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Scalar Perturbation in a Black Hole localized on a Brane
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In this work we study a scalar perturbation in a brane black hole with Schwarzschild behavior, localized on
the brane. This black hole solution was derived by Casadio, Fabbri and Mazzacurati with the metric satisfying
the conditionR= 0, whereR is the four-dimensional scalar curvature.

I. INTRODUCTION

In the last few years there has been a renewed interest in the
description of our world using extra dimensions. Of especial
interest is Randall Sundrum’s model (RS) in which the stan-
dard model fields are confined to a 4-dimensional hypersur-
face (3-brane) embedded in a 5-dimensional space-time (bulk)
where only gravity can propagate.

In RS-II [1] the extra dimension is infinitely extended but
“warped” by the presence of a non-vanishing bulk cosmolog-
ical constantΛ.

The vacuum field equations in the 5-dimensional bulk are

Rνµ = Λgνµ (ν,µ= 0, ...,4) . (1)

Projecting the above equation on the brane and introducing
Gaussian normal coordinatesxi(i = 0, ...3) andz (z= 0 on the
brane), one obtains the constraints atz= 0,

Riz = 0 , R= λ , (2)

whereR is the 4-dimensional Ricci scalar,λ is the cosmolog-
ical constant which, in this case, vanishes when a fine tuning
betweenΛ and the brane tension is done. The conditionR= 0
is a weaker requirement than the purely 4-dimensional vac-
uum equationsRi j = 0 and is equivalent toRi j = Ei j , where
Ei j is proportional to the projection of the 5-dimensional Weyl
tensor on the brane.
If we consider a spherically symmetric metric on the brane,
we have

ds2 =− f (r)dt2 +h(r)dr2 + r2dθ2 + r2sin(θ)2dφ2 . (3)

The solution of the equationR = 0 to this metric with the
ansatzf (r) =

(
1− 2M

r

)
will be

h(r) =

(
1− 3M

2r

)
(
1− 2M

r

)(
1− Mγ

2r

) , (4)

whereγ is an arbitrary constant.
This metric with a Schwarzschild type behavior was de-

rived by Casadio, Fabbri and Mazzacuratti[2,4].

II. SINGULARITIES AND HORIZON ANALYSIS

As we can see in the above line-element, there are problems
with the coordinate system at four points, namelyr = 3M

2 ,

r = 2M, r = 0 and r = Mγ
2 . There is also a problem with

the signature of the metric which turns out to be Euclidean
in some special cases: depending on the value ofγ in some
regions we have no negative eigenvalue ing meaning that
there is no time and so no physical sense.

Before choosing a convenient coordinate system, we must
verify the scalars of the line-element. By calculating the
scalarsP = RµνδαRµνδα andQ = RµνRµν we obtain

P' F1(r)
r6(−2r +3M)4 , Q' F2(r)

r4(−2r +3M)4 . (5)

Thus, we can see that only two of the four points in the line-
element represent possible singularities in space-time. This
is so because the scalars go to infinity when we take the limit
r → 0 andr → 3M

2 , i. e., there are real singularities inr = 0 and

r = 3M
2 and in the pointsr = 2M andr = γM

2 we have proba-
bly no real singularities. In the Penrose diagram however, the
space-time ‘ends’ in the spacelike singularity atr = 3M

2 , wich
means that the spacelike singularity inr = 0 does not exist in
this Universe.

There is a especial regime forγ = 3 in which, we recover
the Schwarzschild space-time,P = 48M2

r6 andQ = 0.
Finally, we are going to show that there is only one event

horizont inr = 2M by taking null-radial geodesics for which
θ̇ = 0, andφ̇ = 0 [3]

−h(r)ṫ2 + f (r)ṙ2 = 0. (6)

With this equation, we can define the so-called tortoise coor-
dinate, generating the null-coordinatesu andv:

dr∗ =

√
f (r)
h(r)

dr =

√
(2r−3M)r2

2(r−2M)2(r−Ma)
dr. (7)

Analysing the behavior of the integral whenr → 2M, we ob-
tain

r∗→−∞, (8)

defining

du= dr∗+dt, (9)

dv= dr∗−dt, (10)

as the null-coordinate, we can see in the Penrose Diagram de-
fined byU = tanhu andV = tanhv that there are no problems
in r = 2M (as stated above) and this is a null surface that is
actually the only horizon of the metric.
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III. SCALAR PERTURBATION IN A
SCHWARZSCHILD-CFM BLACK HOLE ON THE BRANE

We investigate the evolution of a massless scalar field
Ψ(r, t,θ,φ) on the spacetime. The scalar perturbation is given
by 4-D Klein-Gordon equation

1√
g

∂i
(√

ggi j ∂ jΨ(r, t,θ,φ)
)

= 0, (11)

with g =−det(gi j ).
The root square of the determinant of the metric is given by

√
g =

√
(2r−3M)
(2r−Mγ)

r2sin(θ) . (12)

Substituting the components of the metric and equation (12)
in the Klein-Gordon equation and using the variable separa-
tion Ψ(r, t,θ,φ) = ∑l ,mR(r, t)Ylm(θ,φ) we have two decoupled
equations, and the radial equation is

[
3r−6M

r(2r−3M)
+

1
2r−Mγ

+
2M

r(r−2M)

]
g11

R
∂R
∂r

+

−
(

r
r−2M

)
1
R

∂2R
∂t2 +

g11

R
∂2R
∂r2 =

l(l +1)
r2 . (13)

Changing to the tortoise coordinate

r = r(r∗) =⇒ d
dr∗

=

√
f (r)
h(r)

d
dr

, (14)

d
dr∗

=
(r−2M)

r

√
2r−Mγ
2r−3M

d
dr

, (15)

and substituting

R(r, t) =
ψ(r, t)

r
, (16)

we find the equation

−∂2ψ
∂t2 +

∂2ψ
∂r2∗

−V(r∗)ψ = 0 , (17)

where the potential is given by

V(r∗) = f (r)
(

M
[

r2(5+γ)−6Mr(γ+1)+6M2γ
r3(2r−3M)2

]
+

+ l(l+1)
r2

)
. (18)

IV. NUMERIC RESULTS AND DISCUSSIONS

The solution of equation (17) was obtained by numerical
integration[5], where the scalar fieldΨ is given as a function
of the null coordinatev = t− r∗. In the figure below we have
the evolution of the massless scalar field takingγ = 2.0 and
γ = 3.5 and with two values ofl .

Evolution of the massless scalar field
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FIG. 1: Field decay in CFM black hole, with l = 0,1 and two diferent
values ofγ

On the above figures we can see that the behavior of the
tails and transient is the same as Schwarzschild behavior, i.e.,
although the potential has an additional term which depends
on γ, it doesn’t affect the assintotic behavior.

A more complete analysis about this theme is still in
progress [6].
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