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Abstract. We show that the solutions of a thermoelastic system with a localized nonlinear
distributed damping decay locally with an algebraic rate to zero, that is, given an arbitrary R > 0,
the total energy E(¢) satisfies for ¢+ > 0: E(¢t) < C(1 + ¢t)~V for regular initial data such that
E(0) < R, where C and y are positive constants. In the two-dimensional case, we obtain an

exponential decay rate when the nonlinear dissipation behaves linearly close to the origin.
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1 Introduction

In this work we study decay properties of the solutions of the following initial
boundary-value problem associated with the thermoelastic system:

Uy —a*Au — (b2 —az) Vdivu +V0 + p(x,u;) =0, in  x (0,00), (1.1)

0, — A +divu, =0, in Qx (0,00), (1.2)
u(x,0) =u,(x), u:(x,0) =uj(x), 0(x,0) =0,, in Q, (1.3)
u(x,t) =0, 6(x,t) =0, on I' x (0,00), (1.4)
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320 STABILIZATION OF A LOCALLY DAMPED THERMOELASTIC SYSTEM

where Q is abounded domain in RN, N > 2. u(x, t) = (u'(x, 1), ..., u"N(x, 1))
is the vector displacement, Au = (Au'(x, 1), ..., Au"(x,t)) is the Laplacian
operator of u, divu is the divergence of u and V is the gradient operator. 6
represents the temperature distribution. The vector function p is a dissipative
term, localized in a neighborhood of part of the boundary of 2. The coefficients
aand b are related to the Lamé coefficients of Elasticity Theory and > > a* > 0.

In this paper, we show the uniform stabilization of the total energy for the
system (1.1)-(1.4) with algebraic rates, where the dissipative term p (x, u;) is
strongly nonlinear and effective only in a neighborhood of part of the boundary.
When the nonlinear dissipative term p (x, s) behaves linearly for small s and the
dimension is two, we obtain an exponential decay rate for the total energy of the
system. If the dimension N > 3 and p (x, s) behaves linearly for all s, then the
decay rate is also exponential. To prove these results we use ideas of [10], [8]
and [13] to obtain some energy identities associated with localized multipliers in
order to construct special difference inequalities for the associated energy. The
main estimates in this work are obtained using Holmgren’s Uniqueness Theorem
and Nakao’s Lemma.

Regarding works on the stabilization of thermoelastic systems, Dafermos [2]
investigated the existence, uniqueness, regularity and stabilization (without rates)
of the solution for the linear system in one dimension. Racke [17] considered a
Cauchy problem for the three-dimensional nonlinear thermoelasticity equations
and proved the global existence of smooth solutions for sufficiently small and
smooth initial data. It was necessary to assume that certain nonlinear terms are
quasilinear and have cubic nonlinearity.

Pereira-Perla Menzala [15] proved that the total energy of the linear ther-
moelastic system in an isotropic, non-homogeneous (bounded, n-dimensional)
medium, with a linear dissipative term effective in the whole domain, decays to
zero in an exponential rate. Rivera [23] later proved that the energy of the clas-
sical one-dimensional thermoelastic system decays to zero exponentially. Also,
Henry-Lopes-Perisinotto [5] showed, using spectral analysis, that the three parts
of the energy of that system decay exponentially to zero in the one-dimensional
case, but such decay does not occur in higher dimensions.

Racke [18] used the energy method to prove the exponential decay to zero
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of displacement and temperature for the three-dimensional equations of linear
thermoelasticity in bounded domains for inhomogeneous and anisotropic me-
dia assuming a linear damping force. Racke-Shibata-Zheng [20] considered the
Dirichlet initial-boundary value problem in one-dimensional nonlinear thermoe-
lasticity to prove that if the initial data are closed to the equilibrium then the
problem admits a unique global smooth solution. They proved that as time tends
to infinity, the solution is exponentially stable. They also used techniques based
on the work of Rivera [23] to improve previous results of Racke-Shibata [19],
which were based on spectral analysis to obtain decay rates for solutions of non-
linear thermoelasticity in one dimension. Rivera-Barreto [24] improved further
the global in time unique existence result with exponential decay of the energy
obtained by Racke-Shibata-Zheng [20] by assuming more general smoothness
hypothesis on the initial data.

Rivera [22] considered the linear, inhomogeneous thermoelasticity equations
in one dimension for a bounded domain with several boundary conditions con-
sidered. Itis proved that the solution (u, 8) has some partial derivatives decaying
exponentially to zero in the L2-norm. Rivera [21] investigated the linear homo-
geneous and isotropic thermoelasticity equations with homogeneous Dirichlet
boundary conditions in a general n-dimensional domain. The author shows that
the curl-free part of the displacement and the thermal difference decay exponen-
tially to zero as times goes to infinity. Itis also proved that the divergence-free part
of the displacement conserves its energy, which implies that if the divergence-
free part of the initial data is not zero, then the total energy does not decay to
zero uniformly.

Jiang, Rivera and Racke [7] proved the exponential decay for solutions of the
linear isotropic system of thermoelasticity in bounded two- or three-dimensional
domains with the hypothesis that the rotation of the displacement vanishes.

Lebeau-Zuazua [9] studied the linear system of thermoelasticity in two- and
three-dimensional smooth bounded domain. They analyzed whether the energy
of solutions decays exponentially to zero. They also prove that when the domain
is convex, the decay rate is never uniform. Liu-Zuazua [12] established explicit
formulas for the decay rate of the energy of a body in the framework of linear

thermoelasticity when some part of the boundary of the body is clamped and on
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322 STABILIZATION OF A LOCALLY DAMPED THERMOELASTIC SYSTEM

the rest there is some nonlinear velocity feedback. This result was obtained us-
ing the theory of semigroups, Lyapunov methods and multiplier techniques. Qin
and Rivera ([16]) established the global existence, uniqueness and exponential
stability of solutions to equations of one-dimensional nonlinear thermoelasticity
with relaxation kernel and subject to Dirichlet boundary conditions for the dis-
placement and to Neumann boundary conditions for the temperature difference.

Irmscher-Racke [6] obtained explicit sharp decay rates for solutions of the
system of classical thermoelasticity in one dimension. They also considered the
model of thermoelasticity with second sound and compared the results of both
models with respect to the asymptotic behavior of solutions.

Our work generalizes, in the context of pure elasticity, the previous work of
Bisognin-Bisognin-Charao ([1]), where it is proved a stabilization theorem with
polynomial decay rate for the total energy of the system only in three-dimensions.
We should mention that the work of Bisognin-Bisognin-Chardo ([ 1]) generalized
the work of Guesmia ([3]) that proved the stabilization of the total energy for
pure system of elasticity with a nonlinear localized dissipation which does not
couple the system of equations and behaves linearly far from the origin. Our
work also generalizes the previously mentioned work of Pereira-Perla Menzala
([15]). Regarding the work of Jiang-Rivera-Racke ([7]), instead of assuming
their condition that the rotation of the displacement vanishes and the dimension
is two or three, we consider in the system a nonlinear localized weak dissipation
in any dimension N > 2. Furthermore, according to the previous mentioned
works, only part of the energy of the free thermoelastic system decays uniformly
if N > 2. Thus, in this sense, our work also improves those results and other
previous results for the thermoelastic system due to the fact that we have obtained
exponential decay for the total energy when N = 2 and polynomial decay rate
when N > 3 by including a weak localized nonlinear dissipative term p(x, s) in
the system.

2 Hypotheses and Notation

Throughout this work the dot ( - ) will represent the usual inner product between
two vectors in RY. Let V; = H ()N, V2 = H} (Q), U, = V1 N H?> (Q)Y,
U, = Vo N H?> (). || denotes the norm of a vector in RY, |Vu(x, t)|* =
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vazl |Vu'(x,1)|?, (, ) represents the inner product in L2 ()Y and || || de-
. 12
notes the corresponding norm. Also, Vu|?> = ZlN:l ||Vu’ || and ||u||i,.
N .
Dt H”l

resent the measure of Q.

@ =
2 .
1» Where || ||} denotes the usual norm in H'(R). We use || to rep-

Now, we list the hypotheses which we use to establish existence and unique-
ness of solutions.

(H0) © c RY is a bounded open set with smooth boundary (at least of class
C?);

(Hl) U, € Ul, u) € Vl;QO € Uz
(H2) p: 2 x RY — R is a function such that:

(@) p(x, s)-s >0, seRN, xeq;

a —
(b) p and a—p are continuous functions in Q@ x RY;
S

.0p; (x, s — ) d
© XN, u’%uk >0, Vu e RV, Vx € Q, Vs € RY, ie., 8—'0
’ Sk N
is positive semi-definite.

(d) There exist positive constants Ky, K;, K, and K3 andnumbers p,r,

—l<r<+4o0, —-l<p< if N>3and -1 < p < +o0if

-2
N =1 or 2, such that: K a (fcv) IsI"*2 < p (x,s)-sand |p (x, )| <
Ko a () (s +1sl), for Is| < 1, K3 a (x) [s|”™ < p(x,s) - s
and |p (x,s)| < Ky a(x)(Is|”™" +|s]), for |s| > 1, where the
function @ = a(x) is such that a : @ — R* belongs to L> ().

Remark 1. Ifa(x) is a continuous function on €, then p(x, s) = a (x) |s|? s,
s € R is an example of a function which satisfies (a)—(d) with » = p.

In order to study the stabilization of the total energy for this system, we specify
where the damping is effective in the domain, that is, where the dissipative term
is localized. We choose x, in R" and we define

[(x)={x€dQ: (x—x,) nx) =0},
where 1 (x) denotes the outward unit normal vector at x € 9€2.
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324 STABILIZATION OF A LOCALLY DAMPED THERMOELASTIC SYSTEM

Now, let @ C  be a neighborhood of T" (x,). Then, in addition to the hy-
pothesis (H2)(d) that the function ¢ = a(x) is nonnegative, we also assume
that

ax)>a,>0, in w.

The energy E (¢) of the system (1.1) is defined by
1
E(t) = 5[ (luel* +a* |Vul* + (> —a®) (divu)* +6%) dx,  (2.1)
Q

where {u = u(x,t), 0 = 0(x, t)} is the solution of (1.1)—(1.4). We denote the
energy difference £ (¢) — E (t + T) by AE. Also, let £ denote the part of E
without the term 1/2 [, 6% and E; = E — Ej.

In order to reduce the size of the formulas, we use the following notation.

t+T
O =1 +T) x 2, /=/ /
0 ¢ Q

t+T
Y =tt+T)x0Q, [ :[ /
. 00

t

_ t+T
0Wy=t1t+T)x(@NQ), / =/ f
o) t oNQ

+T
oM,=@t+T)xw and / =f /
0 t ®

Remark 2. The multiplication of (1.1) by u,, (1.2) by 8 followed by adding

the resulting equations and integrating over Q (¢) produces:

AE:E(I)—E(H—T):/

|VO? dx ds+/ o (x,u)u; dx ds. (2.2)
o)

o

The hypothesis H2(a) implies that the energy is a nonincreasing function
of t.

3 Results

Regarding the existence and uniqueness of solution for the problem (1.1)—(1.4),
the following result holds.
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Theorem 3.1 (Existence and Uniqueness). Under the hypotheses of the pre-
vious section, the initial-boundary value problem (1.1)—(1.4) has a unique so-
lutionu = u(x,t), 0 = 0(x, t) such that foreach T > 0, u € C([0, T], Uy),
u, € C(0,T1, ), uy € C(0, T, L>()Y), 6 € C(0,T],U,) and 0’ €
C(0, T1, 7).

Proof. We sketch the proof based on Semigroups for the nonlinear case. We
consider the operator A4 defined by

0 I 0
A=|-4, 0 B 3.1)
0 C —4,

where 4 u = —a®> Au— (b* —a?) Vdivu, 4,0 = —A6, B = —V0, and
C v = —div v. The domain of 4 : D(4) C H — H is given by

Uy x V x Us,

where
H="7; x L2(Q)" x L*(Q)

is a Hilbert space with the inner product

((z1, 22, 23), (W1, w2, w3)) = f {z2 w2 +@* Vz; - Vuy
Q

+ (b* — a®) div (wy) div (z1) + z3 w3} dx.

Then, the original problem is equivalent to

dU
— = AU+ FQU), (3.2)
U(O) = UO = (uo,ul,Oo), (33)

where
F(wl, wo, w3) = (O,,o(-, wz),O).

We use the theorem of Hille-Yosida to prove that the operator A (densely
defined) generates a C°-semigroup of contractions. The hypotheses of the Hille-
Yosida are verified after proving that for each positive A, there exists (A\/ —4)~! €
B(H) and || — A) 7' < ;.
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326 STABILIZATION OF A LOCALLY DAMPED THERMOELASTIC SYSTEM

Next, using hypothesis H2(b), it is easy to prove that ' : H — H is Lipschitz
continuous on bounded sets. As a consequence, one obtains a local (generalized)
solution on a interval [0, Tmax]. Then, by proving that |U||x < C E(0), where
is used the fact that the total energy of the system is decreasing due to hypothesis
(H2)(a), it is possible to show that the solution can be extended to the interval
[0, 00). Finally, by using hypothesis (H2)(b), one proves that £ is continuously
differentiable. It follows that the generalized solution of (3.2)—(3.3) is a classical
solution on [0, o0). The uniqueness follows from the hypothesis (H2)(c) on the
function p. U

3.1 Boundedness of the Laplacian L*-norm

In the previous section, we proved the existence of a unique solution (u, 6) for
the thermoelastic system in the class

u € C(10, 00); H* (N N Hy ()Y) nC([0, 00); Hy (™) N C?([0, 00); L2 ()Y)

and
0 € C([0, 0o); H*(Q) N Hy () N C'([0 00); H ().

In order to prove that
Au e L®(0, oo; L*(Q)") (3.4)
we write
Lu = —uy — V0 — p(x, u, (1)), (3.5)
where Lu is the differential operator defined by
Lu=—a> Au — (b2 — a2) V div u.

To show (3.4), we only need to show that each term in the right-hand side of the
equation (3.5) is in L>(0, oo; L?(Q)"). This is proved in the next Lemmas.
Then, the uniform boundedness of L?-norm of the Laplacian of u follows from
the elliptic regularity of the operator L.

Lemma 3.2. The L?-norm of p(-, u,) is bounded by a constant that depends

only on the initial data uy, uy, 6.
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Proof. We have [|p (x, un)|> < [q |p (xr,u) > dx + [ |p(x,u)|* dx,
where
Q :={xeQ: |ul <1}

and
Q=Q—-Q.

If » > 0, then, due to our hypothesis on the function p,

, 2
lp (x,up) |* dx §K§/ a(x)* [l + ] dx
Q

2 2
sC||a||oof i dx,
Q

Q)

which is bounded (u; € L*()V).

Let N>3and0 < p < ﬁ, then due to the hypotheses on the function p

/ o (e, un) 2 dx sK%f a ) [l + | dx
©,(0) Q1(0)

<Cllalf f |27+ dx
Q
< C||Vu||*P** < C E0)P*.

The last estimate is due to facts that 2 < 2 p +2 < % and HO1 (2) is con-

tinuously embedded in L4 () for ¢ € [2, %5 ]. Thus, the lemma holds for the
2

casel:N23,r203ndO§p§m.

The proof of the other cases is similar. O

Now, we obtain an estimate for the L?-norm of ||u;,(0)]].

Lemma 3.3. There is a positive constant C = C(ug, ui, 6) such that
llun (0)]| < C and |6,(0)|| < C.

Proof. We take L? inner-product between the first equation in the thermo-
elastic system with u;,(¢) and evaluate at ¢ = 0 to obtain

1420 O)I> + (L w0, u1(0)) + (V6o, u1(0)) + (p(x, 1), u;1(0)) = 0. (3.6)
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328 STABILIZATION OF A LOCALLY DAMPED THERMOELASTIC SYSTEM

Since u,;(0) € L2(Q)V, ug € H*(Q)" and 6, € H*(RQ), we have the following

estimate
e (0)]] < a@® [|Auol] + (b* —a?) [|Vdiv uol|+¢* ||Vl [+11p(x, u| (3.7)

The result follows now from the previous lemma and our hypothesis on the initial
data. The proof of the estimate for 6 is similar. O

Lemma 3.4.

(i) uy belongs to L>(0, oo; L*()N) and for each t the L*-norm of u,,(t) is

bounded by a constant that depends only on the initial data uy, uy, 6.
(i1) Forallt € (0, 00),
luy O +a |[Vu D1 + (6% — &) [1div u, )1 + 116, (1)

+2/ 196,12 ds < [l (O (3.8)
0

+a* ||Vuy + (b* — a?) ||div uy|* + 116,(0)|

Proof. We differentiate once the first equation of the thermoelastic system with
respect to t, multiply each member of the resulting equation by u,, and integrate

over 2. Therefore, we have

d d d

— | * + a® —|Vu,|* + (b* — a*) —|Idiv u,||*

dt dt dt (3.9)
; .

+2 (%(X, u(t)) - uy, utt) +2 (V6;, uy) =0.

By the hypothesis on the initial data (1, € HO1 (), it follows that a*> Vu; +
(b* — a?) div u,; belongs to L2(2)V. So, after integrating this equation over

[0, ¢], we obtain

e (I + a® [|Vu || + (b* = a®) [|div u,|)?

+2/ (g_p(X,ut(s))'utt(s)»ult(s)) ds
0 s (3.10)

t

+2 / (VO,(5), e (5)) ds = gy (O)]2 + @ ||V |
0

+ (b — a?) ||div uy ).
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Now, differentiating the second equation of the thermoelastic system with

respect to t, multiplying by 6, and integrating over 2, we obtain
d 2 2
EII@II +2 IV =2 (Vb uy) = 0.

Integrating over [0, ¢], we obtain

116, ()] * +2 fotnvet(s)uz ds —2 /Otwet,un(s)) ds =16, (0)|*. (3.11)
Adding equations (3.10) and (3.11) and using (H2)(c), we obtain
i (D11 + @ [[Vu, (D) + (b — a®) [|div u, ()] > + 116, (D)1
+2 /0 V6,1 ds < (O] +a? [|Viey |
+ (b* — a®) ||div uy|[* + 116, (0)[*.
The result follows from the Lemma 3.3. O

Lemma 3.5. The L*-norm of p(., u(t)) is bounded by a constant that depends
only on the initial data uy, uy, 6.

Proof. This proof is similar to the proof of Lemma 3.2, therefore we present
the proof for the three-dimensional case only.

o (x,u)|* < le(t) lp (x,u)|? dx + sz(t) |p (x,u)|* dx, where for each ¢,

Q1) :={xeQ: lu )| <1}

and
Qy(1) = Q2 — Q1 (1).
Let
hoi= [ o Py
Q1)
and

L) = / 1o G, ) [ dx.
Q) (1)
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In order to prove the result, it is sufficient to estimate /;(¢) considering the cases
r >0and —1 < r < 0, and estimate /,(¢) considering the cases 0 < p < 2 and
—1 < p < 0. Ifr > 0, then, due to H2(d),

p 2
L(t) <K; / a () [lu ™ +lu,l]” dx
Q1 (1)

< C llall%, / lu/|* dx < CE(t) < CE(0).
Q

The last inequalities are due to the fact that ||u,||? is part of the energy and the

fact that the energy is decreasing.
If0 < p < 2, then due to H2(d),

2 2 1 2
L) sKlf a ) [l P+ g P dx
Qi)
2 2 2 2 p+2 2 2
<c ||a||oof w72 dx < Cllu| 252 < ClI a7+
Q

The last term in this estimate is bounded for all ¢ due to the previous lemma.
If -1 <r <0, then

- 2
L) sKé/ a () [lu ™ +lu ] dx
Qi)

=C / |u |+ dx < C / |u,|* dx < C E(0),
Q1) Q1)
where the last inequality follows from Holder’s inequality. If —1 < p < 0, then

b <K? / a 0 [lud?" + lu | dx
QZ(t) |:|

<C f lu,|> dx < C E(0).
Q0 (1)

Lemma 3.6. V6 € L°°(0, 00; L?()V).

Proof. We use the fundamental identity:

dE

||V9||2+/ px, u) - wdy == (3.12)
Q t
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Then, due to the hypothesis H2(a), we have
, _|dE
IVOII" < |—|
dt

However,

dE 2 2 2 . .

E(t) = | [ui-uu+a® Vu-Vu, + b —a*) (div u) (divu,) +6 - 6,] dx.
Q

Therefore, using Cauchy-Schwartz’s inequality, we obtain

dE

1
dt =5 [””t||2 + ugel? + @ [|Vull* + a* || Vu, ||

-2
+ (b* — a®) |Idiv ul > + (b — a®) [|div u,|* + 101* + 116,]1]

The terms ||u,||?, ||Vull?, ||div u||>, ||0]|* are all bounded by a constant (in-
dependent of ¢) times the initial energy, since they are part of the energy and
the energy is bounded by the initial energy. The remaining terms are bounded
due to Lemma 3.4. We conclude that ||V8|| is bounded for all ¢, which con-
cludes the proof. (|

In summary: [|Au(-, 1)||2(q) < C with C a positive constant which does not
depend on ¢ and depends only on the initial data, ||a(.)||. and [<2].

3.2  Theorem on stabilization

From now on, we will study the asymptotic behavior of the total energy of
the system. Under certain hypothesis we will obtain exponential decay of the
energy, which means that there exist positive constants M, and ky such that
E@) < My exp(—ky t) ift > 0.

The main result of this paper is the following theorem of stabilization for the
total energy of the system.

Theorem 3.7 (Stabilization). Let R > 0 and initial data in D(A) satisfying
E(0) < R. Then, under the previous hypotheses, the total energy for the so-
lution u = u(x,t), 0 = 0 (x,t) of the problem (1.1)—(1.4) has the following
asymptotic behavior in time

E@)y<C+n77, (3.13)
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where C = C(R, r, p) is a positive constant (which depends on the initial data,
lalloo and |S2|) and the decay rate y is given according to the following cases:

Casel. If N=2 and

=20 +1)
(a) -1<r<0and -1 < p <400 then y = ———;
r

2
(b) r >0 and —1 < p < 400, then y = —.
r

Case2. If N >3 and

b

2 2 4 1
(a)r>0and0<p§N M}

, then y = min{—,

2 r p(N—-2)
4 1
p(N—=2)

If r=0and 0 <p < ,
N-=2

2
If >0 and p =0, then y = —;
r

2 4
(b) r >0 and —1 < p <0, then y:min{;, m},

4

If r=0and —1 <p <0, then y = ————;
g p@—N)

2
(c) -1 <r <0 and 0<p§N

, then
2

b

,{—Xw+D «p+n}
y = min ,
r p(N —2)

-2 1
If—l<r<0&1ndp=0,then)/=—(r+ );
,

(d —1<r <0 and —1 < p <0, then

=2 +1) 4 }
r T pQ-N))

y:min{

The decay rate is exponential in the following cases:
(a N=2,r=0and —1 < p < +o0,

) N>3 and r = p=0.
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4 Energy identities

In the next lemma, we obtain energy identities that will be used in the following
sections to obtain estimates in terms of energy differences.

Next, we use the notation
h:Vu = (h-Vul,--‘ ,h-VuN),

where 4 is a vector field in RY.

Lemma 4.1 (Energy identities). Letu(x,t), 6(x,t) be the solution of (1.1)—
(1.4), m € Wh(Q) and h : Q — R a vector field of class C'. Then, the
following identities hold.

/ m (x) {—|ut|2+a2 |Vu|2} dx ds
o)

:—/m(x) ut-udx|§+T—/ mx) p(x,u;) -udxds
Q o)

N N
du; ?
2 SS L  dxds— | m(x) V6 -udx ds
0 o)

xj 3Xj

4.1

— (b2 —a% / [m(x) (div u)? + div u [Vm(x) - u]} dx ds.
o)

1 2
Eth (h-n) |:a

:f (h:Vu) - u,|TT dx—i—/ (h:Vu)-p(x,u;) dx ds
Q o)

9 2
8—“‘ + (b* — a2 (div u)2:| dT ds
n

1
+ —f (V- h) [|u,|2 —a? |Vul = (b* — a?) (div u)z] dx ds
2 Jow

“4.2)
+/ (h:Vu) - (V) dx ds
ow)

N
+a’ f Z (Okhi) (0iuj Oguj) dx ds
o i,jk=1

N
+ (b* —a?) / > (9jha) (3w D) dx ds.
o) i j k=1
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1/ ~ , |9
3 Z,((x Xo) - 1) |a o

=/ ((x = x0) - V) -, |71 dx
Q

2
TN L = ) (div u){| dr ds

+/ ((x —x0) - Vu) - p(x,u;) dx ds
o)

v 4.3)
+ [|u,|2 — & |VuP = b — a?) (div u)z] dx ds
2 Jow
+/ [az IVul? + (b> — a®) (div u)z] dx ds
o)
+/ ((x —x,) -Vu) - V6O dx ds.
o)
/ {— lus)? + a® |Vul> + (b* — a%) (div u)z} dxds
oo (4.4)

=—/ut-u|§+de—/ [VO+ p (x,us)]-udxds
Q o)

where n = n (x) is the outward unit normal at x € 0S2.

Proof. Equations (4.4), (4.1) and (4.2) are proved by multiplying (1.1), re-
spectively, by the following multipliers M (u) = u, M (u) = m (x)u and
M (1) = h : Vu, followed by integration over Q (¢). Equation (4.3) is a special
case of equation (4.2) for s = x —x,. Weused the factthatu = 0 on 92 x [0, c0)
and, as a consequence, the following vector identity:

ou |

ou
(h-Vu)-%=(h~n) on

on Q2 x [0, 00). O

5 Energy estimates

In this and the next sections, the symbol C may denote different positive con-

stants. These constants depend on, at most, |2|,|a|« and the initial data.
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The idea to obtain the stabilization of the energy (to zero) is to show an estimate
for the energy, as follows:

sup E@)'MP <C(E@)—E¢+T)) forall t>0,

t<s<t+T

for some positive § and a fixed 7 > 0, which may be large.

Then the asymptotic behavior is obtained using the following Lemma:

Lemma 5.1 (Nakao [13]). Let ®(¢) be a nonnegative function on R satisfying

sup @(s)' < C{D(t) — D(t + T)}

t<s<t+T

with T > 0,8 > 0and C; a positive constant. Then ®(t) has the decay property
() <CL PO 1+, t>T

where C| is a positive constant.

If6 = 0, then ®(¢t) has the decay property (exponential decay)
(1) < C, D(0) exp™™

for positive constants k and C).

We also include the following lemma, which will be used to estimate an inte-
gral involving the dissipative term p.

Lemma 5.2 (Gagliardo-Nirenberg). Let 1 <r < p <00, 1 <¢g < pand

0 < m. Then,

0 1-6
[vllwes < Collvllym, VIl

forve WmP(Q)N L (RQ), L C RN, where C, is a positive constant and

g (K 1 L\ (m ] 1\
N r g N r p
provided that 0 < 0 < 1.

Now, we begin the estimates for the energy of (1.1).
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Lemma5.3. Let B > 0 such that # —1>0andy =2 min{y,, y,}, where
Y= <¥ — ) and vy, = (1 + 8 (1 — %)) Then,

t+T
y / Ey(s) ds < C [E\ () + E) (¢ + )]

N /3 Mo /H»Tf a2
2 ) Jren

+/ [B M, |Vu|+ lul] |p (x,u,)| dx ds
o)

8 2
3—” + (b —a®) (div u)2:| dT ds
n

+/ [B M, |Vu|+ |ul] [VO| dx ds,
o)

forall t >0, T >0, where M, = sup, g |x — X,|.

The proof is obtained multiplying the identity (4.3) by § and adding with the
identity (4.4). The details are similar to Oliveira-Chardo ([14]) for an incom-
pressible vector wave equation.

It is necessary to estimate the boundary integral which appear in the above
lemma.

Lemma 5.4. There exists a constant C > 0 such that

t+T
[kl
t " (x0)

t+T
<C{E\()+E (+T+C {f / [|u,|2+|u|2] dxds}
t w

9 2
8—” + (B — ) (div u)2i| dr ds
n

+c{/ 1o (e u)] [Vl + Jul] dxds+/
o)

VO] [|Vul + |ul] dxds} .
0y,

Proof. Leth : RY — RY be a vector field of class C! over Q which satisfies:

h(x)=nk) onI (x,), (5.1)
h(x)-n(x)=>0 on 082, (5.2)
h(x)=0 inQ\ o (5.3)

where = n(x) is the outward unit normal vector at x € 92, @ C R” is an
openset suchthat ' (x,) CONQ C w C Q.
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Let m € W% () be a function such that

\V4 2

[Vim| is bounded, (5.4)
m

0<m<1 in , (5.5)

m=1 indNQ, (5.6)

m =0 in Q\ w. (5.7)

For the existence of such functions, see [4, 10].
Using identity (4.2), the properties of #, m and the summation convention,

we have:

t+T
[kl
t ['(xo)

+/ (V- h) [|u,|2 — &2 |VuP = b —a?) div u)2] dxds
oW

9 2
a—” + (b — ) (div u)2:| dr ds < 2/ (h: Vu) - up dx|+7
n Q

+ 2/ p (x,u) - (h:Vu) dxds + 2/ (h : Vu) - (VO) dxds
o o

+2f I:a2 8kh,' 8,-uj 3kuj + (b2 — az) 8[”,‘ 8jhk akuj] dxds
o)

<C{E\M)+E (t+T)+ / [lu/? +a* |Vul* + (b* — a®) (div u)?] dxds
[ GPF

+ / lo (x,uy)| |Vu| dxds + / |8,-u‘,-| |8kuj| dxds
o) 01

+ (bz—az)/Q |9z | |Oku ;| dxds + / |Vu| |V6]| dxds).
(OF

Oy

Therefore,

t+T
t I"(xo)

< CIE\ O +E (+T)+ f w,? dxds
O(t)y

+ / m (x) [a2 [Vul® + (b* — a?) (div u)2] dxds
o)

2
+ (b* — a?) (div u)2i| dl' ds

Ju
an

+ / lp (x,u;)| |Vu| dxds + / [Vu| |VO| dxds}.
o o
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Since, by Poincare’s inequality,

(4T
[fmu-u,dx]
Q t

we estimate fQ(t) m (x) [a® |Vul* + (b* —a?) (div u)*] dxds using identity
(4.1) and the properties of m:

<sClEi(O+E ¢+ T)],

f m (x) [a2 IVul> + (b> — a%) (div u)z] dxds
o)

t+T

:/ m (x) |u,|* dxds — [/ m(x) u, -udx]
o) Q t

—f m(x),o(x,u,)-udxds—/m(x) VO -udx ds (5.8)
o)

Q
N N
ou; dm
2 i
—a — u; dx ds
»/Q(t) ; ; xj 0x;
—(b* = d? divu [Vm(x) - u] dx ds.
o)

2
Now, using Young’s inequality in the last integral, the fact that % is

bounded and absorbing the term with the divergence in the left-hand side, we

obtain

/ m (x) [a2 IVul® + (b* — a?) (div u)2] dxds
o)
< cf (luel? + [u?) dxds + C {E\ () + E\ (t + T)
Oy

+/ [lp Ce,ud)l + VO] |ul dx ds}
o)

For the last estimate we have also used the inequality:
du; 9 1 Vm|?
/ i—mui 5[ — |:|ul~|2 | | +m IVul-lz] dxds
o 9%, 0x; on 2 m

t+T 1
< c/ / |u? dxds+—/ m |Vul? dxds.
t w 2 o

Combining the previous estimates, the proof of Lemma 5.4 follows. O
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Lemma 5.5. Let u (x, t) be the solution of (1.1)—(1.4). There exists a con-
stant T > 0, which depends on E(0), such that

E@=C AE+f {luel> + |ulP} dx ds
oM

+/|Mmmuwuwnwm+/ V0! {IVul + Jul) dx ds
o) 01,

forall t > 0.

Proof. It follows from the identity in Remark 2 that
/ 0% dxds < CQ/ |VO|* dxds < Cq AE.
o) o)

This fact allows us to get an estimate for the total energy E(¢).
Because the energy decreases, we have: T E (¢t + T) < f[HT E (s) ds.
These facts and the last two lemmas imply that:

TE(t+T) < G{EO+E@+T))+C / [lu,* + [ul’] dxds
0y

+a/mwwmw+wmw

o)

+ C; / IVO| [|Vu| + |u|] dxds.
Oty

Thus, if we choose a fixed T such that T > 2 Cy + 1, the lemma is proved. [J

Lemma 5.6. Let (u, 0) be the solution of (1.1)—(1.4). Then, for T given by
the previous lemma, we have:

If r >0, Ofpfﬁ and N > 3, then

t+T
/ o1 [IVul + ul] dx ds < C (AE)™2 E (1)
LoUe (5.9)
4 C (AE)YFR E(t) o
If N =2, the estimate (5.9) holds for r >0, p > 0.
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If r >0, =1 < p<0 and N >3, then

t+T
/ ol [IVu| + lu|]]dxds < C (AE)ﬁJE(t)
¢ Ja

(5.10)
+C (AE)Te5 JE(1).
If r>0, —1<p<0and N =2, then
+T
/ lpl [IVul + ul] dxds < C (AE)ﬁ\/E(t)
p Q (5.11)
+C (AE)# E(n)ie.
If -1 <r <0, Ofpfﬁ and N > 3, then
t+T r+1
/ lol [IVul| + u|] dx ds < C (AE)2 \/E()
p Q (5.12)
ptl 4-p(N-2)
1L C (AE)™ E(t) %D
If N =2, the estimate (5.12) holds for —1 <r <0, p > 0.
If —1<r<0, =1<p<0and N >3, then
+T ,
f ol [IVul + ul] dx ds < C (AE)™ VE()
P A (5.13)
+C (AE)TEm JE@).
If -1<r<0, =1<p<0and N =2, then
(+T
[ [ reinvui+ wnards < ¢ by VE®D
t Q (5.14)

1 p+1
+ C (AE)?»2 E(t)r2.
The numbers r and p appear in hypothesis (H2)(d) on the growth of the

function p.

Proof. By hypotheses on the growth of p, we have

t+T
/ oG, u)| [IVul + |ul] dx ds
t Q
t+T
E/ Ko a () {lu™ + [uel} [[Vul + |ul] dxds
t Ql

t+T
+/ Kia @) {ud? + lul) [Vul + lul] dxds = I + .
t Q)
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for t > 0, where
Q=) ={xeQ, lu@x, 0l <1}, %=0\Q.

We will use the following estimate as a consequence of Gagliardo-Nirenberg’s
Lemma, Poincare’s inequality and the boundedness of the L2-norm of Au,

||Vu||Lp+2(Q)N S C ”Vu”HI(Q)N ||Vu||L2(Q)N

S C ”u”HZ(Q)NﬁHl(Q)N ||Vu||L2(Q)N
(5.15)
S C ”AM” (Q)N ||Vu||L2(Q)N
E C ||vu”L2(Q)N —_ CE(t) 2
N
with 6 = — 2
2(p+2)

Case 1: Estimating /; for »r >0, N > 2:

Using Poincare’s inequality we obtain

t+T

I < IWal=@?2K, / \/a(X)quI(IVu|+|u|) dxds

t+T 1/2 (+T 1/2
C (/ / a(x)|u,|? dx ds) (/ E(s)ds)
t Q1 t

L

IA

t+T 2
< (/ /a(x)|u|’+2dxds) VE@)
Q
because
2 n ro
r+2 r+4+2

where C depends on ||, [l4/al|lz~) and the fixed number 7. We have used
the fact that £(¢) is a non increasing function of ¢.
Using the hypotheses H2(a), H2(d) and identity (2.2) in Remark 2, it fol-

lows that
1

t+T 42
I §C(/ / p(x, u;) - u; dxds) VE(@)
t Q1
< C (AE)™ JEQ)
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Case 2: Estimating /; for -1 <r <0, N > 2:

Using Holder’s inequality, Poincaré’s inequality in W!"2(2)" and hypothe-
ses H2(a), H2(d), we obtain

t+T
I < Cf / a () ue" [Vl 4 ul] dx ds
t Q1

t+T % t+T %
C / / a@)|u "2 dx ds / / IVl 2 + [ul2) dx ds
t Q t Q

r+l
=

+T 2 +T &)
C [ / p(x,uz) -ur dx ds / / |Vu|r+2 dx ds
t Q1 t Q

C(AE)E JEG)

IA

IA

IA

Case 3: Estimating I, for0 < p < ﬁ N=>3(or p>0if N =2):

t+T
L < 2K1/ / a(x)Iu;|p+1(|Vu|+|u|) dx ds
t Q0

1
t+T p+2 1;712 t+T ﬁ
c(/ / a(x) P Ju |PH2 dxds) (/ / (IVu| + [ulPF2) dxds)
t Q0 t Q)
pl 1
t+T p+2 t+T p+2
C (f f a(x) |ug P12 dx ds) (/ [VulPT2 dx ds)
t Q> t Q

where we have used Poincaré’s inequality in w, Pt ()", Holder’s inequality
and the hypothesis in (H2)(d) on the boundedness of a(x).

IA

IA

Now, the hypothesis H2(d), identity (2.2) in Remark 2 and estimate (5.15)
imply

” B
L, < C(/ / p(x, u;) - u; dxds) INGOEE
t Q>
< C(AE)F 2 E@) 50"
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Case 4a: Estimating /, for —1 < p <0, N > 3:

t+T
2 sKI/ / a (O g P+ [us]] (V] + Ju]) dx ds
t Q)

1

t+T % t+T 2
c(/ / a(x)|u,|? dx ds) (/ |Vul|? dxds) (5.16)
t Q) t Q2

4T 3
<C (/ f a()|u, | dx ds) VT JVE@®)
t Q)

IA

Thus,

t+T )
L =<C </ / a(x)|ut|“ dx ds)
t Q)

where /” is the conjugate exponent of /.

L
2/

+T 77
(/ lug |2 dx ds) VE@)
t Q)

Now, choosing

_ A(p+2) ond [ — 2N
44+ pR2-N) O (N=2)2-=21)’
2

we have Z’:i and

2 pQ—N)
t+T FpC=N [ pt4T N 20+p2-N)
L<C (/ f a()|ug P2 dx ds> <f f ug| V=2 dx ds) JE@©)
t Q) t Q)

t+T 4+P(22*N)
<C f / o(x,us) us dxds VE@)
t Q)

<C (AE)4+P<22*N> VE@®)
since u, € L([0, 00); Hy (") < L*>([0, o0); L%(Q)N) due to Lemma
3.4 and Sobolev’s inequality. The positive constant C depends also on the ini-
tial data.
Case 4b: Estimating I, for—1 < p <0, N =2:

t+T
L <C f lu1* (\Vu| + |ul) dx ds.
t Q)
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P2
Then, using Poincaré’s inequality for u € W, "™ (Q) and the hypotheses on the

function p(x, 5), it follows that

ptl

t+T ﬁ t+T p+2 p+2 2
L=<C </ f |u, |P 2 dxds) (f [|Vu|P+1+|u|P+1]dxds)
t Q t Q

p+l

t+T ﬁ t+T 2 p+2
<C (/ /,o(x,ut)~ut dxds) (/ f [Vu| T dxds) .
t Q ! Q

Now, using the inequality of Gagliardo-Nirenberg (Lemma 5.2) with 6 = p_sz’
it follows that

— 1-6
IVull pe2 < C|[Vully IVull);” < CllAull}, E@) 7.

L p+l1

Then, by Remark 2 and the boundedness of Au (proved in a previous section),

we obtain
1

L < C (AE)7™ E@t)Fi. 0

6 Main estimates for stabilization

Using Young’s inequality and Lemmas 5.5, 5.6, we obtain the next result.
Proposition 6.1. The energy for the solution of problem (1.1)—(1.4) satisfies

E(1) sC{Di<t)2+/ (lul* + |u,|*) dx ds
Qﬂ)(t) (6.1)

+[ IVO| (IVu| + |ul) dxds},
Ow(t)
i=1,2,3,4, where

2 2 4(p+1) A
Di(t)" = AE 4+ (AE)™2 4+ (AE)*»®+  if r >0 and

O0<p<
==y

Dy(1)® = AE + (AE)™2 + (AE)™N  for the case
r>0, —1<p<0 and N >3.

0<p<oo, ifN=2).
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r>0,—1<p<0and N=2 then Dy(t)? = AE + (AE)72.

2(r+1)

4(p+1)
D3(1)? = AE + (AE) 5T 4+ (AE)™905  for the case

—1<r<0 and 0<p< (the same estimate holds if

p>0,—1<r<0 and N =2).

2(r

Da(1)? = AE + (AE)FT + (AE)™T  for the case
—1<r<0, -1<p<0 and N =>3.

20r+1)

If—1<r <0, =1 <p<0and N =2, then D4(1)> = AE + (AE) 2 .

2

Now, using Poincare’s and Young’s inequalities, we obtain (With € = 4C(€{—+CQ))
/ IVO| (IVu| + |ul) dx ds
Qo(t)
1
<— |V0|2dxds+eof (14 Cq) |Vul* dx ds
2 €0 Jo,0 00(0)
1+ Cq 1
<2C AE + — E(1).
< " t5e (0

In the last inequality we have used the identity mentioned in Remark 2.
Using the above estimate in (6.1), we obtain

E(t)<C {D,-(t)2 + AE +/ (ul* + u,*) dx ds} . (6.2)
0

(1)

Thus, the natural dissipation of the system reduced the proof of the theorem

of stabilization to the following estimate.

Proposition 6.2. Let R > 0 fixed and {u, 6} be the solution of the problem
(1.1)—-(1.4). Let u,, u; and 6, be such that E (0) < R. Then, there exists a

constant C > 0 such that
t+T
[ lul> dxds < C {D,-(t)2 +f |u,|? dx ds} , (6.3)
t Q On(t)

where T > 0 is given by Lemma 5.5, the constant C depends on R. Here

i =1,2,3,4 according to the cases previously described.
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Proof. We present the proof by contradiction for N > 3 (the proof for N = 2
is easier). Suppose there exists a sequence of solutions {(u")neN, (9”),,6N} with
the following corresponding initial data {(ug)neN, (U )nen, (%’)neN} and a se-
quence (Z,),en € RT such that

ftiﬁT fw |u"|? dxds

lim = 00 (6.4)
= D (6) + [ [ (w2 dxds
Let
tn+T
22 = / / [u"|*> dxds (6.5)
iy [}
and
1 tn+T
I(ty) = E[Di t)* + / / Iuj’l2 dxds ] (6.6)
n ty [
Then, from (6.4), we obtain
lim 7,(¢t,) = 0. 6.7)

Let v'(x,t) = ”n(xk—ff’”) and n"(x,t) = 0”()‘){—2“”), 0 <t < T. Further-
more, from (6.5), we have that
1 [0+T o
E ) fw|u |“dxds = 1, (6.8)
foralln e N.
The estimate (6.1) together com (6.7) and (6.8) imply that

E(u”(x,tthn) 0”(x,t+tn)>

E@" (@), n" (1)) . -

1
= k—zE(u"(x,t+t,,),9”(x,t+t,,))

n

1
A—zE(u” (tn), 0" (tn))

n

C 2 L 2 2
- X—{Di(m +/ /|u?| ] }
iy [0}

C th+T
= {Dl (ln)2 +/ / |u:'|2dxds} +C
)‘n tn [

=C I (tn) + C.

IA

BIS)
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But, 7, (¢,) is bounded due to (6.7). Therefore, we obtain that
EQ@"@),n" (@) <C, ie.
/;2 |v;’|2 +a® |V P+ (b2 — a2) (diV v”)2 + \n"|2dx <C,
forall0 <t < T and for all n € N, where C > 0 does not depend on ¢ and .
Therefore,

lv; Oll2) < C, IIVV'" D2 <C and |In" (D2 <C, (6.9)

forall 0 < ¢ < T and for all n € N. However, from Poincaré’s inequality and
from the estimate (6.9), it follows that

1
IO = [ 1070500 dx =/Qg|u"(x,t+tn)|2dx
1
< C1/ E|Vu”(x,t+t,,)|2dx =C2/ V" (x, )| dx < C,
Q Q

n

forall0 <¢ < T and forall n € N.
Thus, there exists a constant C' > 0 such that

/ W' (x, )P dx < C, (6.10)
Q

forall0 <¢ < T and forall n € N.

We conclude that

v" is bounded in (0, T; [L2(2)1Y) N L>(0, T; [H, (1Y),

(6.11)
1" is bounded in L*°(0, T; L*(R)),
foralln € N.

Now, we claim that
1

lim —p (x,u} (t+14,)) =0 in L'((0,T) x Q). (6.12)
n—00 A,

First we prove this claim for the case where 7 > 0 and 0 < p < ﬁ
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Forthecaser > 0and 0 < p < proceeding as we did previously when

ﬂ’
we defined regions 2;(¢), €2,(¢) to estimate /; and /,, we obtain

tn+T
/ loGe, u")| dxds < C {(AEW + (AE)%}, (6.13)
tn Q
where C depends on 7, |2| and ||a||«. Now, using the definition of D (¢)

tn+T bp(N42)
/ lp(x,uy)|dxds < C {Dl (t) + Dy (t) 2<p+2) } .
! Q

n

By (6.6),

tn+T
—/ |l ul)l dxds < c{z @)+ 25T 1 (0 zf’ﬂzﬁ”}

where
1 4T
Inz (tn) = E {Dl (tn)z +/ |u;l|2 dXdS} .
n tn

However, {),},>1 is a bounded sequence:

T 1/2
Ap = {/ / [u"|? dxds}
I w
th+T
< {Cz / E (u” (s)) ds}
tn

<G T E(ua(0),6, (0))}'"*

172

<C=C(R).

Hence, (6.7) and the definition of /,, imply that

tn+T
[ [t axds
)\n Q

v (6.14)
sz) 44+p(N+2)
C {In(tn) + AT Ly (ty) 20D } — 0,
as m goes to 0o.
The remaining cases are treated similarly. We have proved that
—p(x,ult+1t)) >0 in L'([0,T]x Q). (6.15)

n

Thefore, (6.12) is proved.
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At this point, we shall prove that

.1 I
lim A—(ve"(wzn)) =0 in L'((0,7) x Q). (6.16)

n—-o0 n

To prove (6.16), we use Cauchy-Schwarz’s inequality to obtain

fT/‘ve"(thn)
0 Jo An

1
1T 2 2
dxdi < cﬁ[—zf /’V@"(t—}—t,,,x)’ dxdt}
)‘n 0 Q

1 th+T 2 3
Cﬁ[g/z; /S;‘VG"(S,)C)‘ dxdsi| (6.17)
A o]
C TI:EDi (ty) ]
<cyl,

IA

IA

Then, .
1
A_/ / VO™ (t +t,)|dxds < C/I,(t,) —> 0O (6.18)
n J0o Q

when n — oo.
Then, (6.16) holds.
Also, we need to show that

T
/ /|v,|2dxds = 0. (6.19)
0 w
From (6.7) we have that

1 ty+T
]n(tn) = )\_2|:Dl (tn)z + / / Iu:l|2 dXdSi| — 0,
tn w

n

then

tht+T 2
0 = lim /
n—o0 J, w

dxds

uy (s)

n

2
"t +t,
dxds M

T
lim /
n—-o0 0 ) n
T
= lim/ /Iv;’(t)lzdxdt
n—-uo0 0 w

T
=/ /|U,(z)|2dxdt,
0 w

since v" —> v weak-x in L2(0, T; [L*(2)]V).
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So, (6.19) is proved.

Finally, we prove that

T
lim / Vn'[[v" ()] + [Vv" (1)|] dxdt = 0. (6.20)
0 w

n—-0o0

From Cauchy-Schwarz’s inequality, we have that

T
/ /Vn”[lv”(t)l + V" (0)[] dxdt
0 w
1 1

’ ni2 5 ! n2 n2 2
= [Vn"|” dxdt Vv = + V' dxdt
0 w 0 w

1 1

1 ta+T - 1 th+T A
c<—2/ f|V0”|2dxds)2(—2/ /|Vu”|2dxdt)2
)“n th Q )“n ty Q
1 1
1 2( (7 2
C|—=D: (t,)? 2 f /le”|2dxdt 2
A o Ja

Cﬁﬂ—)O.

Therefore, (6.20) holds.
Now, we pass to the limit of {(v"(£))en, (7" (1))nen}. From (6.11) it follows
that there are function v(¢), n(¢) and subsequences of the sequences v”" and 1",

IA

A

which we continue to represent by v” and 1" such that
V(1) = v(r) weak xin Wh(0, T; [L2()]Y) N L>(0, T; [Hy (1Y)
n"(t) = n(t) weak*in L>®(0, T; L*(Q)).
Therefore, the functions v(¢) and n(¢) satisfy:

) ve Wh=, T; [L* (1Y) N L>(0, T; [Hy (2)]Y) andn € L>(0, T;
L*(Q));
i) vy —a® Av — (b2 — az) V (divv) =0,
iii) n, — An+div v, =0,

T
iv)/ f|vt|2dxds=0,
0 %)
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T
V) / /|v|2dxds =1.
0 w

We observe that {n,, v,} is also solution of equations ii), iii). Since v, = 0 a.e.
inwx (0, T)and (v,)"—a* A (vt)—(b2 - az) V (div v;) = 0 with homogeneous
Dirichlet boundary conditions, it follows from a consequence of Holmgren’s
Uniqueness Theorem ([11], p. 88) that v, = 0in 2 x (0, T), therefore v (x, t) =
F (x) a.e. in Q x (0, T). Thus, v satisfies —a? Av — (b* —a?) Vdivv =0
with homogeneous Dirichlet boundary conditions. From the uniqueness of this
Dirichlet problem, it results that v = 0 a.e. in (0, 7)) x 2. This contradicts the
item (v). O

The following estimate is a consequence of the previous proposition.

Proposition 6.3.

Et)<C {D,-(t)z +f |lu,|* dx ds} (6.21)
0

(1)

where D;(t) (i = 1,2, 3,4) are given in Proposition 6.1.

7 Proof of the theorem of stabilization

Now, it remains to estimate the integral || 0.0 M | dx ds in terms of AE (energy
difference).

Proof. Casea:ranndOfpfﬁisz3 (r=0, p>0if N=2):

Using the hypothesis on w in (H2)(d), Holder’s inequality and the definitions
of 21, Q,, we obtain

4T
/ lu > dx ds < C/ / a(x)|u,|* dx ds
Ow(?) t Q
t+T % t+T
C{ |:/ / a(x)|u, /" dx ds} +/ / a(x)|u,|P*? dx ds}
t Q1 t Q>

t+T % t+T
C{ |:/ / o, u;) - uy dxds] —i—/ / p(x,uy) - uy dxds}
t Q t Q
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where the last C depends on |2, T and ||a||x.

Then, due to Remark 2, we have
/ \u,|? dx ds < C{AE+(AE)$} (1.1)
Qu (1)
From estimates (6.21) and (7.1), and the expression for D;(¢) we obtain
2 At
E(t)<C {AE F(AE)™ + (AE)4+p<N+2>}
Then, using the fact that £(¢) is nonincreasing function of ¢, we obtain that
E@®) < CABN

where

(7.2)

K1=min{ 2 4p+1) }

r+2 4+ p(N+2)
is such that 0 < K; < 1 and C is a positive constant which depends on the
initial data.

We have obtained the following inequality

1 1
sup E(s)X1 < E(t)® < CAFE (7.3)
t<s<t+T
Ifwesetl +y = KL. , then y = % and applying Nakao’s Lemma

to (7.3) we obtain for N > 3 that
EW)<Ci(+n™n (7.4)

with
. [2 4p+D)
Yy = minj—, ————
rp(N-=2)

We see from (7.2) that if » = p = 0, then according to Nakao’s Lemma, the

}, if >0, p>0.

decay rate is exponential. If » = 0, p > 0, then the decay rate depends only

onp:y = ;E%tlz)); and if » > 0, p = 0, then the decay rate depends only

2
.

onr:y =

IfN=2,r>0andp >0theny =2 IfN =2, =0and p > 0 then
the decay rate is exponential.
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Caseb: r>0and -1 <p <0 and N > 2:

In this case we have
t+T 4
/ / a(x)|u,* dxds < Cy (AE)¥ =% |
t Q)
Then, in the same way as in case (a), we get
/ u,)? dx ds < C, {(AE)ﬁ + (AE)Fem } . (1.5)
Ou(1)

Now, assuming that N > 3 and considering (6.21), (7.5) and the definition
of D,(t) we have

E@) < C{AE+(AE)% —{—(AE)AH—;)(A‘TN)}‘

If we define

2 4
K, = min , , (7.6)
F+2 4+ p2—N)

then we have 0 < K, < 1 and
E(t) < C (AE)*.
Similarly to the case (a), using Nakao’s Lemma, we obtain
Et)y<C(1+1t)™

with
) {2 4
y, = min{—,

_— if r>0.
r p2—N)

4
p2—N)
When N = 2, (6.21), (7.5) and the definition of D, (¢) imply that

From (7.6), it follows that if » = 0 then y, =

E®) < C{AE+(AE)$}.

If » =0,then E(t) < C AE. Thus, by Nakao’s Lemma, we obtain exponen-
tial decay of the energy.
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If» > 0, we obtain
E(1) < C (AE)®
with
2
T2
Applying Nakao’s Lemma, we obtain

K> 0<K,<l. (7.7)

E@t)y<C(l+1)™"

2
with y, = —.
r

Casec: —l<r<O0and 0<p=< . (-1<r<0, p>0if N=2)
We have

t+T t+T
/ / a()|u,|* dxds < C/ f a(x)|u, " dx ds
t Q t Q)

(4T
SCf / o, u;) - u;dxds < CAE
t Q1

and it follows that

/ lu,|*> dx ds < CAE (7.8)
O0u(t)

Thus, from (6.21), (7.8) and the definition of D;(¢), we get

200+1) 4(p+1)
E(t)<C {AE + (AE)FE 4 (AE)T v } . (7.9)
Therefore
1
E@®)S <CAE

with

(7.10)

£ :mm{z(r+ D 4p+D }

r+2  p(N+2)+4
issuchthat 0 < K5 < 1.

We conclude by Nakao’s Lemma,

E@)y<Cl+™"
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with

. {—2(r+1) 4p+1)
y3 = min :

and N > 3.
r p(N —2)

<
o N

From (7.10) it follows that y3 =
and p > 0.

2 41
22D e 0and N > 3or N =2
.

Cased: —1<r<0, —-1<p<0and N >2:

We have

lu,|* dxds < C {AE + (AE)W} .
0u(t)

Assuming that N > 3, it follows from (6.21), the definition of D4(¢) and the
previous inequality that

20

E@) < CAE+ 1B + @apwitm ],

Thus, we get
E®)% <CAE=C [E(W)—E(t+T)], t >0,

with

. [2-+ 1) 4
K; = min , .
r+2 44 pQ2—N)

Then, using Nakao’s Lemma, we obtain
EW)y<C+t)y 7, t>0

with

. [ =2+ 1D 4
Y, = min , .
r p2—N)
Now we consider N = 2. It follows from (6.21), the definition of Dy4(¢)

and the inequality at the beginning of this case that

E(t)<C {AE +(AE)T } .

Thus,
1
EW)X% <CAE=C[Et)—E@+T)], t=>=0,
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2(r+1)
r+2
Then, using Nakao’s Lemma, we obtain

with K4 =

E@t)<CA+t)", t>0

2 1
—r
Now, the proof of the Theorem 3.7 is complete. O
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