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In the present paper we discuss stochastic diffusion of energetic ions by a set of lower hybrid waves with
frequencies close to each other and random phases which change along the time evolution of the system. We
obtain efficient long term diffusion in velocity space, which is more representative of the diffusion produced by

a continuous wave packet than the diffusion produced by a set of waves with random phases which are constant
along the time evolution.

1 Introduction cient long term diffusion in velocity space than in the case
of the same number of coherent waves, although the initial
It is known that the movement of ions in a uniform magnetic diffusion rate for incoherent waves may be smaller than in
field may become stochastic in the presence of a coherenthe case of coherent waves. Reduction of the stochastic-
electrostatic wave, if the wave amplitude is sufficiently large ity threshold regarding the coherent one-wave case has alsc
[1, 2]. The ensuing diffusion in velocity space may have been obtained in other situations, for instance assuming two
important consequences, as indicated by relatively recentwaves propagating obliquely to the ambient magnetic field
experiments, which show evidence of interaction between[9], or considering the possibility of a modulation in the
lower hybrid waves and energetic ions in large tokamaks wave frequency [10].
[3, 4]. A parametric analysis has shown that the threshold  In the present paper we resume the use of the theoreti-
condition for stochasticity as derived in Ref. [1] is not eas- cal approach employed in Ref. [8], now applied to the case
ily satisfied in present day large tokamaks, although it can of a finite set of waves with randomly chosen phases that
be attained in small tokamaks with relatively modest levels are modified along time evolution. This procedure tends to
of wave power [5]. When the threshold condition is satis- average out all possibly remaining regularity in the distribu-
fied a quasilinear formalism can be derived and employedtion of the wave phases, so that the outcome must be close
to describe the stochastic diffusion which occurs in veloc- to that expected for a continuous wave packet.
ity space [2]. Using quasilinear analysis, significant wave- The structure of the paper is the following. In Sec. 2
particle interaction between energetic ions and lower hybrid we present a summary of the theoretical formalism devel-
(LH) waves has been indeed demonstrated to occur [6, 7]. oped in Ref. [8], which helps to explain fundamental fea-
In a recent paper we have investigated the transition be-tures of the system and show how to obtain the equations
tween cases in which one coherent LH wave is present inof motion. In Sec. 3 we present some numerical results
the system, with amplitude below the stochasticity thresh- which illustrate the appearance of stochastic diffusion in the
old, and cases with the presence of several LH waves ofsystem due to the presence of a set of incoherent lower hy-
close frequencies, studying the appearance of stochasticityrid waves, considering both the case of waves with random
along this transition [8]. We have employed a generaliza- phases which are fixed along time evolution, and waves with
tion of Karney's approach, assuming that a finite number of random phases which change along the time evolution of the
waves is present in the system, forming a sufficiently narrow system. Finally, in Sec. 4 we summarize our findings and
wave packet irk space [8]. Despite the relative simplicity comment on the main results of the paper.
of the Hamiltonian obtained, the system dynamics has been

shown to be complicated, originating interesting behavior L
which had not until quite recently been widely studied in 2 The description of the system and

the literature [9]. : :
The analysis made in Ref. [8] has shown that in the the equat|ons of motion

particular case of a set of coherent waves the threshold

for stochastic diffusion is reduced in comparison with the

threshold in the one wave case, with the ensuing particle B = Bye.

diffusion in velocity space occurring in periodic bursts along

the time evolution. For a set of waves with random phases, E= Z Ei(w;) cos (k;i(w;)y — wit — di) ey. (1)

the results appearing in Ref. [8] have shown more effi- Z

Let us therefore consider the following magnetized system:
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Thew; appearing in this expression are angular frequencieswherep, = (k;y —w;t — ¢;), and the symbok ... > means
of the individual waves in a set of,, waves, theF; (w;) are the time average over a time interval sufficiently large in

the amplitudes of these waves, and ¢heare their phases. order to be an integer multiple of the periods of all waves
Assuming the Coulomb gauge, appearing in th& wave packet. The rate of amplitudes,,
therefore satisfies the following constraint
A = _B[)yexa
n ne—1
. . = < 1
we can writeE = —V &, with Z; 7% <cos2 gai>+2 Zl ; TE,TE; (COS p; COS p;) = 3
1= =1 7>
_ Ei(w;) . (6)
¢ = _Z Fa(wi) (ki(wi)y —wit = di)ey. () After performing the time average, we obtain

<cos2 <pi> = 0.5, and(cos p; cos ;) = 0.0, and therefore,
The Hamiltonian for the system can be written as fol- from Eq. (6),

lows. p2 ZT?E 1 7
h = 5 +q?, () i=1

where Also for the sake of simplicity, we consider the case in

which then,, waves of thek space packet have the same
P2=p? +p§ + ¢*B2y® — 2qp, Boy, amplitude ¢, = rg, for anyi),

and wheregy andm are the ion charge and mass respectively, TE = (nw)_l/ 2 (8)

and thep; are the cartesian components of the particle mo- _ )

mentum. We have useg.(t = 0) = 0, which implies We can also define,, = w;/w, and consider that the

p-(t) =0. wave spectrum is non-vanishing only betweer- jw and

For the sake of simplicity, we consider thag isanodd @ + dw, and therefore-,,, spreads fronr,,, = 1 — A to
number, with waves equally spaced in frequency. We denote’w; = 1+ A, whereA = dw/w. If the wave packet ik
the amplitude, the angular frequency and the phases of thesPace is narrow, we may assume also for the sake of sim-
central wave a%, =, anda, respectively, and assume initial ~ Plicity that for the waves in the packet
conditions such that the phase of the central wave is zero W
(¢ = 0). Using these definitions, we introduce the dimen- P v 9)
sionless variables

whereV is a constant. As a consequence,

;o _qBo =
t = Qt, Q= m , Y = kyv - & . Vk,(wz) kz(wz) — (w)
= YT T V@) kY
/ —_— . /' _—
pi = aPi (i =2,y) ) and therefore
wherek = k;(w; = ). w; W w

—— =17, where 7=
w0 ’

As a consequence of these definitions, the Hamiltonian Vi =

appears as follows. , : o .
Dropping the 'primes’, for simplicity, we obtain as the

1 system’s Hamiltonian,
W =5 [+ )+ 0] ’
1 2
h= [(px +) +p2]
—a Z "B gin (re,y —vit' — @), (5) 2 Y
4 T'ks TE,
—« —Lsin[ry. (y — vt — ¢;)]. 10
where Z e Sinlre (v 0:)] (10)
qmEy 72 Eok  Eo/By Following steps si.milar to th_ose employed in Ref. [1],
o=— = ——== —, we perform the following canonical transformation
E m2Q2 By Q/k
I? 7 X 1 :> X7 }/7 PJ)? P
B (2, Y, P2y y) = ( )
"B T TR Fy(z,y, Py, P)) = (P, — vt)x + P, (y — vt + P,) (11)
e, = ki/k, v; = w;/Q, andh’ = hm/(mQ/k)2. The X — OF, — 24P
amplitudeFE), is obtained from the following normalization 0P, Y
condition, OF,
Y=_-—"=y—0t+P
8Py y v + xz
E2=2 Z E;cospiey | - Z Ejcos pjey , OF,
p 7 Py =—F—=PFP, -7t
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_9F _
Py = ay Y
OF.
K:h+a—;:h—v(x+Py)=h—vX,
resulting
Y=y+p,, X=z+p,

The new Hamiltonian is

1
K(X,Y, Py, Py) =

5 V2 +r]

—a Z % sin[ry, (Y — Py) — ] — X, (12)

Performing now a second canonical transformation,

(X7Y7P$7Py) = (11,0.)1,[2,(4}2)

1
Fl(X, Y,wl,wg) = §Y2C0tqw1) + Xws.
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3 Some numerical results

For the numerical solution of the Hamiltonian equations, we
assume a given number of particleg ) and a given num-
ber of waves#,,) and givea andv as parameters. We also
assume a given value df and a distribution of wave ampli-
tudesrg,.

As loading procedure for the numerical calculation we
initially consider the following case: We give parameters
19, ag, and the initial Hamiltoniarf{, and attribute, for the
n, particles, regularly spaced valueslof w, andws:

1 2
=1+ —ag, I? + =ag,...., I + ay,

np Ny
2

w1 =2m—, 2T —, ...... ,2m,
P Np
2

wo =2m— 2T —, ...... ,2m,
P P

IL=H-5L+895)/7, (15)

where

S = O‘Z ;ﬂ sin {ry, [Rsin(w1) — wa] — ¢;} .

?

In other words, the loading procedure assumes initial
values forl;, w; andws, and evaluatds,, in such a way that
all the particles have the same initial Hamiltonid)( for
which we have arbitrarily assumed the vakie= 1 +v1?.

In Ref. [8] we have also considered the same set of par-
ticle initial conditions utilized here, and also a different set
of initial conditions. The results obtained were qualitatively

we arrive at the final form of the Hamiltonian, denoted as similar in both cases, indicating that they were not restricted

OF
P =x ~on
OF
P, = Sk = Yootgwr) — P, = (211)'/* cos(wy),
oF 1
I = _Twi = §Yzcose8(w1) —Y = (2I1)"*sin(w),
OF,
L=-21-_x
2 aWQ ’
Hl
OF,
H=K+Z! =K
T

The Hamiltonian is therefore

H=1+7vl

—a Z % sin {ry, [Rsin(wy) — wa] — ¢;}, (13)

where we have used,, = r,,, and defined? = (21;)'/2.

to a special set of conditions.

It is useful to remark here that when assuming the initial
value of[; for each particle, we are simply assuming the ini-
tial value of the perpendicular canonical momentum of the
particles, since reversing the canonical transformations one
obtains

1 E
2 2
I = 2 m202 [py-#(pz _qAx) ] )
wherep, andp, are thex andy dimensional components
of the particle momentum, as used in Eq. (3), before the

The Hamiltonian equations are easily obtained as fol- introduction of the dimensionless variables by Eq. (4).

lows
oOH . OH

W = —— W
(2

oI’

wy = l—sin(wl)%a Z rg, cos {ry, [Rsin(w) — wa] — ¢},

3
Wy =7,

I = cos(w;)Rox Z rg, cos {ry, [Rsin(wi) — wa] — @5},

K2

I =—a Z TR, cos {1y, [Rsin(wy) —wa] — ¢;}. (14)

(3

With the choice of parameter§ anday, the spread of
perpendicular momenta of the particles is such Htad <
R < 57.4, where as we have seéh = /2I;. This range
of parameters is similar to that utilized in previous studies
of the one-wave case, which we use for comparison when
considering the case of several waves [1, 2].

According to these studies, for one wave and integer
value of 7, and small wave amplitude, the phase space
is dominated by large first order islands. At intermediate
wave amplitudes, stochastic motion appears near the sepa
ratrixes between the islands. For growing wave amplitude
the size of the stochastic region increases, and the thresholc
for stochasticity has been defined as the wave amplitude for
which the fraction of phase space occupied by the islands

This set of coupled equations is now ready to be object has appreciably diminished, in comparison with the size of

of a numerical analysis, with results presented in Sec. 3.

stochastic regions [1]. The limits of the stochastic region are
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« dependent and have been stablished approximately as théhe number of waves (1, 3, 5, and 7), usifig= 1.0 x 1072
following [1], and the other parameters as in Fig. 1. Figure 2 clearly shows
that the presence of the waves with random phases cause the
complete spreading of the particle orbits which are present
in the case of only one-wave, for the same value:.of

Rmin =V- \/aa Rmaa; = (40‘?)2/3(2/77)1/3'

Forv = 30 anda = 2.0, the stochasticity therefore will
fully occur in the regior28.6 < R < 33.2. Fora = 4.0,
in the region28.0 < R < 43.5, and fora = 6.0, in the
region27.5 < R < 69.0. Therefore, for our choice of pa-
rameters, in the one-wave case small amount of stochastic-
ity may be expected forr = 2.0, for instance, since the
range50.0 < R < 57.4 is far from the stochastic range,
and appreciable amount of stochasticity o= 4.0, since
the rangeb0.0 < R < 57.4 is close to the stochastic range.
On the other hand, for larger wave amplitude, as in the case
of « = 6.0, for instance, one can expect fully stablished
stochasticity in the chosen range, which will be completely
immersed in the stochastic region. These expectations will
be now subjected to numerical confirmation, and compared
to the case of fixed wave amplitude and different number of
incoherent waves.

We start by considering the one-wave case, same situa-
tion considered in Refs. [1] and [2].

In order to illustrate the effect of the increase of the wave
intensity, we present in Fig. 1 the quantiRywersusv, (mod.
2r), for the case of 50 particles and one wave, with- 2.0,
3.0, 4.0, and 5.0, assumir{ = 1.25 x 102, ay = 400, and
7 = 30.0. The sequence of panels illustrates the gradual
modification of particle trajectories caused by the increase
in the wave intensity. It is seen the gradual appearance of
the overlap of particle orbits which has been shown to cor-
respond to stochastic diffusion in velocity space [1, 2].

24

Figure 2. R as a function ofv; (mod. 2r), for 50 parti-
cles and waves with fixed random phases,2.0,7 = 30,

A = 1.0 x 1072, and number of waves (a) 1, (b) 3, (c) 5,
and (d) 7.

‘
(@

“"’s

s

Figure 3. R as a function ofv; (mod. 2r), for 50 parti-
cles and waves with fixed random phas&ss= 1.0 x 1072,
n, = 5, and (a)a= 0.25, (b)a= 0.5, (c)a= 1.0, and (dn=
2.0.

Figure 1. R as a function ofus (mod. 2r), for 50 particles,
one wave g, = 1), 7 = 30, and (a)a= 2.0, (b)a=3.0, (c) In Fig. 3 we showR as a function ofu, (mod. 2r)
a=4.0,and (dn = 5.0. f ; C . '
or the case in which five waves are present in the sys-

We now consider the presence of more than one wave,tem, considering smaller values of the wave amplitude=(
with different frequencies and random phases which are0.25,0.5,1.0, and2.0), andA = 1.0 x 10~2, and waves
fixed in time, with the phase of the central wave assumedwith random phases. The loading procedure and other pa-
to be zero ¢ = 0). The random phases are obtained from rameters are also the same as in the previous figures. We
a random number generator which starts from a numericalobserve that the amount of stochastic diffusion, for the same
seed. All the results which follow, unless explicitly stated number of iterations, gradually decreases when the wave en-
otherwise, are generated with the use of the same seed foergy is reduced, but even in the casenaf 0.25 the degree

the random number generator.
In Fig. 2 it is seen the case & versuswy (mod. 2r),
considering 50 particles and = 2.0, for several values of

of stochasticity is larger than that obtained in the one-wave
case andv= 2.0, seen in the first panel of Fig. 1 and in the
first panel of Fig. 2.
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The presence of stochastic behavior can also be investi-of numerical calculation. It is expected that the average be-
gated by following the time behavior of the following quan- havior obtained using different sets of random phases would
tities, tend to become more and more similar for increasing num-

12 ber of waves, so that in the limit of infinite wave number
1 X 9 the difusion caused by the waves would be independent of
(0Lj); =4 ——7 > () - I;(0)] » (16)  the particular set of random phases utilized in the calcula-
P i=1 tion. Instead of proceeding with this costly approach, we
may consider the case of a finite set of waves, with randomly
chosen phases that are modified along time evolution, which
tend to average out all possibly remaining regularity in the
phase distribution, so that the outcome must be close to that
expected for a continuous wave packet.

We now consider the presence of more than one wave,
with different frequencies and random phases which are
modified along the time evolution, with the initial phase
of the central wave assumed to be zedo £ 0). The
phases are modified after a real time interval which aver-
agesit = 2w /dw, so that for longer time intervals all phase

wherej = 1,2. In a plot of (01;), versust, the inclination
of (01;), relative to thet axis is a measure of the diffusion
coefficient in velocity space [11].

In Fig. 4 we show(é1;), as a function of normalized
time, for I{ = 1.25 x 103, ap = 400, 7 = 30.0, anda =
2.0, forn,=1, 5, and 9, for the case of waves with ran-
dom phases which are fixed in time. For this figure, we have
consideredr, = 1000, which results in much better statis-
tics than obtained witm, = 50. The Poinca plots pre-
sented in Figs. 1 to 3, on the other hand, were obtained with
n, = 50 because with a larger number of particles it be- i , X b
comes very difficult to see any structure in the plots, due to correlations are averaged out. In nhondimensional time, for

s e veraget onsie
the proximity of the dots which represent sucessive passages® = 10 > 1077 andv = 30.0, the modification of the
of particles by the Poincarsection. Panel (a) shows the evo- Phases occurs after an average intedval: 20. The effect

lution up to ~ 120, while panel (b) shows the evolution up of the finite set of waves becomes truly random and more
tot ~ 1200. According to Fig. 4, the long term evolution adequate to the emulation of a wave packet of finite width.

of the quantity(d/; ), appearing in Fig. 4b shows continued
diffusion, without the conspicuous “steps” appearing in the
case of coherent waves [8].

120

100

80 [

60 -
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40

20

ok L L L L L 0 L L L L L
0 20 40 60 80 100 120 0 200 400 600 800 1000 1200

t t

Figure 4. (61,); as a function of normalized time, for the
case of waves with fixed random phases, fpr= 1.25 x
103, ap = 400, 7 = 30.0, anda = 2.0, forn,,= 1 (full line),

5 (broken line), and 9 (dotted line). (a) Short-term evolution;
(b) Long-term evolution.

. . . Figure 5. R as a function ofv, (mod. 2r), for 50 par-
Figure 4 has been obtained for a given set of randomjcles and waves with random phases which change along
phases. If a different seed would be attributed to the random¢jme evolution,a= 2.0,7 = 30, A = 1.0 x 10~2, and num-

number generator, a different set of random phases wouldper of waves (a) 1, (b) 3, (c) 5, and (d) 7.

be obtained, which would result in different time evolution

for the quantity depicted in the figure. We have obtained  For this situation, in Fig. 5 it is seen the Poinggtot of
results for different sets of initial random phases, some of R versusw, (mod. 2r), again considering 50 particles and
which have been displayed in Ref. [8]. What we have ob- a = 2.0, for several values of the number of waves (1, 3, 5,
served from these different cases is that, although the ob-and 7), usingA = 1.0 x 102 and the other parameters as
vious differences between the different curves obtained, thein Fig. 1. Except for the random phases which change along
inclination relative to the axis is approximately the same time, these are exactly the same conditions used to gener:
in all corresponding cases, indicating similar average diffu- ate Fig. 2. Fig. 5 clearly shows that the randomly changing
sive behavior. The interesting parameters for the emulationphases cause the complete spreading of the particle orbits
of the interaction of a narrow wave packet with energetic which appeared in the fixed phase one-wave case, result-
particles seem to be the wave energy and the width of theing in a plot which appears qualitatively independent of the
spectrum, and not the particular phases of the waves comfumber of the waves, at least for the region in phase space
posing the finite set of waves chosen to arbitrarily representwhich is depicted in Fig. 5.

the spectrum. These results could be in principle improved  In Fig. 6 we showR as a function ofv; (mod. 2r), for

by an ensemble average, considering a large number of setthe case in which five waves with randomly changing phases
of random phases, which would require very intensive useare present in the system, considering smaller values of the
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wave amplituded = 0.25,0.5,1.0, and2.0, the same val-  ay = 400, 7 = 30.0, anda = 2.0, 3.0, 4.0, and 5.0, con-
ues considered for Fig. 3), ard = 1.0 x 10~2. The loading sidering that the phase of the wave changes randomly along
procedure and other parameters are also the same. We olihe time evolution. Panel (a) of Fig. 8 shows the evolution
serve that the amount of stochastic diffusion, for the sameup to normalized ~ 120, and panel (b) shows the extended
number of iterations, is gradually smaller for smaller wave evolution, up tot ~ 1200. Fig. 8 clearly shows that long-
energy, but even in the casewf 0.25 the degree of stochas- term diffusive behavior, measured by the inclination of the
ticity is larger than that obtained in the one-wave case andcurve relative to theé axis, is nearly proportional to the wave
a= 2.0, seen in the first panel of Fig. 1 and in the first panel amplitude, while it should be nearly absent in the region of
of Fig. 2. Comparing the first panel of Fig. 6 with the first the phase space depicted in the figure,dor~ 2.0, if the
panel of Fig. 3, it is seen that the randomness of the phasephase of the wave were kept constant along time evolution,
is responsible for significant diffusive behavior which was according to the analysis presented at the beginning of the
pratically absent in the corresponding casevcE 0.25 for present section.

five waves with fixed phases.

180 . . . . . 500
- 450

. 400
e T 7 350 1
=2 300 |
=250
~ 200 -
150 /-
100 {5+

50 §

L L L L L 0 L L L L L
0 20 40 60 80 100 120 0 200 400 600 800 1000 1200

t t
Figure 8. (dI;); as a function of normalized time, for
ne = 1, IY = 1.25 x 103, ap = 400, 7 = 30.0, anda =
2.0 (full line), 3.0 (broken line), 4.0 (dashed line), and 5.0
(dotted line). The phase of the wave is randomly modified
along time evolution. (a) Short-term evolution; (b) Long-
term evolution.

4 Final remarks

Figure 6. R as a function ofv; (mod. 2r), for 50 par- _ _ . e
ticles and waves with random phases which change alongVe have generalized the discussion on stochastic diffusion
time evolution,A = 1.0 x 1072, n, = 5, and (a)a= 0.25, of energetic ions by lower hybrid waves by considering a
(b) a= 0.5, (c)a= 1.0, and (dn= 2.0. case where a set of waves with similar frequencies and ran-
dom phases which change randomly along time evolution
is present in the system. As in Ref. [8], the task has been
accomplished by generalization of the approach utilized in
Refs. [1, 2] under the restriction that the spectra is suffi-
ciently narrow such that the phase velocity of the waves
present in the system can be considered to be a constant.
The present discussion generalizes previous results obtained
o 2 a0 o 80 100 10 ® 0 20 400 500 890 1000 1200 assuming a set of waveswith fixed phases, since the random
t t modification of the phases along time evolution tends for
. . . . long time evolution to be equivalent to an ensemble average
Figure 7. (61;); as a function of normalized time, for the . ;
ca%e of W((alvels)twith random phases that change along timeVe' f|>§ed phgses, V\.’h'Ch would be much more costly from a
numerical point of view.

lution, forY = 1.25 x 103, ay = 400, 7 = 30. .
2"2 %t_lgynf’oﬁgwlz 1 (full?ir?e),OS,(g(r)oken(;i?iey), angaOgO&d%?%d The results obtained indicate significant long term diffu-

line). (a) Short-term evolution; (b) Long-term evolution. sion which is nearly independent from the number of waves
present in the system. The random modification of the

Proceeding along the proposed line, in Fig. 7 we show phases along time evolution averages possible regularities
(611), as afunction of normalized time, fdf = 1.25x10°,  oyiginated from a given set of phases, and produces stochas-
ap = 400, 7 = 30.0, anda = 2.0, forn,=1, 5, and 9, ¢ diffusion which must be close to that expected from a
for the case of waves with random phases that change alongontinuous wave packet of finite fequency width.
time evolution. As for Fig. 4, the number of particles has
been assumed to be 1000. The long-term evolution depicte
at panel (b) at the right-hand side shows that the stochas- The authors acknowledge support by the Brazilian agen-
ticity introduced by the randomly changing waves results in cies Conselho Nacional de Desenvolvimento Gfa e
continued diffusive behavior in velocity space, even for the Tecnobgico (CNPq) and Fundag de Ampara Pesquisa
one wave case. do Estado do Rio Grande do Sul (FAPERGS). Useful com-

In Fig. 8 we show(éI;), as a function of normalized ments by I. L. Caldas, Ricardo L. Viana and R. R. B. Correa
time, for the one-wave case = 1), I{ = 1.25 x 103, are gladly acknowledged.
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