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We obtain the local magnetization of a planar Ising model with defects of different types. It is shown
that near the critical point the local magnetization has a nonuniversal behavior that manifests itself
in the fact that its critical exponent is a continuous function of the microscopic parameters of the

system.

The Ising model is the simplest model of magnetism
and was proposed by Ising [1] in 1925. The most inter-
esting property of this model was discovered by Onsager
[2] for the two-dimensional model in 1944. This model
has a phase transition and was the basis for the mod-
ern theory of phase transitions. The 8-vertex model
was solved by Baxter [3] and has a nonuniversal behav-
ior that manifests itself in the fact that its critical index
« is a continuous function of the microscopic parame-
ters of the system. In this report we present a rigorous
and phenomenological analysis of different types of lo-
cal magnetization of the two-dimensional Ising model.
Firstly we consider linear defects of two different types
[4]. The local magnetization is calculated exactly for
this model, and a study is made of its dependence on
the distance to the defect and on the size of the de-
fect. The most interesting feature of the solution is the
dependence of the critical exponent of the local magne-
tization on the interaction parameter.

The interaction energy of the lattices considered can
be represented as a sum of two terms

E = Ey+ AE, (1)
where Ej is the energy of the defect-free lattice,
M N
EO = - Z Z (Jlsmnsmerl + JZSmnstrl,n); (2)

m=1—M n=1—-N
and AF is the energy of the perturbation due to the
presence of the defects. For the lattice of the first type,

M

AFE = —(J{ - Jl) Z SmoSM1, (3)
m=1—M

and for the lattice of the second type,

M
AE=—(J3—J2) Y SmoSN1. (4)

n=1—n

In these expressions s, is the spin variable connected
with a lattice site having coordinates m and n , and
takes values +1; J1, J{ and Ja, J4 are the energies of the
interaction between the horizontal and vertical pairs of
neighboring spins, respectively. Here both directions
M,N — oo.

We define the local magnetization of a lattice with
defects in analogy with the definition of the magnetiza-
tion of the spin-spin correlation function

<sp>= lm < sSpnSmantr >/ < Smpt+r > . (D)
L—

We have ommitted from the left-hand side of this ex-
pression the row index because of the translational in-
variance of the lattice in question in the vertical direc-
tion.

For spins with large column number the local mag-
netization does not differ from the magnetization <
s >o of a defect-free lattice

<sp> = [l—(sinh2K;sinh2K5)7%] ~ 718,
r = [1-T/T., (6)

K; = J;/kT, where k is Boltzmann’s constant, T is the
temperature, and the subscript ¢ marks the value of the
function at the critical point T,. We have obtained an
exact solution for the local magnetization and consider
its behavior in the most interesting - scaling - region,
defined by the following relations:

15 0,n— oo, (7)

where ¢ is the correlation radius of the defect-free lat-
tice

R (8)
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An analysis of the exact expression shows that the local
magnetization in this region has the scaling form

< sp >=<5 >0 f(z,kK) 9)

For the lattice with defects of the first type

= @n-1¢ s
= (G -C)GON)™H=Ct <<
= 2(n-1)¢71s 2,
= tanh2(K, — K}),-1< K <1,
C; = cosh2K;,S; =sinh2K;. (10)

The most interesting feature of this solution is the
nonuniversal behavior of the local magnetization at dis-
tances n smaller than half the correlation radius £ of the
defect-free model. This nonuniversality consists in the
fact that the critical exponent f;,. of the magnetization
is a continuous function of the interaction parameters

< sp >~ TPoc for n < €, (11)
where
Bioe = [arccos(—k)]%. (12)

Thus, the local magnetization of a lattice with a line of
defects, at distances larger than £ to the defect, hardly
differs from the magnetization of a defect-free lattice.
The deviation becomes so substantial that it leads to
a change of the critical exponent ;.. that character-
izes the dependence of the local magnetization on the
relative temperature 7.

We now discuss the reason for the nonuniversality
of the critical behavior of the local magnetization from
the point of view of the general theory of phase tran-
sitions [5]. Let us investigate a d-dimensional system
near a critical point determined by the Hamiltonian

H=Hy+ \H, = /e(r)dr +/)\w(r)dr (13)

with A a small parameter. The energy density ¢(r) and
perturbation density w(r) are local quantities that de-
pend on the microscopic variables which describe the
system.

We investigate a d-dimensional system near a crit-
ical point determined by the Hamiltonian (1). We as-
sume that the perturbation is caused by the presence of
a homogeneous defect of dimensionality d*. In this case
the perturbation itself has dimensionality d'(d* < d').
Define the function A(r) in the following way

Alr) = Az(r),
Z(T) = [(md*+1)2 + (-Td*+2)2 + o+ (mdl)z],am’
(14)
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where z1, ..., x4 are the axes of a Cartesian coordinate
system. The coordinate axes x1,...,x4 are chosen in
such a way that axes x1,...,24 span the subspace of
the perturbation in which the defect subspace with axes
Z1,-.-,xq= is embedded. The integration in the first
term of (13) is carried out in a d-dimensional space,
while the second term involves a d’ -dimensional sub-
space integration.

The results of our analysis are the following [6]. In
the case

depp = Ay,

where
defs = max(d' — a,dx), (15)

we can calculate the change in the critical exponents to
linear order in A,

A, = Ag + Xa1Sqax (),
A, = Ag + )\blSdrd*(a). (16)

Thus in this case local critical exponents are continu-
ous functions of the microscopic pertubation parameter
Aj. This indicates that there is a local violation of the
universality hypothesis.

Such a situation can occur in the general case, and
not only for the case of a special symmetry - a charac-
teristic of a special symmetry - a characteristic of the
defect models investigated earlier whose dimensionali-
ties were integers.

Recent developments in this field of investigation
can be found in Refs. [6-8].
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