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1 Introduction and main results

Let 2 C R" be a bounded domain with smooth boundagy and letv = v(x)
be the outward unit normal vector 82 at x, 9,u = Vu .- v. We consider a
hyperbolic integro-differential equation:

t

(Puy(x,t) = 8t2u(x, t) — p(X)Au(x, t) —/ KX, t, n)Au(x, n)dn
0 (1.1)

—LWwX,t)=FX,t), xe,t>0,
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230 A STABILITY RESULT FOR AN INVERSE PROBLEM

where

LWt = Y gy(09;u(X, 1) + Gnsa(X)UX, 1) + Go()U(X, 1)
j=1

n t
£y /0 H) (. £, ajucx, n)dn
=1

t
+/ Hni1(X, t, n)diu(x, n)dn
0

t
+/ Ho(X, t, mu(x, n)dn.
0

Herep € C3(Q), p > 00nL,q; € C(Q),j =0,...,n+1,K € C3(QxE(T)),
Hj € C(Q x E(T)), j =0,...,n+ 1such thab H; € C(Q x E(T)). Here
wesetE(T) ={(t,n) e R?:0<n <t <T}.

We set

0 0
X=Xy, ... Xp), g =—, 0 =—, j=1,2,....n,
(1 n) t 9t j BXj J

n
Vit = (V. 8) = B1.....00.8), A=) 97
j=1

Equation (1.1) appears in various cases such as viscoelasticity.

One of the fundamental questions for (1.1) is the unique continuation: if
satisfies (1.1) and = d,u = 0 onT x (O, T) whereI' C 92, then can we
choose a neighbourhodd ¢ R" of I" and an interval < (0, T) such that
u=0inU x I?

In order to prove the unique continuation and discuss applications to inverse
problems, a Carleman estimate is a main tool. In this paper, we will establish a
Carleman estimate for (1.1), and will apply it to determine an unknown source
term. We stress that our result is the first step to determidependent coef-
ficients in (1.1). In a forthcoming paper we will discuss more general inverse
problems.

In addition to the assumption thate C?(Q) andp(x) > 0in , throughout
this paper we suppose that there exigts R" \ Q such that

%IO(X)2 — (Vp(X) - (X — Xg)) > 0, X e Q. (1.2)
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We set
P(X, 1) = |X — Xo|* — pt?, (1.3)

whereB > 0is a sufficiently small constant depending@np, xo. Furthermore,
forafixedR > 0 and anyg > O, let

Qe) = {(x,1) € @ x (0,00) : p(X,1) > R*+ ¢}, w4
Qe) = {xeQ:Ix—xol| > (R+e)"). '

Then we can show

Theorem 1 (Carleman estimate). Letu € H?(Q(¢)) satisfy (1.1) and
ux,0 =0 or ou(x,0=K(x,0,0 =0 xeQ(). (1.5)

Then there existy > 0 and a constan€C = C(s)) > 0 independent ofi such
that
/ (S| Vy1Ul? + su?)e®d xdt
e (1.6)
<C |F1?e*¢dxdt+ Ce™dflul|?y, 5
Q)

foranys > 55, wherexX = 9Q(e) \ (2(¢) x {0}) and
Il 5 =f (IVxeUl? + 1?) dS
QN (R(e)x{0)

Remark 1. ConditionK (x,0,0) = 0 in (1.5) can be erased if we are given
the initial conditionau(x, 0) = d;u(x, 0) = 0, x € ©(0).

Remark 2. In the weight functiory, we have to choosg = 8(%2, p, Xo) > 0
sufficiently small. In particular, ifo = 1, then we can choose aye (0, 1)
(e.g., [14], [20]).

Inequality (1.6) is called a Carleman estimate. Carleman estimates are well-
known for elliptic, parabolic and hyperbolic operators (e.g., Hérmander [8],
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232 A STABILITY RESULT FOR AN INVERSE PROBLEM

Isakov [12]-[14], Klibanov and Timonov [20], Lavrent’ev, Romanov and
Shishat'ski [23]). However our system is involved with the integral term

t
/ K(x,t, n)Au(x, n)dn, @.7)
0

so that a Carleman estimate for (1.1) is not found in the existing papers. In Yong
and Zhang [31], an exact controllability problem is considered for a related
system.

In order to treat the integral term (1.7), we have to assume the extra information
(1.5). In other words, a usual Carleman estimate is proved for the extended
domain

(X, 1) e Qx [T, T]:p(x,t) > R* + ¢},

but not for
(X, 1) e 2 %[0, T]: (X, 1) > R?+¢}.

In order to apply a usual Carleman estimate to the inverse problém-irD,
we should extend the solutiantot < 0. Such an extension requires an extra
argument owing to (1.7). On the contrary, for an inverse problem over a time
interval (O, T) under (1.5), we need not extendo (—T, 0), and can directly
apply our Carleman estimate (1.6). This kind of Carleman estimates ifl is
derived by a pointwise inequality in Klibanov and Timonov [20], Lavrent’ev, Ro-
manov and Shishat'sk{23], and is quite different from the Carleman estimates
in Hormander [8], Isakov [12]-[14], etc.

Next we will consider

The Inverse Source Problem. Let ¢ > 0 be arbitrarily fixed and let e
WL>(0, T; L*®(R2)) be a given function. Let us consider

(Puy(x,t) =r(x,t) f(x), xXe®, O<t<T, (1.8)
u(x, 0) = gu(x, 0) =0, X € Q. (2.9)

Our task is to determine functioh € ©(8) with § > 0 from the knowledge of
UlrxoT),  WUlrxo,T)-
Herer is an open subset 6f2.
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The problem to be solved is actually a sort of “double Cauchy” problem, since
we are given Cauchy conditions on bots 0 andl". Note that we are given only
“incomplete” boundary conditions, since no conditionsuoand its derivatives
are prescribed on the whole &f2.

Let usassume

Q0) Cc QUT. (1.10)

We are ready to state the stability result for our inverse source problem.

Theorem 2. Letu e C3([0, T]; L2()) N C3([0, T]; HL(Q)) N C([0, T];
H?(Q)) satisfy(1.8) and (1.9), and let us assume in addition to the regularity
assumptions for the coefficients(ih1) that ;K € C%(Q x E(T)). We further
assume

Ir(x,0) >0, forall xeQ (1.11)

and

SUBcq(0) |X — Xol

N i

Thenforany > 0, there existtwo constan&= C(2, T, p, X0, 8,8,I, R) > 0

andxe =« (2, T, p, X0, B,8,r, R) € (0,1), BandRbeing asin(1.3) and(1.4),
such that

(1.12)

11—«
I fllizeey < C (IUllayqoy + 18cUllHioo) + I flliz@o))
K
X (IUllirx 1y + 18Ul ML 0.7y) (1.13)
+ C (Ilullhrx .1y + 18Ul Hirx©.T)) -

The factor(||ullyrx .1y + 13Ul Hir«0.1)) is the observation datum and
(2.13) shows the stability of Hlder type which is conditional undea amiori
boundedness df|ully1q) + 10tUllnzo) + Il flL2)-

Theorem 2 is derived from Theorem 1 by means of the method created by
Bukhgeim and Klibanov [3].

As related works on inverse problems by Carleman estimates, see Bellas-
soued [1], Bukhgeim [2], Imanuvilov and Yamamoto [9]-[11], Isakov [12]-
[14], Khaidarov [18], Klibanov [19], Klibanov and Timonov [20], Klibanov and
Yamamoto [21], Kubo [22], Yamamoto [30] and the references therein.

The novelty of this paper in comparison with the quoted ones, consists in:
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234 A STABILITY RESULT FOR AN INVERSE PROBLEM

(1) establishing a Carleman estimate for (1.1) with the integral term (Theo-
rem 1).

(2) deriving a Holder estimate for an unknown factor depending amthe
source term of (1.8).

In particular, we can prove the Lipschitz stability for the unknown function

in terms of the data measured on a suitably large paoft 92. The related
proof follows some ideas contained in [9] and [10], and makes use of our Car-
leman estimate (Theorem 1). We stress that Theorem 1 is the starting point for
establishing stability also for different inverse problems related to hyperbolic
integro-differential equations, such as the determinatiop(®j in (1.1), which

is physically important. For example, let= v(x, t) andw = w(X, t) be the
solutions to (1.1) corresponding respectively to the coefficipraisdg. Setting

u = v—w, weobtain (1.1) wher& (x, t) is replaced by p(x) — (X)) Aw(X, t).

Then, on the basis of Theorem 1, we can apply an argument similar to the one
used in [11] to prove the stability concernipgx). In a forthcoming paper, we
discuss the details.

Different kinds of inverse problems, which consist in determining time-de-
pendent factors in the kern&l (x, t, n), are dealt with, e.g., in the papers by
Cavaterra [4], Cavaterra and Grasselli [5], Cavaterra and Lorenzi [6], Janno
and Lorenzi [15], Janno and von Wolfersdorf [16], Kabanikhin and Lorenzi
[17], Lorenzi [24], Lorenzi and Messina [25], [26], Lorenzi and Romanov [27],
Lorenzi and Yahkno [28], von Wolfersdorf [29] and the references therein.

The rest of this paper is composed of two sections: in Section 2 we will prove
Theorem 1, while Section 3 is devoted to the proof of Theorem 2.

2 Proof of Theorem 1

HenceforthC > 0 denotes generic constants which are independesit-o0f0

and may vary from line to line. We first state a pointwise Carleman estimate for a
hyperbolic operator (Theorem 2.2.4 in Klibanov and Timonov [20, pp. 45-46]).
See also Lemma 2 in [23, p. 128] for the casepo& 1 and Cheng, Isakov,
Yamamoto and Zhou [7].
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Theorem A. Letp = p(x) € C3(Q) satisfy(1.2) and let > 0 be sufficiently
small. Then there exist constaisgs> 0 andC > 0 such that

(sIVtw(X, D2 + s¥|lw(x, 1)[?) €Y 4 div U (x, t) + &V (X, )
< CJ (32 = pO)A) w(x, 22X, (x,1) € Qe)

forall s > sgandw € C?(Q(¢)). Here(U, V) is a vector-valued function and
satisfies

U, )] + [V (X, )]
< Ce¥%Y (5] Vyiw (X, D* + SPlwx, %), (X, 1) € Qe).

MoreoverV(x,0) =0, x € (0) if w(x,0) =0 or dw(X,0) =0, x € Q(0).

Here we modify the statement of Theorem 2.2.4 in [20], the proof being essen-
tially the same. Integrating the first inequality in the above theorem Qvey
and making use of the properties of functidshsandV in the proof of the same
theorem, we obtain

Theorem B. Letp = p(x) € C2(Q) satisfy(1.2), 8 > 0 be sufficiently small
andw(x,0) = 0or dw(x,0) =0, x € Q(0). Then there exist constargs> 0
andC > 0 such that

f (sIVyw]? + s*|w|?) €7dxdt
Q(e)

< c/ | (32 — p(x)A) w|*e®dxdt
Q(e)

+CeCS/ (IVxiwl® + [w[®)dS
9Q(e)\(Q(e)N{t=0})

for anys > sy and anyw(x, t) € C2(Q(¢)).
Set

t

v(X, t) = pxu(x,t) +/ KX, t,pux,n)dn, xeQ,t>0  (2.1)
0
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236 A STABILITY RESULT FOR AN INVERSE PROBLEM

Then from the formulae
Ju(x, 1) = p)RUX, 1) + {3 (K (X, t, 1)) + &K (X, t, t)}u(x, t)
+ K (X, t, )du(x, t) + /Ot IZK (X, t, mu(x, n) dn,
Av(x,t) = p(X)Au(x,t) + /Ot K (X, t, n)Au(x, n)dn
+ 2V p(x) - Vu(x, t) + u(x, t) Ap(x)
+ Z/Ot VK(x,t,n) - Vu(x,n)dn + /Ot ux, n) AK(x, t, n)dn,
we easily deduce thatsolves the equation

(X, ) — pOO)AV(X, 1) = pOX)F (X, t) + p)L(u)(x, 1)
+ KX, t,t)ou(x, t) — 2p(x)Vp(x) - Vu(x, t)

t
+ / [8t2K(x,t,n)—p(x)AK(x,t,n)]u(X, n)dn (2.2)
0

t
- 2p<x)/ VK (X, t, ) - Vu(x, ) dy
0

= pX)FX, 1)+ Li(wx,t), xe,t>0,

and the initial conditions

v(X,00) =0 or ov(x,0) =0, x € 2(0). (2.3)

Here we note thatd; K) (X, t, t) = 3K (X, t, n)];=t.
In terms of (2.3), we apply Theorem B to (2.2). Consequently there exists

some positive constast> s, such that, fos > s, we obtain

/ (S| Vx1v)? + sv?)e®dxdt

Q(e)
< C/ |pF e dxdt (2.4)
Q)

+ c/ IL1(w)|?e®*dxdt+ CE~|ull?, 5
Q(e)
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whereX = 9Q(e) \ (Q(e) x {0}).
By our assumptions on the coefficients and the kernels we deduce the estimate

ILi W) (X, )] < C (IVxtu(x, )| + [u(x, t)])

¢ (2.5)
+ C/ (IVxeu(x, )| + [u(x, n)l) dn.
0

Consequently, from (2.4) we obtain, fer> s,

/ (sIVx1v? + s*v?) e¥dxdt

Q(e)

<C |F|?e®dxdt+ C (IVx.tul? + u?) e dxdt
Q(e) Qe (2.6)

t 2
+ C (/ (|Vx,tU(X, )| + Ju(x, 77)|) dn) e dxdt
Q(e) 0

C 2
+ CEYYull?, 5

We need now to show

Lemma 1.

t 2 C
/ (f |w(x,é§)|d§) ¥ dxdt < —/ lw(x, t)|2e2¢dxdt
Qe “Jo S JQe

forall w € L2(Q(e)).

Lemma 1 is fundamental in order to derive a Carleman estimate for our in-
verse problem. We note that it was proved in Bukhgeim and Klibanov [3],
Klibanov [19], but with a factor not containing/4. On the contrary, for our
proof the factor Isis essential. As for the proof of Lemma 1, see Lemma 3.1.1
(pp.77-78) in [20]. However, for completeness, we will give the proof of it in
Appendix.

By (2.1) andp > 0 on £, we obtain

1 KX, t, )
) = )= | ——— T ux, n)dn. 2.7
u(x, t) p(X)U(X ) /0 000 u(x, mdn (2.7)

Hence, owing to Lemma 1, we have

C
f u?edxdt < C/ vzezsﬁ"dxdt+—f u?edxdt
Qe) Qe) S JQe
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238 A STABILITY RESULT FOR AN INVERSE PROBLEM

Takings > s sufficiently large, we can absorb the second term on the right hand
side into the left hand side, and we have

/ u?e®>dxdt< C v2e®dxdt, s> 5. (2.8)
Q) Q)

Similarly, from (2.7) we obtain
/ |Vyx.u2e®dxdt < c/ (IVerv]? +0He?dxdt, s>s. (2.9)
Q) Q)

Hence, substituting (2.8) and (2.9) into the left hand side of (2.6) and applying
Lemma 1 to the third term on the right hand side of (2.6), we obtain

/ (s|Vxul® + s*u?) e dxdt
Q(e)

<C (sIVytv]? + (s + s®)v?) ¥ dxdt
Q(e)

< C/ (Sleytv|2+83v2) e dxdt
Q(e)

< C/ (IVxtul® + u?) e dxdt (2.10)
Q(e)

Lc F2e2¢dxdt + Ct-:‘CsHU“?l%2
Q)

< C/ (IVx.ul? + u?) e dxdt
Q(e)

+ C/Q( ) F2e®¥dxdt+ Ce™d|lul|?, 5.
t

In order to derive the last inequality, we used

Ivl1%) 5 < Cllullg, 5 (2.11)

by (2.1). Taking agais > 0 sufficiently large, we absorb the first term on the
right hand side into the left hand side at (2.10). Thus the proof of Theorem 1 is
complete.
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3 Proof of Theorem 2

The proof is based on the modification by Imanuvilov and Yamamoto [10] of the
original method by Bukhgeim and Klibanov [3]. The main ideas of the proof are
as follows:

(1) Inorderto apply the Carleman estimate, the functions under consideration
have to vanish on a part @f(2 x (0, T)) (see (1.5)). Therefore we
introduce a cut-off function given by (3.2).

(2) After taking thet-derivative ofu, an unknown functiorf = f (x) appears
in the initial value and the right hand side(see (3.11)).

(3) Applying the Carleman estimate with large paramates O to thet-
differentiated equation, we can estimate thienorm of f (x) with the
weight e**:0 py | J| and suitable norms of the boundary dataldx
(0, T) (see (3.16)—(3.17)).

(4) Thanks to the Carleman weight function, the coefficient fofx)|? in
J tends to 0 as — oo. Thus the term off in J can be absorbed, so
that the proof is complete.

Although our proof originates from [3], the steps (3)—(4) are different and
are more convenient for deriving an estimate which is global over the whole
domaing.

We can prove now Theorem 2. First we modify Theorem 1 as follows.

Corollary 1. Letu € H?(Q(e)) satisfy (1.1) andi(x, 0) = 0, x € Q(¢). Then
there existy > 0 and a constan€ = C(sy) > 0 independent afl such that

/ (S| Vx1ul? + s°u?) ¥ dxdt < C/ |F|?e®dxdt
Q(e) Q(e)

+ CeCS/ (IVeiul® +u?)dS (3.1)
Q)N % (0,00))

R2+3 2
+ CSPe™(R+ 6)||u||H1(Q(€))

foranys > s.
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240 A STABILITY RESULT FOR AN INVERSE PROBLEM

Proof of Corollary 1. Let x € C(R"!) satisfy 0< x < 1inR""! and

LD = |1, (x,t) € Q(3¢), 52)

0, x,1) € Q) \ Q(2e).

We setv = xu. Then|v| = |[Vxiv] = 00naQ(e) \ {(T x (0, 00)) U (R2(¢e)
x{0h} andv = 0 onQ2(¢). Therefore Theorem 1 yields

/ (s|vx,t(xu)|2+s3|xu|2)e23¢dxdt5C/ |F %€ dxdt
Q(e)

Qe) (3.3)

+CeCS/ (19 W2 + 1xul?) dS
3Q(e)N(I'x (0,00))
foranys > 5. Since

/ (sIVy,ul? + s*u?) e dxdt
Q)

= (f +f ) (sIVy.ul? + s*u?) €2 dxdt
Q(3e) Q(e)\Q(3¢)

andy = 1in Q(3e), p(x, 1) < R?+ 3¢ for (x,t) € Q(e) \ Q(3¢), we have
/ (sIVytul? + s*u?) e dxdt
Q)
< / (sIVxt (xw)|? + 8% xul?) ¥ dxdt+ C§923(R2+38)||u||2H1(Q(g)>'
Qe)

Thus the proof of Corollary 1 follows from this inequality and (3.3).

Now we proceed to proving Theorem 2. By (1.12), we haTe& > |x — Xo|?
forx € (0). Since(x, t) € Q(e) impliesthaix e €(0) and|x—xg|>—Bt? > 0,
we have O<t < T. HenceQ(s) C 2 x (0, T).

Let u satisfy (1.8) and (1.9). For the sake of simplicity, we will make use of
the shorthands:

— 2 2
i D = ||u||H1(FX(O,T)) + Hatu”Hl(l"x(O,T))’

(3.4)
M = Ul o) + 13Ul 100, + I FIE 200

whereD is a quantity depending only on the data, whileis related to the
priori bound ofu and f, needed to obtain the stability result (see (3.5) and (3.9)).
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Applying Corollary 1 to (1.8), we obtain

/ (SIVy,ul? + s’u?) ¥ dxdt
Qe)
(3.5)
< C/ |f12€2¢dxdt+ CESSD + CSeBRH3IM . s> g
Q)

On the other hand, (1.8) yields

t
Au(x,t) = —/0 %Au(x, n)dn+$8t2u(x,t)

- %L(u)(x, t) — %r(x, t) f (%), (X, 1) € Q(e).

Therefore Lemma 1 implies

C
/ |Aul?e®dxdt < —/ |Au|2e25¢’dxdt+C/ |82u)?e*dxdt
Q) S JQe Q)

+C (IVxtul? + |uf?) €¢dxdt+C f2e®¢dxdt
Q) Q)

Hence, fors > 0 sufficiently large, we obtain

/ |Auj?e®¢dxdt < C/ |32ul?edxdt
Q(e) Q(e)
(3.6)

+C/ (IVxtul® + ul?) ezs“’dxdt+C[ f2e®dxdt s> .
Q(e) Q(e)

Next, settingw = a;u, by (1.1) withF =rf and (1.9) we have

d2w(x, t) — pX)Aw(x, t) = K(X, t, t) Au(x, t)
t
+/ AKX, t, AU, mdn + LW X, H) + @&, Hfx), (3.7)
0

(x,t) € Qo)

andw(x, 0) = 0forx € Q(¢).
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Noting that

GLWOGY = D gj()9;3UX, 1) + On 2 ()UK, 1)
j=1

+ QO(X)atU(X’ t) + Hn+1(X» t9 t)atu(x’ t)

n
+ D HjOGE DU, 1) + Ho(x, t, Hu(x, t)
j=1

Nt
" Z/O BH} (. £, A u(x, m)dy
=1

t
+ / B Hus 10X £, m)aU(x, m)dn
0

t
+ / deHo(x, £, Mu(x, mdn, xeQ,0<t <T,
0

we have

3 LU (X, )] < C (IVxtdu(X, D] + [V u(X, D] + [u(x, 1))

t (3.8)
+C [ (Wt I + U i) dr. €@ 0<t<T.
0

Applying Corollary 1 to the functiom = du and to the operatd? — p(x)A,
corresponding to (1.1) with = K = 0, whereF is the right-hand side of the
previous equation, we have

/ (sIVy.1dul® + s%|ul?) ¥ dxdt < C/ | f12€?dxdt
Q(e) Q(e)

+ C/ (AU + Vi 13eul? + ViUl + Jul?) € d xdt
Q(e)

4+ CESSD 4 CSeRe+30 s> 5.

Hence, for larges > 0, we deduce

/ (SIVx.tdul® + s%|dul?) e¢dxdt < C/ | f 12> dxdt
Q(e) Q(e)

+cf (JAul? + |Vul® + |u?) e dxdt (3.9)
Q(e)

1 CEPSD 4 Ce™R+3)
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Combining (3.5), (3.6) and (3.9) and takieg- O sufficiently large, we obtain

f (IAUJ? + S| Vy ul? + S| Vy 1 deul® + S°|3u)? + s*u?) e dxdt
Qe (3.10)
2
< Cf | f12€?dxdt+ CESSD + CSe®R3M, s> .
Q(e)

We now setz = x (0;u)e’*. The introduction of the new functianis convenient
for estimating the initial value containingywith the weight functiore®. Then
we compute)?z and Az:

9z = € x33u+ ¥ (B¢ x)au + s x (3 ) [97p + s(B9)?]

+ 263 (3 x) 32U + 2S€¥ (3 x) (3 U) B + 2SE¥ x (32U)drg,
Az = ¥ AdU+ €¥(Ax)du+SE¥xdu[Ap +5|Ve|?]

+2e¥Vy - Voiu + 2s€? x V(3u) - Vo + 2s€?(u)Vy - Vo.

By these formulae and (3.7), we deduce thablves the equation
02z — pAz = [x{dL(u) + (&r) f} + (32 x)dru
+sx O U{dp + S(B@)?) + 2(0x)dFU + 25(3 ) (dU)drg
+25 (37U)dp — POO(AX)dU — SPO) X RU{A + 5 Vgl?) (3.11)

—2p(X)Vy - Vatu — 2p(x)sx V(3tu) - Vo — 25p(X) () V x - V|

t
+Xe‘°‘¢{K(x,t,t)Au(x, t)+/ (B K)(X, t, ) Au(X, n)dn} = J(u).
0

Then we have
| J(U)(X, )] < CE*(S|Vx tu(X, )] + [u(x, t)]

+5| Vit (BU) (X, 1] 4 $*[3eu(x, D] + [AuX, H)])

t (3.12)
1Ce|f ()] + Ceswfo (IVaU(x, ) + (X, )] + |AUCX, 7)) dn,

(x,1) € Q(e).

Multiply
—32z+ pAz=—-J(u) by 2z
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and integrate oveQ(¢) to obtain

—f 2(8t22)8tz dxdt+/ 2(8,z) pAz dxdt
Q(e) Q(e) (313)
= —2/ J(u)(0z) dxdt.
Q(e)

We see that
18:2(X, 1)| < Csldu(x, t)|e¥ 4 C|a2u(x, 1)[e%, (X, 1) € Q(e)
and
[VZ(x, t)| < Cs|aiu(x, t)|€% + C|Vydu(x, 1)|e*, (x,t) € Q(e).

Henceforth let(v, vai1) = (v1,..., vn, vhe1) denote the unit outward nor-
mal vector t0dQ(e). Hence, in terms of (1.9) and (3.2), we obtain that
|Vxizl =00n3Q(e) \ (I' x (0, T)) \ (R(e) x {0}), Vz=00nL(e) x {0} and
vne1 = 00Nn3Qe) N (T x (0, T)). An integration by parts gives

—/ 2(852)8tzdxdt+/ 2(3:z) pAzdxdt
Q(e) Q(e)

=—/ 3 (18:2%) dxdt—/ pd: (|Vz/?)dxdt
Q) Q(e)
+/ 2(0;2)pVz-vdS— 2/ Vp-(Vz)(dzdxdt
3Q(e) Q(e)
:/ |8tz(-,0)|2dx+2/ p(8;2)Vz-vdS
Q) IQE)N(x(0,T))
- 2[ Vp-(V2)(dz)dxdt
Q(e)
z/ |8tz(-,0)|2dx+2/ p(%2)Vz-vdS
Q) 9QE)N('x(0.T))

—C/ (121 + 3:z|°) dxdt
Q(e)
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Hence

f |3ez(-, 0)[2dx
Q(e)

< —2/ J(u) (8 z)dxdt+ 2/ Ipll0z||VZ-v|dS  (3.14)
Q) 9Q(e)N(I'x(0.T))

+/ (S%|8cu)? + |Vy1dul?)e*dxdt
Q(e)
By (3.12) we have

| - 2[ J(u)dzdxd{
Q(e)

<c/ (s\vx,tu|+|u|+s|vx,tatu|+sz|atu|+|Au|) <|8t2u|+s|8tu|) €?¢ dxdt
Q)
+C/ |f|(|8t2u\+s|8tu|)e25‘pdxdt

Qe

t
+C/ 20 (|3t2u| + slatu|) (/ (1Vx.eu(x, )] + U, )] + |Au(X, n)) dn> dxdt
Q(e) 0

On the other hand, the Cauchy-Schwarz inequality yields
s%|Vx ¢l 10Ul < 8|V edeul? + s°[8pu)?

and
|1 (182ul + slaul) < | f|? + 2/82ul® + 25?|3ul?,

etc. Taking advantage of Lemma 1, we derive the estimate

—2] J(Wwoz dxd4
Q(e)

< c/ (Jul® + |AUI? + S| Vy tU|? + S| Vy 13eul® + % 3qul?) €2 dxdt
Q(e)

+c/ | f12e?dxdt
Q(e)
Hence inequality (3.10) yields

‘—2/ J(atz)dxdt‘
Qe (3.15)
<C 12e2¢dxdt+ CESSD + CSBRH3M . s> g
Q)
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Consequently, recalling definition (3.4) BX, from (3.13)—(3.15), we derive

/ z(x, 0)Pdx < C/ (82 + [VZ2)dS

Q(e) I'x(0,T)

+C / f2e?%dxdt+ Ce°D + CSe®R 3V (3.16)
Q(e)

<C f2e2%dxdt+ CESSD 4+ CSeBR+3 M| s> &,
Qe)

By (1.8) and (1.9), we have
(3:2)(X, 0) = x (X, 0)(32u)(x, 0e¥*0 = ¥ (x, O)r (x, 0) f (x)e**-?

for x € Q(¢). Hence, (1.11), (3.2) and (3.16) imply

/ f2e?ex0gy < C/ 18 z(x, 0)|%d x
£2(3) 26 (3.17)

<C f2e2%dxdt+ CESSD 4+ CSeBR+3 M| s> &,
Qe)

Consider now the inequalities

/ f2e?dxdt
Q(3e)

(X—xol?—(RP436)) 2~
= / |f(x)|2e2$‘P<X’°>< / est(X»”*W(X’O))dt)dx
Q(3¢) 0

“+o00 2
< / | f(X)IZeZS‘”(X*‘”( / g Pt dt>dx
Q(3¢) 0

\/E 1 2 0
= — | ()| Odx
2\/ 213 \/g Q(3e)

Nl=

and
/ f2e2¢dxdt < C MeS(RP+3e)
Q(e)\Q(3e)

Hence

/ £ () [2€2% dxdt = (/ +/ >|f(x)|2e25¢’dxdt
Q(e) Q(3e) Q(e)\Q(3e)

< = | (X)]262%0 dx + CMeS(RP+3e)
VS Jaae
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Therefore from (3.17), we deduce

/ f 2?00 g x
Q(3e)

¢ 26200y + CEESD + CSSRHBN . 5> &,

< —
\/g Q(3e)

Hence, for sufficiently largs, we obtain
/ f2e2%0 gx < CESSD 4 CLPRHIM, s> 5.
Q(3¢)

Consequently

R24+4, 2 2 0
e?s(R°+ a)” f ||L2(Q(4a)) < / | f(X)| e25¢(x.0) qx
Q(4e)

< / |f (x)[26%¢*0dx < CESSD + CSPeBRH3INM | s> g,
Q(3¢)

that is,

115204, < CE°D+CS’e*°M < Ce*°D + Ce™*M, s>g (3.18)

for a suitableC > 0. Then we replac€ > 0 with Ce“® so that (3.18) holds
for all s > 0. AssumeM > D and choose = = log{} > 0. Then we obtain

2 £ %
” f ||L2(Q(48)) S 2CMC+& DC+ .

If M < D, then the proof is already complete. Chooséng 4¢, we conclude
the proof of Theorem 2.

Appendix. Proof of Lemma 1.

First we have

te? O = —iat (e%).
4s

Therefore, by the Cauchy-Schwarz inequality, we obtain

/Q(E) (fot |w(X, E)Idg)ze?&ﬂdxdti /Q(S)t</ot |w(x,$)|2d§>ezs“’dxdt

< /Q(g) {/()K(X)—%Sat(ezwmfot |w(x,§)|2d§>dt}dx.

Comp. Appl. Math., Vol. 25, N. 2-3, 2006



248 A STABILITY RESULT FOR AN INVERSE PROBLEM

Here we have sét(x) =

[IX — Xol> — R? — s])l/z

p
An integration by parts yields

t 2
/ (/ |w(x,§)|d§) ¢ dxdt
Q(e) 0
1

< —{ —e25<R2+€)/ (/Z(X) |w(x,$)|2d§)dx+/ lw(x, £)|2€2%¢ dxdt}
~ 4Bs Qe “Jo Q(e)

1
< — w(x, £)2e®¢ dxdt
e /Q@' 5l

The proof of Lemma 1 is complete.
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