the mag-
netic surface. Then, we choose new coordinates to be
attached to the geometric center of the tokamak cross-
section, and straighten the magnetic lines of force:

� cos �0 = r cos[� + Æ(�; r)] + �(r);

� sin �0 = r sin[� + Æ(�; r)]; (3)

where �(r) is the shift of the geometric center of the
magnetic surface, determined from equilibrium condi-
tions.

The straightening parameter Æ can be found from
the condition that the radial component of the current
density vanishes, jr = 0, by taking into account the
expression for the magnetic �eld with the straight lines
of force,

~B0 = f0; �0=2�
p
g; �0=2�

p
gg; (4)

(here � and � are the poloidal and toroidal magnetic
uxes, respectively, and g is the metric tensor determi-
nant), and after �nding the metric tensor components
gik, after the substitution of Eqs. (2) and (3) into Eq.
(1),

@ (g33=
p
g) =@� = 0: (5)

As a result, the parameter Æ is equal to

Æ = � sin �("� +�0 exp(�=2)): (6)

Then, we �nd the metric covariant tensor compo-
nents and their determinant

c

g11 = cosh � � sinh � cos 2� + 2�0 exp(��=2) cos �; (7)

g22 = r2(cosh � + sinh � cos 2�)[1� 2 cos �("� +�0 exp(�=2))]; (8)

g12 = g21 = rfsinh � sin 2� � sin �[cosh �("� + r�00 exp(�=2)) + �0 exp(��=2)]g; (9)

g33 = R2(1� 2"� cos �);
p
g = rR(1� 2"� cos �); (10)

d

where the parameter "� is "� = " exp(��=2); and
" = r=R is the tokamak inverse aspect ratio. The angle
dependence of the magnetic �eld can be obtained from
the expression B0 =

p
gikBiBk; we have

B0 = Bs

�
1 + "� cos � + (A"�=2) cos2 �

�
; (11)

where

A =
"�

q2
[exp(2�)� 1] =

l1
Rq2

�
l22
l2
1

� 1

�
; (12)

and q = �0=�0 is the inverse rotational transform de-
�ned in general geometry.

We also need a component of the Cristo�el's symbol

�ikl = gim�m;kl;
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�m;kl =
1

2

�
@gmk

@xl
+

@gml

@xk
� @gkl

@xm

�
; (13)

namely,
���� = "� sin �: (14)

The non-orthogonal coordinates are xi = (r; �; �).

III Starting equations

As we mentioned in the Introduction, our main goal is
to calculate the surface averaged ion heat ux �Ti and
the ion poloidal rotation velocity Ui� as functions of the
ratio � = U2

i�=c
2

s (the squared Mach number) and the
elongation parameter A. The ion heat ux is de�ned
by the expression

�Ti � hqri i ; (15)

where

h:::i =
Z

2�

0

(:::)
p
gd�=

Z
2�

0

p
gd� (16)

and the heat ux radial contravariant component qri is
equal to

qri = �2pi�ig
11

Mi!2

ci

@Ti
@r

� 5

2

pig33h
�

Mi!ci
p
g

@Ti
@�

: (17)

Here, pi is the ion isotropic pressure, !ci = eiB=cMi

is the ion cyclotron frequency, g11 is the contravariant
component of the metric tensor, and h� = B�=B is the
�-contravariant component of the unit vector h = B=B.
The conventional relation between vector covariant and
contravariant components B� = g��B

� is also used be-
low. The physical poloidal component of velocity Ui�

is de�ned by the expression Ui� = rV �
i , where V �

i is
the �-contravariant component of the ion macroscopic
velocity Vi.

From Eqs. (15)-(17) we �nd the surface averaged
ion heat ux,

�Ti = �2pi�i cosh �

Mi!2

ci

@Ti
@r

� 5

4

cBsTi
�"eiR

Z 2�

0

d�
n0
B2

@Ti
@�

:

(18)
Here, n0 is the particle density.

Further, to �nd the poloidal rotation velocity Ui�

we employ the one uid momentum equation

Min0
diVi

dt
= �rp�r � � +

1

c
[j�B] + Fh; (19)

where p = pi + pe is the plasma pressure, � is the ion
viscosity,27 in which we take into account only parallel
viscosity �k, therefore,

c

r � �̂ =
3

2

�
[h (r � h) + (h �r)h]�k + h (h �r)�k � 1

3
r�k

�
; (20)

d

and Fh is the radio frequency force a�ecting elec-
trons and ions. Using the ambipolarity condition,Z

r � jdr =
Z

2�

0

Z
2�

0

jr
p
gd�d� � 0; (21)

which can be obtained from the current continuity
equation r � j � 0 averaged over the magnetic surface,
one obtains from Eq. (19)

�
�
@p

@�
+ (r � �)� +Mi

�
n0

diVi

dt

�
�

�
+ rF h

�p � 0;

(22)
�i�Ui� � F h

�p: (23)

Here, �i� is the coeÆcient describing the ion toroidal or
anomalous viscosity or friction with neutrals, and F h

�p

and F h
�p are "physical" poloidal and toroidal compo-

nents of the radio frequency force Fh, respectively.

The plasma density poloidal perturbations en0 in Eq.
(18) can be found from the momentum equation (19),
taking into account the ion inertial terms connected
with the subsonic toroidal ow, Ui� < cs, and the ion
and electron temperature perturbations,

en0 � n0

�eTi + eTe�+ e�k
Ti + Te

� �"�n0 cos �: (24)

Using Eq. (24), the expression for the Cristo�el's sym-
bol Eq. (14), and the parallel component of Eq. (19),
one obtains from Eq. (22),

c

1

2�r

Z
2�

0

d�

�
3

2
e�k @

@�
lnB � �"�

h
n0

�
~Te + ~Ti

�
+ e�ki sin �

�
+ F h

�p = 0: (25)
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Thus, our basic equations for the problem under study
are Eqs. (18) and (25).

IV Poloidally perturbed quanti-

ties

We see from Eqs.(18) and (25) that we should �nd the
perturbed ion and electron temperatures and ion par-
allel viscosity. To �nd the particle temperatures, we

proceed from the heat transport equations,27

3

2
n
d�T�
dt

+ p�r �V� = �r � q� +Q�; (26)

where � = i; e, the heat exchange Q� between ions and
electrons is equal to

Qi = �Qe =
3Me

Mi
n0�e (Te � Ti) ; (27)

and particle heat uxes are

c

qik = �3:91 n0Ti
Mi�iqR

@Ti
@�

; qek = �3:16 n0Te
Me�eqR

@Te
@�

; q�? =
5

2

cn0T�
e�B

[h�rT�] : (28)

Then, we obtain equations for perturbed quantities from Eqs. (26)-(28)

�TiUi�

r

@~n

@�
+

1

qR

@qik

@�
+r � qi? � 3Men0�e

Mi

�
~Te � ~Ti

�
= 0; (29)

�TeUe�

r

@~n

@�
+

1

qR

@qek

@�
+r � qe? +

3Men0�e
Mi

�
~Te � ~Ti

�
= 0; (30)

d

The terms with the poloidal velocities Ui� and Ue� in
Eqs. (29) and (30) can be obtained using the quasista-
tionary continuity equations

njr �Vj +Vj �rnj = 0 (31)

and the frozen-in condition

r� [Vi �B] � 0: (32)

As a result, we have

~V �
i � q ~V �

i ;
@ ~V �

i

@�
= �Ui�

r

@

@�
ln (n0

p
g) : (33)

Using equation (33) and solving the system of Eqs.(29)
and (30), we �nd the perturbed particle temperatures

c

~Ti = 0:51
"�bT0
r�id(b)

�
�Ui�

�
1 + 7:6b

Me

Mi

�
� 5UTi

�
1 +

�

2

�
� (34)

�3:8�bMe

Mi

�
"

q

jk
ein0

+ Up

��
sin � � 0:32"�bAT0

r�id1 (b)
UTi sin 2�;

~Ti + ~Te = 0:51
"�bT0
r�id(b)

�
�Ui�

�
1 + 15:2b

Me

Mi

�
� 5UTi

�
1 +

�

2

�
� (35)

�7:6�bMe

Mi

�
�

q

jk

ein0
+ Up

��
sin � � 0:32"�bAT0

r�id1 (b)
UTi sin 2�;

where d(b) = 1 + 2:2b
p
Me=Mi, d1(b) = 1 + 0:54b

p
Me=Mi, and b = q2R2=�2i . We have also used

Ue� = Ui� � �

q

jk

ein0
� Up; Up =

1

Min0!ci

@p

@r
; UTi =

1

Mi!ci

@T0
@r

; �e = �i

r
2Mi

Me
(36)

d
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with Te0 � Ti0 = T0. The expression for Ue� in Eq.
(36) can be obtained from momentum equations for
electrons and ions.27

We also need to calculate the parallel viscosity e�k
in Eqs. (24) and (25). Note, that the Braginskii's
approach27 for viscosity (the Navier-Stokes type of the
viscosity) is not relevant for problems to be under study
in this paper. Therefore, we take the parallel viscosity
�k in the form derived in Refs. 26, 32, and 33. This
type of viscosity is the so-called Burnett type of the

viscosity.34 Besides the spatial derivatives of the ion
velocity, it also includes the derivatives of the ion ther-
mal uxes qi. These additional terms are similar to the
thermal force terms in the ion-electron friction in the
momentum equation.27 Thus, we have,26;32;33

e�k = �2

3

pi
�i

(0:96� � 0:59) ; (37)

where

c

� = 3

�
h (h �r)Vi +

2

5pi
h (h �r)qi � 1

3

�
r �Vi +

2

5pi
r � qi

��
; (38)

 = �6

5

�
h (h �r)

�
qi + 0:27qik

�
+

1

3

�
r ln pi � qi �r � �qi + 0:27qik

���
: (39)

Using Eqs.(28) and (33), we simplify Eqs. (38) and (39)

� =
3

r

�
�Ui�

@

@�
ln
�p

gn2=3B
�
+

1

q2R2
Ui�

@g22
@�

+ UTi
@

@�
ln

B

n

�
; (40)

 = �3

r

�
0:34Ui�

@

@�
lnn+ UTi

�
1:36

@

@�
lnB � 0:84

@

@�
lnn

��
: (41)

Finally, we obtain the expression for the parallel viscosity Eqs. (37), (40), and (41), employing Eqs. (8), (11), and
(24),

e�k = 1:92"�pi
r�i

fUi� [(1 + 0:19�) sin � + 0:5A sin 2�] + (42)

+UTi [(1:83 + 1:52�) sin � + 0:92A sin 2�]g :

d

This expression gives us the possibility to �nd the
ion ambipolar poloidal velocity Ui�.

V Ion uxes and their analyses

Now, we can derive the �nal expressions for plasma ro-
tation velocity and the radial ion heat ux and analyze
them. The poloidal velocity Ui� can be obtained from
Eqs. (25), (35), and (42),

c

Ui� = Gu1(�;A)UTi +Gu2(�;A)

�
�

q

jk

ein0
+ Up

�
+ 1:39

�ir
2

"�2Min0v2Ti
Gu3(�;A)F

h
� ; (43)

where

Gu1(�;A) = �f2(�;A)

f1(�;A)
; Gu2(�;A) = 1:35

Me

Mi

�2b2

f1(�;A)
; Gu3(�;A) =

d(b)

f1(�;A)
; (44)

f1(�;A) = d(b)

��
1 +

2

3
�

�
(1 + 0:19�) + 0:25A2

�
+ 0:18�2b

�
1 + 15:2b

Me

Mi

�
; (45)

f2(�;A) = d(b)

��
1 +

2

3
�

�
(1:83 + 1:52�) + 0:46A2

�
� 0:88�b

�
1 +

�

2

�
: (46)
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To plot functions Gu1(�;A); Gu2(�;A); Gu3(�;A)
in Fig. 1, we choose the parameter b = 50. One can
observe that function Gu1(�;A) (�gure 1), as in the
case of an axially-symmetric tokamak,30 changes sign
at �0 � 2d(b)=b. This quantity coincides with our pre-
viously obtained results.26;28�31 It is a very interest-
ing and important result that inertial forces, a�ecting
ions, enforce ion poloidal rotation velocity Ui� to change
its sign in the absence of radio frequency waves in a
plasma. This e�ect, which was originally obtained in
Ref. 26, is also relevant for weakly collisional plasmas
but sign changing takes place at the Mach number of
the order unity.35 The maximum of function Gu1(�;A)
occurs at A � 0 and is Gu1(�; 0) � 2:4. Increasing the
parameter A, the maximum of the quantity Gu1(�;A)
decreases and shifts to supersonic values, � > 1. Never-
theless, only the case � < 1 is of the practical interest.

The function Gu2(�;A) characterizes the role of
the parallel current and diamagnetic drift in the ion
poloidal rotation velocity. This function increases
with the parameter �, but stays at a small level,

Gu2(�;A) << 1 for � < 1.
The function Gu3(�;A) describes the role of ex-

ternal forces in inducing the ion poloidal rotation.
This function decreases with the growth of the plasma
toroidal rotation, and, correspondingly, so does the role
of external forces on the ion poloidal rotation. The in-
duced radial electric �eld, which is currently supposed
to be the dominant quantity for transport barrier cre-
ation in tokamaks,12�17 can be found using the expres-
sion which is de�ned via the ion velocity from the ion
motion equation,27

Er � B

c
(Ui�h�p + Upi � Ui�) ;

Upi =
1

Min0!ci

@pi
@r

: (47)

Using Eqs. (11), (24), (34), (42), and (43), we derive
the magnetic surface averaged radial ion heat ux from
Eq. (18). It is convenient to write the �nal equation in
the Shafranov form,24;25

c

�Ti = �2nTi�i
Mi!2

ci

@Ti
@r

�
cosh � + 1:6q2

"�2

"2

�
GT1(�;A) +GT2(�;A)

1

UTi

�
�

q

jk

ein0
+ Up

�
� (48)

�1:39 �ir
2

"�2UTiMin0v2Ti
GT3(�;A)F

h
�

��
;

where

GT1(�;A) =
�
1 +

�

2

� f3(�;A)

f1(�;A)
; (49)

GT2(�;A) = 0:76
Me

Mi

�b (1 + �=2)

f1(�;A)

��
1 +

2

3
�

�
(1 + 0:19�) + 0:25A2 � 0:18�2b

d(b)

�
; (50)

GT3(�;A) =
�

5f1(�;A)

�
1 +

7:6bMe

Mi

��
1 +

�

2

�
; (51)

f3(�;A) =
�

5

�
1 + 7:6b

Me

Mi

���
1 +

2

3
�

�
(1:83 + 1:52�) + 0:46A2

�
+ (52)

+
�
1 +

�

2

���
1 +

2

3
�

�
(1 + 0:19�) + 0:25A2

�
+ 1:4

�
1 +

�

2

�Me

Mi

�2b2

d(b)
:

d

In a supposition that the collisional parameter b satis-
�es the inequality 1 < b <

p
Mi=Me, one obtains the

well-known result for the radial ion heat ux.24;25

The coeÆcients GT1(�;A) and GT3(�;A) are plot-
ted in Fig. 2. The quantity GT2(�;A) is small under
the condition b �Mi=Me, therefore, it is not presented
in Fig. 2. The functions GT1(�;A) and GT3(�;A)
characterize the neoclassical contribution and the in-
uence of external forces, respectively. The function
GT1(�;A) is a growing function of the elongation A
and the squared Mach number �. The role of external

forces increases with the Mach number, nevertheless,
less intensively for larger elongations [see the function
GT3(�;A) in Fig. 2].

VI Conclusion

We have studied the e�ect of plasma subsonic toroidal
ows induced by Alfv�en waves on poloidal rotation and
ion heat conductivity of collisional plasmas of elongated
tokamaks with smooth pro�les of macroscopic plasma
parameters. This study is important as ion neoclassical
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uxes are sometimes in a satisfactory coincidence with
the experimental results,36 as opposed to the electron

Figure. 1 The dependence of the functions Gu1(�;A),
Gu2(�; A), and Gu3(�;A) on �, for di�erent magnitudes
of the parameter A : A1 = 0; A2 = 1; A3 = 2::

Figure. 2 The dependence of the functions GT1(�;A) and
GT3(�; A) on �, for di�erent magnitudes of the parameter
A : A1 = 0; A2 = 1; A3 = 2::

anomalous transport. This paper is a generaliza-
tion of our previous results for the case of elongated
tokamaks.26;28�31 It is shown that a tokamak elon-
gation can substantially a�ect ion neoclassical uxes.
These uxes are presented in the paper as functions of
three quantities to be proportional to 1) the conven-
tional ion temperature gradient, 2) the parallel current
and diamagnetic drift, and 3) radio frequency forces.
The proper coeÆcients are plotted on the Fig. 1 and
Fig. 2. Once more, the importance of the collisional
parameter b is emphasized in the paper (see also Refs.
21-23, 26, 28-31). It is also demonstrated that the very
interesting e�ect of changing the sign of the ion poloidal
rotation velocity in collisional tokamak plasmas, which
depends on the square of the Mach number �, obtained
previously,26 also takes place in elongated tokamaks.
The poloidal velocity has a maximum as a function of
the Much number. This sign changing and maximum
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of the ion poloidal rotation is the consequence of tak-
ing into account inertial forces a�ecting ions. It is also
shown that the radio frequency forces can in some cases
determine the ion neoclassical uxes in elongated toka-
maks.
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