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Growing of the Inhomogeneities and Acceleration Phase in a Universe with Λ Decay
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We study a model with decay of dark energy and creation of the dark matter particles. We integrate the field
equations and find the transition redshift where the evolution process of the universe change from decelerated
to an accelerated phase expansion, and briefly discuss the transition epoch and the broken of the strong energy
condition. Finally, we examine the growing of the inhomogeneities.
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I. INTRODUCTION

Before the results from supernova of the type IA obser-
vations appear in the literature, that indicates an accelerated
expansion of the universe, L. Krauss and M. Turner have
called our attention that “The Cosmological Constant is Back
”. They cited the age of the universe, the formation of large
scale structure and the matter content of the universe as the
data that indicates the insertion of cosmological constant [1].
The cosmic microwave background radiation anisotropy and
large scale structure, also indicates this acceleration process
of the universe [2], [3],[4], [5].

The mechanism that triggered the acceleration of the uni-
verse has not been identified, and the simplest explanation for
this process is the inclusion of a non null cosmological con-
stant. However, the inclusion of cosmological constant cre-
ates new problems. Some of them are old, as the discrep-
ancy among the observed value for the energy density of the
vacuum and the large value suggested by the particle physics
models [6], [7]. In spite of the problems caused by the in-
clusion of Λ, the cosmological scenario with Λ has a good
agreement in respect to the age of the universe estimate, the
anisotropy of the microwave background radiation and the su-
pernova experiments. Beyond this, making several assump-
tions concerning with the spectrum of fluctuations in the early
universe and the formation of the galaxies, G. Efstathiou sug-
gests that the small value of cosmological constant can be ex-
plained by the anthropic principle [8].

The evidence that these new components of the universe,
dark matter and dark energy, are different substances has been
considered in literature [9]. Generally the dark matter com-
ponent is considered as weakly interacting massive particles
and the dark energy component is associated to some form of
a scalar field. A link between both components to a scalar
field is studied by Padmanabhan and Choudury [10]. Conse-
quently, both components have a scale-dependent state equa-
tion, Although, today, both components are unknown is re-
spect to the your nature.

An alternative model that furnish a negative pressure in the
cosmic fluid and results in an accelerated expansion of the
universe is known as open system cosmology [11] and other

alternative dark energy models have been reviewed in [12]. In
this model the particles number in the universe do not con-
serve and the energy-momentum tensor is reinterpreted in the
Einstein’s equations, where appear an extra pressure known
as creation pressure and is negative [13],[14]. The creation
process is due to the expenses of the gravitational field and
is an irreversible process. One of the attractive features of
the hypothesis of particle production is the relation among the
large scale properties of the universe and the atomic phenom-
ena [15].

So, in the present, there is significant observational evi-
dence that we live in an accelerated universe and a lot of alter-
native explanations for the cosmic acceleration have appeared
in the literature [16], [17].

In this work we consider a different rate for diluting of the
material components due to decaying of the dark energy com-
ponent as the same way that the authors considered in [18]
and study the transition of the decelerated expansion for an
accelerated expansion of the universe and the relation with the
broken of strong energy condition. Several aspects of the of
the approach by Wang and Meng [18] are investigate in [19]

In other words we have creation of dark matter particles at
the expenses of the Λ-decay. Finally, we look at the growing
for the density contrast and call attention that to obtain the
solution for the density contrast that appear in the work [18]
the authors must consider a dependence for the Λ-decay that is
discarded by current constraints on the dark energy equation
of state.

II. THE BASIC EQUATIONS OF THE MODEL

Only a few years after introducing the field equations of the
general relativity theory, Einstein proposed adding a cosmo-
logical constant to the original equations which assumes the
form

Rαβ−
1
2

gαβR−Λgαβ = 8πGTαβ .

Originally, the cosmological constant was put in the right side
of Einstein equations, consequently interpreted as an incre-
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ment in the geometric side. However, other option is to in-
clude Λ in the left side of the Einstein equations and consider
it as a different form of energy, with density and pressure char-
acteristics. Beyond this, Λ can be consider as a time function.

In this work the space-time is considered as homogeneous
and isotropic, characterized by FRW metric

ds2 = dt2−R(t)2(dr2 + r2dθ2 + r2 sinθ2dφ2) , (1)

and the energy momentum-tensor is the usual perfect fluid,

Tµν = (ρdm +ρΛ +P)uµuν−Pgµν . (2)

P is the pressure, ρΛ = Λ
8πG is the dark energy density, ρdm

is the dark matter density, while uµ is the four velocity. So,
taking into account that the reference system is just the matter
filling it, the Einstein field equations can be written as:

R̈
R

= −1
6

8πG(ρdm +ρΛ +3P) , (3)

Ṙ2

R2 =
1
3

8πG(ρdm +ρΛ) , (4)

Based in the inflation predictions and in the data from the
WMAP [20] , we assume spatial flatness.

Assuming a coupling between vacuum energy and material
components of the universe, with creation of matter particles,
we can write the conservation law

uµT µν
;ν =−uµ(

Λgµν

κ
);ν ,

that in the present study assumes the form

ρ̇+3
Ṙ
R

ρ =−ρ̇Λ , (5)

since that, although the vacuum is decaying the state equation
for the vacuum remain with the usual aspect PΛ = −ρΛ and
ρ = ρdm + ρΛ. The development of Λ decaying models can
be looked at [21], [22], and the thermodynamic behaviour at
[23].

In the absence of dark energy decay we have ˙ρdm +
3 Ṙ

R ρdm = 0, which integration results ρdm = ρdm0R−3, where
the subscript 0 refers to the present time and we consider that
the present value for the scale factor is normalized (R0 = 1).

On the other hand, if the dark energy decays into cold dark
particles , we can assume that the energy density will dilute in
a different rate, namely

ρdm = ρdm0Rε−3 , (6)

where the positive constant ε furnish the deviation from the
standard case without creation.

Rewriting Eq.(5) as

dρdm

dR
+3

ρdm

R
=−dρΛ

dR
, (7)

and integrating, results

ρΛ = ρΛ0− ε
3− ε

ρdm0{1−Rε−3} . (8)

With auxilious of Eqs. (4), (6) and (8) we find

Ṙ2−KIR2−KIIRε−1 = 0 , (9)

where KI = 8πG
3 {ρΛ0− ε

3−ε ρdm0} and KII = 8πG
3−ε ρdm0, which

integration results

R(t) = (
KII

KI
)

1
3−ε {sinh

√
KI(3− ε)t/2} 2

3−ε (10)

With the scale factor (10) we can calculate the Hubble
function(H = Ṙ/R) and the deceleration parameter (q =− R̈R

Ṙ2 ),
respectively:

H(t) =
√

KI
cosh{(3− ε)

√
KIt/2}

sinh{(3− ε)
√

KIt/2} (11)

q(t) = −1+
3− ε

2
[cosh{(3− ε)

√
KIt/2}]−2 . (12)

The analysis of 156 SNe realized by Riess et al. [2] point
out to the present acceleration at 99.2% level and for the past
deceleration (q > 0) beyond the redshift Zt = 0.46± 0.13 at
99.8% level, where the subscript t refers to the transition point
which the universe change the signal for the deceleration pa-
rameter. With auxilious of Eqs. (10) and (12) the redshift of
the transition can be calculated and put in terms of the age of
the universe (t0), namely

Zt = {(1− ε
2

)−1/2 sinh[(3− ε)
√

KIt0/2]} 2
3−ε −1 , (13)

We can use this relation and the expression for the Hubble
function to write the present Hubble function in terms of tran-
sition redshift (Zt ), namely

H0 = {KI +
2KI

(1− ε)(1+Zt)3−ε }1/2 . (14)

Note that, when more recent is the transition for the accelera-
tion process we obtain an younger universe.

On the other hand, the acceleration expansion of the uni-
verse is not possible if the strong energy condition holds.
Since that we have a transition of the acceleration to decelera-
tion expansion process, naturally the strong energy condition
must be broken at the identical redshit which the transition
occurs.

Then, we have:

ρdm +ρΛ +3P =−3
κ
{2KI +(ε−1)KIIRε−3} . (15)

So, from (15) we find that the strong energy condition is bro-
ken for

Rsec = { (1− ε)KII

2KI
} 1

ε−3 . (16)

Note that, the redshift correspondent to the above scale factor
is

Zsec = [
KII(1− ε)

2KI
]

1
ε−3 −1 , (17)
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that is identical to the redshift of the transition point.
To finish, we want to make some commentaries about the

growing of the inhomogeneities . The equation for density
contrast in the presence of Λ-term is given by [24]

R2 d2δ
dR2 +

3
2
(1+

Λ
3H2 )R

dδ
dR

+(
Λ

2H2 −
3
2
)δ = 0 . (18)

Considering the decay of Λ into particles the equation for δ
assumes the form:

R2 d2δ
dR2 +

3+ ε
2

R
dδ
dR

+
ε−3

2
δ = 0 , (19)

which integration results

δ ∝ R
√

ε2−6ε+25−ε−1
4 . (20)

This expression is identical to the obtained by Wang and
Meng. However, to obtain the differential equation (19), we
use the equations (4), (6) and (8). In addition we must con-
sider that the formation of the inhomogeneities occurs at some
time ago such that Rδ << R0 = 1, where Rδ is the scale factor
at the born of the inhomogeneities. Beyond this , the vacuum
density today must a very small value. With this approxima-
tion and help of equations (4), (6) and (8), we find Λ = εH2.
This kind of dependence for Λ is inconsistent with the current
constraints on the dark energy equation of state according the
authors of [18] and [25].

When the Λ terms are ignored in eq. (18) we obtain the
usual solution δ ∝ R, that evolves faster then the solution given
by (20).
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