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Abstract.  Define Z;3 = A2 Y(AI/Z)H (4 and Y are independent) and Zi5 =
B'?y (8Y 2)H (B and Y are independent), where Y, 4 and B follow inverted complex Wishart,
complex beta type I and complex beta type II distributions, respectively. In this article sev-
eral properties including expected values of scalar and matrix valued functions of Z13 and Z15

are derived.
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1 Introduction

This paper deals with complex random quadratic forms involving complex
Wishart, inverted complex Wishart, complex beta type I and complex beta type
II matrices. To define these distributions we need some notations from complex
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64 UNIARIM DISTRIBUTIONS

matrix algebra. Let 4 = (a;;) be an m x m matrix of complex numbers. Then,
A" denotes conjugate transpose of 4;

tr(4) = an + -+ awm;

etr(4A) = exp(tr(4));

det(A) = determinant of A4;
A = A" > 0 means that 4 is Hermitian positive definite; 0 < 4 = 47 < I,
means that 4 and /,, — A are Hermitian positive definite and 4'/?> denotes square
rootof 4 = A7 > 0.

Now, we define complex Wishart, inverted complex Wishart, complex matrix
variate beta type I, complex matrix variate beta type Il distributions.

Definition 1.1. The m x m random Hermitian positive definite matrix X is
said to have a complex Wishart distribution with parameters m, v(> m) and
¥ =32 >0, written as X ~ CW,,(v, X), ifits p.d.f. is given by

[T () det(D)"} " det(X)" " etr (-27'X), X = X7 >0,

where T\, (a) is the complex multivariate gamma function defined by

D@ =a""D2T[M@—i+1), Re(@) >m — 1.

i=1

Definition 1.2. The m x m random Hermitian positive definite matrix Y is said
to be distributed as inverted complex Wishart with parameters m, y (> m) and
W =W > 0, denoted by Y ~ ICW,, (i, V), ifits p.d.f. is given by

[T ()" det(W)* det(¥) " etr (~¥ '), ¥ = Y7 > 0.

Note that if ¥ ~ ICW,,(u, W), then Y~! ~ CW,, (i, ¥~"). The inverted
complex Wishart distribution was first derived by Tan [17] as posterior distri-
bution of ¥ in a complex multivariate regression model. Later Shaman [16]
studied some of its properties and applied it to spectral estimation. For m =
1, the inverted complex Wishart density slides to an inverted gamma density
given by

—1 _ _
{Tao} v y™ " Vexp (—yy™") . y > 0. >0, ¥ > 0.
This distribution is designated by y ~ IG(u, ¥).
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Definition 1.3. The m x m random Hermitian positive definite matrix X is
said to have a complex matrix variate beta type I distribution, denoted as X ~
CBl(a, b), ifits p.d.f. is given by

{Bu(a, b)) det(X)* " det (I, — X)*™, 0 < X = X7 < I,

wherea > m — 1, b > m — 1 and Em (a, b) is the complex multivariate beta
function defined by

- IRYIOIN0

B, (a,b) - ,Re(a) >m —1, Re(b) >m — 1.
[y(a+b)

Definition 1.4. The m x m random Hermitian positive definite matrix Y is
said to have a complex matrix variate beta type Il distribution, denoted as Y ~
CBll(a,b), ifits p.df. is given by

{Bu(a, b)) det(Y)* " det (I, + Y)" P, ¥ = Y7 >0,

wherea >m — 1, and b > m — 1.

The complex matrix variate beta distributions arise in various problems in
multivariate statistical analysis. Several test statistics in complex multivariate
analysis of variance and covariance are functions of complex beta matrices.
These distributions can be derived using complex Wishart matrices (Tan [18]).
The relationship between beta type I and type II matrices can be stated as fol-
lows. If X ~ CB.(a, b), then (I,, — X)"'2X(I,, — X)~'/2 ~ CB!(a,b).
Further, if Y ~ CB!!(a, b), then Y~! ~ CBL/(b, a) and (I,, + Y)"'?Y (I, +
Y)~Y2 ~ CB!(a, b).

It is well known in the statistical literature that the complex matrix variate
beta type I and type II, complex Wishart (¥ = [,), and complex inverted
Wishart (I = 1) distributions are unitary invariant and residually indepen-
dent (Khatri [9], Tan [18], Nagar, Bedoya and Arias [14], Bedoya, Nagar and
Gupta [1], Goodman [4], Shaman [16]) and therefore belong to the class of
unitary invariant and residual independent matrix (UNIARIM) distributions,
C,, defined as follows (Khatri, Khattree and Gupta [12]).
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66 UNIARIM DISTRIBUTIONS

Definition 1.5. The m x m random Hermitian positive definite matrix X is said
to have an UNIARIM distribution if

(i) for any m x m unitary matrix U, distributions of X and UXU' are
identical, and

(ii) forany lower triangular factorization X = TTH, T = (T};), T;; (m; xmy;),

i =1,..., kareindependent, for any partition {m, mo, ..., my} of m.

When X has UNIARIM distribution we will write X € é,n. Next, we state
several properties of UNIARIM distributions.

Theorem 1.6. Let X € C,,. Partition X as X = (g: 22 ) X1 (g x q). Then
X, and X,, , =X22—X21X1711X12 areindependent, X, € C‘q, and X,, | € C‘m,q.

Theorem 1.7. Let X € C,, and Y € C,, be independent. Then, for any square
root T of Y, the distribution of Z = TXT" belongs to C,,. Further, if Ty and
Ty are two different square roots of Y, then T, XT! and T,XT}! have identical

distributions.

From the above theorem it follows that if U = (Uy, U,), U; (m x m;),
i = 1,2, m; + m; = m is a random unitary matrix independent of Z € ém,
then UIHZU1 € C‘ml and (UZHZ_IUZ)_l € C‘mz are independent. Further, for
ceC" ¢ #0,()c"Zc/c! e has same distribution as z;;, where Z = (zij),
and (ii) ¢’¢/ef’ Z~'¢ has same distribution as 1/z!! where Z=! = (z/). Fur-
thermore, if E£(Z), E(Z~"), and E(Z%), « an integer, exist, then E(Z) = al,,
E(Z7YY = bl, and E(Z%) = ¢ql,,, where a = E(x11y11), b = Ex'HYE('),
and the constant ¢, depends on moments of order less than or equal to « of
XandY.

Let Z = (z45), 1 < a,B < i, i < m be a submatrix of Z = (z4p),
l<a,B<mandY = TTH, X = RR" be lower triangular factorizations.
Then

det(Z[i]) 2.2 .
Ui = Gy = e = L

where det(Z!%) = 1, are independent and E[det(2)*] = []/~, E(v%) provided

1
the expectations involved exist.
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In Section 2, we give several UNIARIM distributions by using Theorem 1.7.
Section 3 gives a number of results on random quadratic forms A4'/2Y (4'/2)
(4 and Y are independent) and B'/2Y (B'/?)" (B and Y are independent), where
Y ~ ICW, (i, Iy), A ~ CBl (a, b)and B ~ CB!!(c, d) by exploiting the fact
that they too belong to the class of UNIARIM distributions and using properties
that are available for UNIARIM distributions. Finally, in Appendix, we give
certain known results on complex matrix variate beta type I and type II, complex
Wishart and inverted complex Wishart distributions, confluent hypergeometric
functions and zonal polynomials of Hermitian matrix argument.

2  Generating UNIARIM Distributions

In the previous section it is stated that if X € C,, and Y € C,, are independent,
then for any square root T of Y, the distribution of Z = TXT# belongs to
C,.. In this section we exploit this property to generate a number of UNIARIM
distributions.

Let 4; ~ CB!(a;, b;), B ~ CBl(¢;,d;),i = 1,2, A ~ CBl(a,b), B ~

(CB,{f (¢, d) and define

Z, = Ai/zAz(Ai/z)H (A4 and 4, are independent),
Z, = Bll/sz(Bll/z)H (31 and B, are independent),
73 = AI/ZB(AW)H (A and B are independent),

and
Zy = Bl/zA(Bl/z)H (4 and B are independent).

Then, from Theorem 1.7, it follows that Z; € ém, i =1,2,3,4. From Cui,
Gupta and Nagar [3], the p.d.f. of Z, is available as
To(ar + b)Ty(ar + by)
(@)l (a) U (by + b2)
x 2Fi(br,ay+ by —ay by + by Ly — Z,), 0 < Zy = Z{' < I,

det(Z)? " det(1, — Z,)br+bm

where 5 £} is the Gauss hypergeometric function of Hermitian matrix argument
(James [8]). The density of Z; and Z3 can be shown to be (Gupta, Nagar and
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Vélez-Carvajal [7]),

Em(dl +c2, 01 +db)
B (c1,d)) By (cy, dy)

det(Z,)2™

x 2 Fi(di + o e+ dos e+ e+ dy +do; Iy — Z3), Zy = Z3' > 0,

and

Bu(b,a+d)

_ _ det(Z3)~4"
B, (a.b)B,(c.d) et(Z3)

x 2Fi(c+d,a+dia+b+d;—27"), Zy =2 >0,

respectively. Note that the distribution of Z4 is same as that of Z3.

Next, let X; ~ CW,,(v;, I,),i = 1,2, Y; ~ ICW,(u;, I,),i = 1,2, X ~
CWu, I,),and Y ~ ICW,(u, I,), where X and X, are independent, ¥; and
Y, are independent, and X and Y are independent. Let

Zs = X\ x,(x1)",
Y11/2 YZ (YII/Z)H’

7, = X1/2Y(X1/2)H,

Zs

and
Z8 — YI/ZX(YI/Z)H_

Then, the p.d.f. of Z5 is (Gupta and Nagar [6]),
(T DT ()} det(Zs)" " By, 1, (Zs), Zs = ZH > 0,

where Bj;(-) is the Herz’s type II Bessel function of Hermitian matrix argument.
Since Z;' = (¥, v,(x,/H")" = (v, Yy v = ()Y
~ CW, (1, 1L,), Yz_1 ~ CWu(ua, 1), the p.d.f. of Z¢, obtained from the
p.d.f. of Zs, is given as

[T DT} det(Ze) ™ ™" By, (25"). Zo = 21 > 0.

Note that Z; ~ CB!!(u, v) and Zg ~ CB!! (i, v) which follows from Tan [18]
and Cui, Gupta and Nagar [3].
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Further, define the following complex random matrices which again belong to
the class C~‘m:

Zy = A'Px(4'?)",

and
Zis = Y'2B(y'2)"

The random matrices Zy and Z;o have the same density given by

[, (b) etr(—Zy) det(Z9)" ™"
1:‘”1 (V)gm (a, b)

U(b, —a+v+m;Zo), Zg=Z8 >0,
where W is the confluent hypergeometric function of Hermitian matrix argument.
The random matrices Z1; and Z, have the same density derived as

L, (v +d)det(Z;) ™"
L, (V) B, (c,d)

lil(v +d,—c+v+m;Zy), Z,, = Zﬁ > 0.

Similarly, the random matrices Z3 and Z;4 have the same density derived in
Theorem 3.1 and the random matrices Z5 and Z 4 have the same density obtained
in Theorem 3.3.

3 Properties of UNIARIM Distributions

In the previous sections we have discussed a number of properties of UNIARIM
distributions and generated them by noting that if X € C,, and Y € C,, are
independent, then for any square root T of Y, the distribution of Z = TXT#
belongs to CN‘m.
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Several properties, distributional results, expected values, etc. of random
matrices defined in Section 2 are available in the literature. The distributional
results and properties of Z, Z,, Z3 and Z, were studied by Gupta, Nagar and
Vélez-Carvajal [7]. Results related to Zs and Zs were derived by Gupta and
Nagar [6] and properties of Zg, Z19, Z11 and Z;, were obtained by Khatri,
Khattree and Gupta [12].

In this section we derive distributions of Z13 and Zs and study their properties.
First we obtain the densities of Z5 and Z5s.

Theorem 3.1. Let A and Y be independent, A ~ CB,{, (a,b) and Y ~
ICW,, (1, L,). Then, the density of Zi3 = A'?Y(AV*)! is derived as

T, (a +b) det(Z3) "+
By, a)Tpla+ b+ )
X 11:"1(a+,u;a +b+u; _21_31), Z]3 = Zﬁ >0,

where | F\ is the confluent hypergeometric function of Hermitian matrix argu-
ment.
Proof. The joint density of 4 and Y is given by

etr(—Y 1) det(Y)"# ™ det(4)* " det(l,, — A)>™™"
T, (W) By (a, b)

El

where 0 < 4 = A" < I, and Y = Y# > 0. Making the transformation
Zi3 = A'?Y(AV*)H with the Jacobian J(4,Y — A, Zi3) = det(4)™ and
integrating A we obtain

det(Z;3) "+
detlZin) 7T / etr(—Z;; A) det(A4) " det(l,, — A)> " d A,
I (w)By(a, b) Jo<a=at <1,

where Z,; = Z2 > 0. Now, integration using (A.1) yields the result.

The distribution of Z3 is designated by H{® (i, a, b).
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Corollary 3.2. If x and y are mutually independent, x ~ B'(a,b) and
y ~ 1G(u, 1), then xy ~ HI(B)(,u,a,b). Further, the p.d.f of z;3 = xy is
given by
Pa+wla@+b)
FWr@ra+b+p B
where |F) is the confluent hypergeometric function of scalar argument
(Luke [13]).

1F1(a +usa+b+w; —21_31), z13 > 0,

Theorem 3.3. Let B and Y be independent, B ~ (CB,{/(C, d) and ¥ ~
ICW,, (i, L,). Then, the density of Zis = B'?Y(B'*)" is derived as

T, (c+ p)det(Zs)#m . -
(€ + 1) detiZ15) U(e+pusp—d+m—2Z3), Zis = Z{t > 0.
Lo () Bu (c, d)

Proof. The joint density of B and Y is given by
etr(—Y 1) det(Y)"# " det(B)° "™ det(I,, + B) "+
L (1) By (. d)

where B = BY > 0and Y = Y¥ > 0. Transforming Z;5s = B'/?Y(B'/*)"
with the Jacobian J (B, Y — B, Z;3) = det(B)™" and integrating B we obtain

’

dB,

det(Zs)=»"m / etr(—Z;3' B) det(B)<tr—"
l:‘m(//,)gm(c,d) B=BH>0 det(Z,, + B)<*4

where Z,; = ZIL > 0. The desired result is obtained by using (A.2).

The above distribution will be denoted by ﬁ,ﬁlls) (u,c,d).

Corollary 3.4. Ifx and y are independent, x ~ B! (c,d) and y ~ IG(, 1),
then xy ~ Hl(ls)(u, ¢, d). Further, the p.d.f. of z;3 = xy is given by
Cle+w) _m
—_— 7
F(wB(c.d)""
where  is the confluent hypergeometric function of scalar argument
(Luke [13]).

w(c—i— w; u—d+ m; —Zfsl), z15 > 0,

Our next two results are of importance in deriving marginal distributions of
certain submatrices of Z;3 and Zs.
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Theorem 3.5. Let A and Y be independent, A ~ CB), ., (a,b) and Y ~
ICVVm1+mz(lu'v Im)- Then’

APV ()" ~ A (0= maia,b)  and

Aéé.zl Yy (A%.zl)H ~ FI,%”(M, a—mi, b)
are independent. Further,

A%Z Yy (Aééz)H ~ I:In(1123)(M —my,a,b) and

A%.22Y11.2(A%.22)H ~ Flrﬁlf)(ﬂ’ a—my, b)

are independent where Ay1.;, Y112, A and Yoy are Schur complements of
A, Yoo, A11 and Y1, respectively.

Proof. From Theorem A.8 and Theorem A.9, Ay, Y11, A2».1 and Y. are in-
dependent, 41 ~ CB,, (a,b), Y1y ~ ICW,, (it —m3, Iy,), Axp.1 ~ CB) (a —
my, b) and Yy ~ ICW,, (i, I,,). Now, application of Theorem 3.1 yields
the desired result. The proof of the second part is similar.

Theorem 3.6. Let B and Y be independent, Y ~ ICW,, i m,(1t, I,) and B ~
(CB,{lIlerz(c, d). Then,

BI2Y,, (BI)" ~ AU (1~ my.c.d —ms) and

3212/21 Y22.1(lez/.21)H ~ H (1, c —my, d)

my
are independent. Further,
1/2 1/2\H ~
Bzz/ Y22(Bzé ) ~ H,E,lzs)(u —my,c,d —my) and
172 1/2\H ~ 15
Bi5Y12(Bia) " ~ Hy(w, ¢ —mo, d)

are independent where Y115, B11.2, Y221 and By are Schur complements of
Y22, By, Y11 and By, respectively.

Proof. From Theorem A.8 and Theorem A.10, Y, Bi1, Y221 and By are
independent, Yy, ~ ICW,, (u — ma, I,,)), Bi1 ~ (CB,{,I1 (c,d —my), Yoo ~
ICWy,(t, In,) and Byy.; ~ CB,!(c — my,d). Now, application of Theo-
rem 3.3 yields the desired result. The proof of the second part is similar.
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3.1 Properties of Z13

In this section some properties of the random matrix Z;3 are derived using the
fact that Z;3 belongs to the class of UNIARIM distributions.

~ Zisn Z
(i) Let Zi3 = (731 782), Zizii (my x my), my + my = m. Then, us-

ing Theorem 1.6, Theorem 1.7 and Theorem 3.5, Zy3;; and its Schur
complement Z35,.; are independent, Z;3;; ~ 1:1,7(1113)(,u — my, a, b) and
Zizng ~ I:I,f}f)(u, a — my, b). Further, Z;35, and its Schur comple-
ment Z3;1., are independent, Z35; ~ I:I,f}f)(u —my,a,b)and Zi311, ~
1:1,2113)(% a —my, b).

(i) For a g x m complex non-random matrix C of rank ¢ (< m),
(ccty-'rczictec™y ™V ~ A (uw —my, a, b)
and
(CCH)I/z(CZl_;CH)‘l(CCH)I/2 ~ Fl,fqlf)(u, a—my,b).

(iii)) Fore € C", ¢ # 0,

H
¢ Ziz¢
cch3 ~H1(13)(,u—m+1,a,b),
and
H
c'C N (13) .
cHZl_31c H 7(w,a—m+1,b).

Note that the distributions of

cZ 5 ce
- and ————
c’c cZ e

do not depend on ¢. Thus, if y(m x 1) is a complex random vector
independent of Z3, and P(y # 0) = 1, then it follows that
y'Zizy
yfy

~H" (w—m+1,a,b),

and
vy

— ~ HI(B)(/L, a—m—+1,b).
yHany
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(iv) Let Zj3 = (z13;;) and Zp3' = (z14). Then, zy3;; ~ H'"P (u—m+1,a, b),
i=1,...,mand 1/20 ~ H" (u,a —m + 1,b),i = 1,...,m.

(v) Let Z%] = (z13j4), | < j,k <i. Define

det(Z!]
v, = (—Plfl)], i=1,...,m and det(ZEg]) =1.
det(Z}5 )
Then, the random variables vy, ..., v, are mutually independent and us-

ing Theorem A.11, Theorem A.7 and Corollary 3.1, v; ~ Hlm) (w—i+1,
a,b),i = 1,..., m. Further the distribution of det(Z3) is the same as
that of [/, v;.

3.2 Moments of functions of Z3

In this section we derive several expected values of scalar and complex matrix
valued functions of the complex random matrix Z;3.
Using the representation Z,3 = A'/2Y (4'/?)" and (A.10)—(A.17), one obtains

a

E Z = —[}’VH ’
20) = Gxma—m "
_ wla +b—m)
E(Zl3l) = ﬁ[m, a>m,
-  (=Dfal -
E[Cc(Z13)] = i+ mlola + bl CeIn), u = ki +m,
E[Cc(zh] = delza =btmlee /o oty tm i=1.2

[—a + m],

Further, using (A.4), (A.5) and above expressions, the expected values of (tr Z3)?
and (tr Z;;')? are evaluated as

E[(rZ15)?*] = E[Co(Zi3)]+ E[Cu2)(Z13)]

(—1)*[alw
[ +m]ola + bl
(—1)2[61](12)
[— +m]2la + bl2

Cay(Ln)

C~'(12)(1m),

Comp. Appl. Math., Vol. 28, N. 1, 2009
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and

E[wZ;)?Y] = E[Co(ZihH]+ E[Car(Zih]

(uloy[—a —b+m]p) ~
Coy(I,
[—a + m]p) @Un)

(w)azy[—a — b+ m]
[—a + m](IZ)

D E 2y (L)

Now, applying the results [n]) = n(n + 1), [n]42) =nn—1), [-n+m]p) =
(n—m)(n—m—1), [-n+mlpy=@—m)n—m+1), Cay(l,) =m(m+

1)/2 and C'(lz)(lm) = m(m — 1)/2 in the above expressions and simplifying,
we obtain

_ ma (m+1@+1)
E[(r Z3)*] = 2(M_m)(a+b)[(M—m—l)(a—i-b-i-l)

(m —1)(a —1) ]
(w-—m+Da+b—1n 7"

and

_ mu@+b—m)[(u+Da@a+b—m—1)(m+1)
E[tzi)?] = 2 ) [ Pp—
(w—D@+b—m+1(m—1)

(@a—m+1)

+

:|,a>m+1.

Similarly, using (A.6)—(A.8), the expected values of (tr Z13)° and (tr Z;3')? are
obtained as
E[(rZ3)’] = E[Cx(Z13)]+ E[Can(Z13)] + E[Cu3)(Z13)]

_ [ala)
[—u +mlgzla + blg)

Cey (L)

_ [a](z,l)
[—u +mlonla + bley

6(2,1)(Im)

B lalasy
[_,LL + m](]3)[a + b](]S)

6(13)(Im)’
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and

E[(tr Z;3H*]

E[Ca)(ZiH] + E[Con(ZiH] + EIC15)(ZiH]

[l [—a —b+m]ga) ~
Ci(1,
[—a + m]3) & (n)

—a—>b =~
leplza=btmoye o

+
[—a +m]a.

—a—>b .
[ulasy[—a + m]3y Gy (L),

+
[—a + m](13)

respectively. Now, using the results [n]3) = n(n 4+ 1)(n + 2), [n]o1) = n(n +
D(n—=1),[n]y3 = n(n—=1)(n=2),[-n+m]z) = —(n—m)(n—m—1)(n—m—2),
[-n+m]oy=—m—m)n—m—1)(n—m+1),[—n+m]3 =—(n—m)(n—
m+1)n—m+2), Cay(Ly) = m(m+1)(m+2)/6, Coy(In) = 2m(m>—1)/3
and C~'(13)(Im) =m(m — 1)(m — 2)/6 in the above expressions and simplifying,
we obtain

E[(trZi)’] =

ma [ 4(a*> — H(m?> —1)
6(u —m)(a+b) [ [(n—m)? —1][(a + b)> — 1]
(a+D(a+2)m+ 1)(m +2)
(mw—m—-1(pn—m—=2)a+b+1)(a+b+2)

n (@a—1(a—2)m—1)(m —2) }
mw—m+D(p—m+2@+b-—1@+b-2)]’

where 4 > m + 1, and

E[(rZz5H]

_ mpa+b—m)[4u> - Dl(a+b—m)*—1](m*>—1)
T 6(a—m) [ [(a —m)? —1]
wmw+Dwu+2)a+b—m—D@+b—m-—-2)m+ 1)(m+2)
+
a—m—1)(a—m-—2)
(w—D(u—-2)a+b—m+1)(a+b—m+2)(m — 1)(m — 2)]
+ )
(a—m+1)(a—m+2)
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where a > m + 2. Similarly, the expected values of tr(Z 13)tr(Zf3) and
tr(Z 1_31) tr(Z 1_32) are obtained as

E[t(Zi3) tr(Z3)] = E[C)(Z13)] — E[C(15,(Z13)]
ma |: (a+D@+2)m+ 1D(m +2)
6(w—m)a+b) | (u—m—1)(u—m—=2)a+b+1(a+b+2)
(@a—1D(a—-2)(m—1)(m —2)

- I
(M—m+1)(,u—m+2)(a+b_1)(a+b_2)], w>m-+1,

and

E[t(Zi) (23] = E[Co)(Zih] = E[Cany(Z73)]

_ mula+b—m) [(u+1)(u+2)(a+b—m—1)
N 6(a —m) (a—m-—1)

(@+b—m—2)(m+ 1)(m+2)
(a—m—2)
B (M—1)(M—2)(a+b—m+1)(a+b—m+2)(m—1)(m—2)]
(a—m+1(a—m+2) ’

a>m-+2,

respectively. Since, E(Z{;) = Coln, we have E[tr(Z{;)] = ¢,m. Thus, the co-
efficient of m in E[tr(Z{;)] is ¢,. Therefore, evaluating E[tr(Z f3)], Etr(Z 1_32)],
E[tr(Z f3)] and E[tr(Z 1_33 ] using the technique describe above, and computing
the coefficients of m in the resulting expressions, one obtains

E(Z%3) =

a |: m+D@+1)
2(u—m)a+b) [(u—m—1)(a+b+1)

B (m—1)(a—-1)
(u—m+D@+>b-1)

E(Z_z) _ wla+b—m) |:(M+l)(a+b—m—1)(m+1)

}Im7u>ma

2(a — m) (@a—m-—1)

B (w—D@+b—m+1)(m—1)
(a—m+1)

:|Im,a>m+1,
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3y —
E(z1) = 6(u—m)(a +b) | (u—m—1)(u—m—2)(a + b+1)(a + b+2)

n (@a—1@—2)(m — 1)(m —2)
(w—m+D(p—m+2)a+b—D@a+b—2)

B 2(a®> — DH(m? - 1)
[((w —m)? = 1][(a + b)> — 1]

a [ (a+1D(a+2)m+ 1)(m+2)

]Im,,u>m—|—1,

and
E(Zf3) _ pla+b—m) |:(/L+1)(/L+2)(a+b—m—1)
B2 6(a—m) (a—m—1)
(a+b—m—2)(m+ 1)(m+2)
(@a—m—2)

(=D (-2 (a+b—m+1)(a+b—m+2)(m—1)(m—2)
+
(a—m+1)(a—m+2)

2082 = D@ +b—=m)® = 11(m> = 1)
[(@ —m)* —1]

:|[m,a>m+2.

3.3 Properties of Z5s

In this section we give several properties of Z;s.

. VA VA .
() Let Zis = (520 222 )» Zisu (ny x my), my + my = m. Then, using

Theorem 1.6, Theorem 1.7 and Theorem 3.6, Z151; and Zs5;.1 are indepen-
dent, Zys11 ~ H{ (w—my, ¢, d—my) and Zispp1 ~ H (n, c—my, d).
Further, Z;s5, and Z;s;,., are independent, Zsy;, ~ 1:1,51125)(/L —my,c,d—
my) and Zisyio ~ HY (w, ¢ — ma, d).

(i) For a g x m complex non-random matrix C of rank g (< m),
(CC™y2C 2y ()2~ A (1 = m, e, d — m))
and

cct ezl cy-ee™'? ~ B (u, ¢ — my, d).
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(iii)) If y (m x 1) is a non-random complex vector with y # 0, or a complex
random vector independent of Z15 with P(y # 0) = 1, then it follows that

H
Z
yyH;Sy ~ Hl(ls)(,u —m+1,c,d—m+1)
and
YHY (15)
ﬁ’\’Hl (M,C—m+1,d)
15

(iv) Let Z15 = (z15;;) and Zl_sl = (ziljs). Then, fori = 1,...,m, z15; ~
H® (u—m+1,¢,d —m+1),and 1/25 ~ H" (u, ¢ —m 4+ 1, d).

(v) Let Z\ = (z15;4), 1 < j, k < i. Define

det(Z1)

v=—— B i=1,....m and det(zl%) =1.
© det(ZVMy ?

Then, the random variables vy, ..., v, are mutually independent and
using Theorem A.11, Theorem A.12 and Corollary 3.4, v; ~ Hl(ls)(u —
i+1,ce,d—i+1),i =1,..., m. Further, the distribution of det(Z;s)
is the same as that of ]/, v;.

3.4 Moments of functions of Z1s

This section deals with expected values of scalar and complex matrix valued
functions of the complex random matrix Z;s.

Using the representation Z;5 = Y'/2B(Y')! ~ A9 (u, c,d), (A.10)-
(A.13), (A.18), (A.19), and the technique of computing expected values given in
Subsection 3.2, we obtain

c

B2s) = Gmma—m

Iy, wu>m,d>m,

d
E(Zfsl) = C/imlm,c>m,

[c]k
[—u +mle[—d +m]

E[Cc(Z15)] = Cell), w>m~+ki, d>m+ki,

(= D¥[ule [d]

E[Cc(Zih] o Gl ez kit m,
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¢ [ (c+ D(m+1)
2(u —m)(d —m) [ (u—m—=1)d—m—1)

_ e=Dm-1
(w—m+1)d—m+1)

i|lm,,u>m,d>m+1,

E(z2) = wd (m+DEd+Dm+1)  (u—1D@d—-Dim—1) I,
15 2(c —m) (c—m—1) (c—m+1)

c>m—+1,

_ c [ (c+D(c+2)(m+ 1)(m +2)
6(u—m)d—-—m) [ (u—m—1(u—-—m-=2)d-—m—1)(d—-m—2)

(c=De=2)(m—1)(m—-2)
(w=—m+Dpn—-—m+2)d—-m+1)d—-m+2)

B 2 = DHm? =1
[((w—m)? = 1][(d —m)? — 1]

]Im,u>m+2,d>m+2,

) = wd [(M+l)(u+2)(d+1)(d+2)(m+1)(m+2)
" 6(c—m) (c—=m—1)(c—m=2)

(=D =2)(d = D(d=2)(m —D(m —2)

+ (c—m+1)(c—m+2)

22 = D@ = Dm? — 1)
[(c —m)?> —1]

]Im,c>m+2,

27 mc (c+1)(m+1)
Elw2r] = o mma—m [(u “m—D@d-m—1)
(c=—Dm—-1)

(w—m+1)d—-—m+1)

i|,,u>m,d>m+1,

(n+ D@+ DHm+1)
(c—m—1)

_ mud
E[(tr 2151)2] = 2(c —m) |:

+(M_1)(d_l)(m_l)]c>m+l,
(c—m+1)

E[(tr Z5)*]
B mc |: (c+Dc+2)m+ 1D(m+2)
—6(u—m)d—m) [ (u—m — D)(u—m —2)(d —m — 1)(d —m —2)
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n (c—=D(c—=2)(m —1)(m —2)
(ww—m+DH(pu—m+2)d—-—m+1)d—m+2)

N 42— 1)(m? - 1)
[(u —m)* = 1][(d —m)* — 1]

:|,M>m+2,d>m—|—2,

E[(tr Z;3)’]

_ mpud [(u+1)(u+2)(d+ D(d +2)(m+1)(m+2)
~ 6(c —m) (c—m—1(c—m—2)

(n—D(u—2)d—1)(d—2)(m —1)(m —2)
(c—m+1)(c—m+2)

+

4(u* — 1(d® — D(m? — 1)
[(c —m)? —1]

],c>m+2,

E[tr(Zys) tr(Z75)]

_ mc |: (c+D+2)m+1)(m+2)
~ 6w —m)(d—m) [ (u—m—1)(u—m—2)(d—m—1)(d—m—2)
(c—Dc—-2)y(m—1)(m —2)

_ :| , U, d >m+ 2,
(mw—m+D(u—m+2)(d—m+1)(d—m+2)

and

E[t(ZHhu(Z)]

_ mud [(u+1)(u+2)(d+1)(d+2)(m+1)(m+2)
"~ 6(c—m) (c—m—1D(c—m—2)
(u—1)(u—=2)(d—1)(d—=2)(m—1)(m—2)

— ],c>m—|—2.
(c—m+1)(c—m+2)
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Appendix

The confluent hypergeometric function | ; of Hermitian matrix argument has
the integral representation (James [8] and Chikuse [2]),

1

1By, X) = N—f det(Y)*™™
Bm(aa )/ _a) 0<Y=YH<[m (Al)

x det(L, — V)" “ "etr(XY)dY,

valid for all Hermitian X, Re(w) > m — 1 and Re(y — @) > m — 1. The
confluent hypergeometric function W of m x m Hermitian matrix R is defined
by (Chikuse [2]),

- 1
V(a,y; R) = = / etr(—RY)
¢ I, () Jy=r#=o (A.2)

x det(Y)* " det(L,, + Y)Y ¢ " dY,

where Re(R) > 0 and Re(a) > m — 1.

Let GK (X) be a zonal polynomial of an m x m Hermitian matrix X corre-
sponding to the partition « = (ky,.... ky), ki + -+ ky, =k, ky = --- >
kn > 0. Then, for small values of k, explicit formulas for C’K (X) are available
as (James [8], Khatri [11]),

6(1)()() = tr(X), (A.3)
- 1

Co(X) = E[(trX)2+tr(X2)], (A4)
- 1

Can(X) = E[(tr)()z—tr()(z)], (A.5)
Co(X) = é[(trX)3+3(trX)(trX2)+2tr(X3)], (A.6)
~ 2 3 3

ConX) = 5[(trX) —tr(X )], (A7)
~ 1 3 2 3

Cas(X) = g[(tr)() = 3(tr X)(tr X*) + 2tr(X)]. (A.8)

Also, substituting X = 7,, in (A.3)—(A.8), it is easy to see that C’(l)(lm) =m,
CoyUn) =m(m +1)/2, Cy2y(Iy) = m(m — 1)/2, Czy (L) = m(m + 1)(m +
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2)/6, Ca.1y(Iy) = 2m(m* — 1)/3, C3y(I,) = m(m — 1)(m — 2)/6. The
complex generalized hypergeometric coefficient [a], is defined as

lale = [ e —i + D,
i=1

(A.9)

with (@), = a(a+1)---(a+r —1) = (@),_1(a+r —1)forr =1,2,...,
and (a)o = 1. Further, substituting appropriately in (A.9), it is easy to observe
that [al) = a(a + 1), [al2) = ala — 1), [alg) = a(a + 1)(a + 2), [alp1) =
a(a+ 1)(a — 1) and [a];3) = a(a — 1)(a — 2).

IfY ~ ICW,(un, ¥), A ~ CB!(a,b) and B ~ CB!/(c, d) then (Bedoya,
Nagar and Gupta [1], James [8], Khatri [10], Nagar and Gupta [15], Shaman[16]),

and

EY™) = p¥!,
EY) = (u—m)"'W, u>m,

E[C.(Y'R)] = [ulCc(¥'R),
G

C.(VR), u>k +m,
- (WR), n 1

E[C.(YR)] =

a
E(4) = mlm,

b_
E4~hy = X0 =my e,

[alc -~
«(R),
[a+b]KC( )

[—a — b+ m],
[—a + m],

E[C.(RA)] =

E[C.(RATH] = Ce(R), a >k +m,

E(B) = le, d>m,
d—m

(_l)k[c]K

C.(R), d >k +m,
=+ my, P 1

E[C.(RB)] =

where R is an m x m Hermitian matrix.
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Theorem A.7. Let A ~ CW,(v,1,) and A = TTY, where T = (tij) is a
complex lower triangular matrix with t;; > 0 and t;; = t1;; + \/—_1[21-]-, j <.
Then, tjj, 1 < j < i < m are independently distributed, tl.zl. ~Gw—i+1),
l<i<mandt;~CN@O1),1<j<i<m

Proof. See Goodman [4].
The univariate gamma distribution denoted by G (a) is defined by the p.d.f.

{1"(a)}_1 exp(—x)x* !, x >0, a>0.

Theorem A.8. LetY ~ ICW, (u, V) and partition Y and ¥ as

Y Y v, v
y= [ e and W — 11 12 ’
Y21 Y22 \I’ZI \I’22
where Y| and V| are q x q matrices. Then, Y|, and its Schur complement
Y,.1 are independent, Y11 ~ ICW,(u —m + q, V1) and Yoy ~ ICW,_; (1,

Wyy.1). Further, Yy, and its Schur complement Y11, are independent, Y,y ~
ICW,—y (i — q, W22) and Y112 ~ ICW, (i, W11.2).

Proof. See Tan[17].

Theorem A.9. Let A ~ CB,; (a, b) and partition A as

Ay A
A= , A .
(A21 Azz) 11 (g X q)

Then,

(1) A1 and its Schur complement Ay;., are independent, A1y ~ (CB(f(a, b)
and Ay ~ (CB,{,_q (a —q,b) and

(1) Aap and its Schur complement Ay, ., are independent, Ay ~ (CB,Z g (a, b)
and A1142 ~ CB; (a —m+yq, b)

Proof. See Tan [18].
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Theorem A.10. Let B ~ CB!!(c, d) and partition B as

Bi1 B
B = , B .
(le Bzz) 11 (g xq)

Then, (1) Byy and its Schur complement B,,.\ are independent, By, ~ CBq”(c,
d—m+q)and By ~ (CB,{/_q (c —q,d) and (i1) By and its Schur complement
Bi1.» are independent, By, ~ CB!! (c,d—q) and By, ~ (CBq”(c—m +q,d).

m—q

Proof. See Tan [18].

Theorem A.11. Let A ~ (CB,{l(a,b) and A = TTY, where T = (tij) is
a complex lower triangular matrix with positive diagonal elements. Then,

1121, R t,%,m are independently distributed, tizl. ~Bla—i+1,b),i=1,...,m.

The univariate beta type I distribution, denoted by B(a, b), is defined by
the p.d.f.

[Ba,b)) 'x 1 —x)" 0<x <1,

C@I'(b)

here B(a,b) = ——.
where B(a, b) (a1 b)

Theorem A.12. Let B ~ (CB,{f(c, d)and B = TTY, where T = (t;;) is
a complex lower triangular matrix with positive diagonal elements. Then,
tlzl, e, t,flm are independently distributed, tl.zl. ~ B —i+1,d—m+1i),
i=1,...,m.

The univariate beta type II distribution, denoted by B'/(a, b), is defined by
the p.d.f.

[B(a, b)) 'x* (1 4+x)"@ x> 0.
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