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Introduction

The literature provides several examples of both numerical and
experimental analysis of the flow around a stationary sphere —
Almedeij (2008), Bouchet et al. (2006), Ploumhans et al. (2002),
Howe et al. (2001), Kim et al.(2001), Fadlun et al. (2000),
Tomboulides and Orszag (2000), Johnson and Patel (1999), Mittal
and Najjar (1999), Fornberg (1988), Shirayama (1992). Despite the
geometric symmetry and simplicity of a solid sphere, complex flow
patterns can be observed in the wake at moderate large Reynolds
numbers, whose characterization constitutes an interesting
benchmark for validating Navier-Stokes equations solvers.

The conventional approach to the discretisation and solution of this
class of flow is to use spherical coordinates (O-grid type). However, the
use of O-grids imposes additional complexity to numerical modelling
and restricts the application of the numerical algorithm, since the grid
can be applied only to a specific coordinate system.

One alternative to body-fitting meshes is the increasingly popular
immersed-boundary (IB) method. The immersed boundary method
was pioneered by Peskin (1972) working on the simulation of blood
flow through cardiac valves. The author applied the IB method to
represent the interaction of the cardiac valve deformable tissue with
the viscous flow. Since then, the method has experienced successive
refinements and modifications, becoming nowadays an important tool
for solving general fluid-fluid or solid-fluid interaction problems.
Several different applications of the method are inventoried in recent
reviews by Peskin (2002) and Mittal and Iaccarino (2005).

From a conceptual viewpoint the distinguishing quality of IB
methods is their ability to simulate the presence of an interface inside
the flow by adding a body force field to discretised Navier-Stokes
equations source term. The embedded interface is represented by
arbitrary Lagrangian points (IB mesh), whereas the flow domain is
usually discretised by an Eulerian orthogonal grid. An interpolation
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have been calculated. Results are compared with numerical data from other authors and
empirical correlations available in the literature. The agreement is found to be very good.
Keywords: immersed boundary method, virtual physical model, flow past sphere,

function transfers the information from the flow domain to the IB
mesh and back. This domain independence allows the IB mesh to
casily move and/or deform relatively to the flow mesh. The way the
force field term is evaluated and the interpolation function is defined
characterizes the different variants of IB formulation.

In the approach used by Peskin (1977) the source of the additional
force term was the deformation rate of the elastic immersed boundary
whose constitutive points were tied by elastic membranes. A
sinusoidal interpolation function was then used to transfer the elastic
tension to the fluid body force term, creating the force field. In the
work of Lai (1998), higher order discretisation techniques were used
to improve the numerical stability of the method. Later on, Roma et
al. (1999) introduced adaptive grids and a new interpolation function
to the model presented in Peskin (1977).

Unverdi and Tryggvason (1992) have applied the IB
methodology to two-phase flows and the force term was evaluated
using the interfacial tension. The authors simulated bubbles in both
two and three-dimensional domains. For 3D simulations, the line
segments that compose the geometry in 2D were substituted by a
mesh of triangular elements. The flow domain was discretised using
a finite difference method over a staggered grid, with second-order
approximation for spatial derivatives and first-order approximation
for time derivatives. One of the important contributions of the paper
is the use of an indicator function to locate the regions occupied by
the fluid-solid interface.

Goldstein et al. (1993) have proposed a function that relates the
flow velocity at the interface with the velocity of the interface itself
using two ad hoc constants. One of the constants produces natural
frequency oscillation while the other dampens the response
oscillations. This method was named feedback forcing method as the
constants are adjusted accordingly to the flow response to the changes
imposed by the force term. It is worth mentioning that no interpolation
function was used for points inside or outside the geometry. Three-
dimensional simulations employing the force feedback method can be
found in Goldstein et al. (1995). Saiki and Biringen (1996) have
implemented higher-order discretisations of Goldstein's method. The
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authors have simulated flows around stationary, rotating, and
oscillating cylinders for Reynolds numbers less than 400.

Mohd-Yusof (1997) has proposed that the Lagrangian force
field should be evaluated based on the flow momentum equation at
the boundary interface without ad hoc constants. This method was
named direct forcing method. Nonetheless, it requires complex
algorithms to locate the geometry inside the flow domain and uses
expensive B-spline interpolations to evaluate the flow properties
along the interface. Fadlun et al. (2000) have compared the work of
Goldstein et al. (1993) and Mohd-Yusof (1997) and concluded that
the latter has significant advantages over the former, especially for
three-dimensional domains due to less expensive algorithm.
Furthermore, the advantage remained unchanged even when the best
constants were set on Goldstein's model. The authors also tried to
improve the results by increasing the number of iterations within
each time step. This procedure was considered unnecessary.

Kim et al. (2001) have performed some experiments using
Mohd-Yusof's methodology for domains discretised by the finite
volume method. The authors have added source and sink terms to
volumes overlapped by the boundary and/or to volumes inside body
to help increase the accuracy of the solution. Such procedure has
diminished the dependence of the model on the number of
interpolation points inside the body as well as the relative distance
among them. Gilmanov et al. (2003) have proposed to represent
three-dimensional geometries by several distribution and
interpolations procedures inside the Cartesian grid. To validate the
methodology the authors simulated the flow past a sphere at
Reynolds numbers up to 300.

More recently, Lima e Silva et al. (2003) have proposed a model
that evaluates the force field by applying the flow momentum
equation at the constitutive points of the geometry. Since the model
employs the momentum balance equation to calculate the forcing
term and indirectly imposes the no-slip condition on the immersed
boundary, it was named by the authors Virtual Physical
Model (VPM).

The current paper presents a remodelled version of the VPM
with an extension to 3D domains. This novel algorithm enables the
methodology to represent various physical problems in more
realistic conditions, since 3D flows are ubiquitous in geophysical
and engineering applications. Considering that accurate 3D unsteady
Navier-Stokes calculations require very large memory resources and
processing capabilities, the code has parallel processing capabilities
and run on a Beowulf cluster. The general concept of the code is
delineated in this work, but programming details are omitted and
can be found in Campregher (2005). To validate the numerical and
computational procedures, the flow past a single rigid sphere was
chosen as test case. The Reynolds number varies from 100 to 1,000.

Mathematical Modeling

The Eulerian Domain

The flow domain is discretized with the finite volume method
over a non-uniform mesh. The fluid is assumed incompressible and
isothermal. Therefore, the Navier-Stokes equation in its integral
form becomes:

0
?J.pul- dQ+J.pul- vin; dS:J.Ty n;ds
Q s K
~[poyn;ds+[fide (1
K Q
where f; is the force field term associated with the volume element
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along the direction i, 7; is the viscous tensor component, and P is
the pressure. The time derivative is approximated by the second-
order three-time level scheme (Ferziger and Peric, 2002) and the
spatial derivatives by the central-difference scheme (CDS). The
pressure-velocity coupling is done using the SIMPLEC method
(Van Doormal and Raithby, 1984) and the variables are placed in a
co-located arrangement. The Rhie-Chow interpolation (Rhie and
Chow, 1983) method is used to avoid numerical oscillations due to
pressure checkerboard fields. The flux at cell faces is approximated
using a deferred-correction algorithm (Ferziger and Peric, 2002) and
the upwind interpolation scheme is blended with the CDS by:

(F)" =(F)" +y (Fy + F)" @)

where L and H stand for, respectively, low and high order flux (F)
term approximation and # is the current iteration. A value of y = 1.0
is used in all computations, leading to CDS dominant interpolation
scheme at convergence. The linear systems generated by the
discretisation of velocity components are solved by the SOR
(Successive Over-Relaxation) algorithm whereas the SIP (Strongly
Implicit Procedure) algorithm (Stone, 1968) is used to solve the
pressure correction system of equations.

The Virtual Physical Model

The fluid-solid interface is discretised by a mesh of triangular
elements. As previously stated, the virtual physical model evaluates
the force field by applying the balance of the momentum equations
over the Lagrangian points at the boundary. The procedure is done
as follows. Let k be a Lagrangian point placed at X, (see Fig. 1) and

having velocity u.

Lagrangian
points

- Triangular element
X

Figure 1. Fluid volume Q and Lagrangian point k on the fluid-solid
interface.

The momentum equation applied over this Lagrangian point (see
Campregher, 2005) gives:

pui )=pu; () 3 pu;(0)u; ()

F (k)=
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where F;(k) is the Lagrangian force that changes the velocity
u(fk) of the fluid particles adjacent to the Lagrangian point £ and
brings them to the wall velocity, as required by the no-slip
condition. The index i represents the directions of the Eulerian
coordinate system. The spatial discretisation of Eq. (3) is done by
constructing a three-directional axis of reference with origin at £, as
shown in Fig. 1. A Lagrangian polynomial is then used to obtain the
spatial derivatives. Let m be the number of points employed to
construct a polynomial interpolation of order m—1. Thus, the value
of the component i of the variable ¢ at any point p is given by:

#(p)= z Y (P)i bn 4)
where:
x; (p)—x; (n)
Vm(p)i = 1;[ [—xi ) ] ®)

Substituting the points accordingly to the stencil in Fig. 1 the
value of ¢ along the x axis (where the points £, p;, and p, lay) can be
obtained as:

; {()()1 pe { (=) (5 =) } "

(i —py) (3 — %) (X, —%) (xp, —)

+{ (p = 3) (3 = %) } b, (6)

(xpz %k ) (sz ~p )

Deriving Eq. (6) with respect to the x direction one has:

%{(xp—xplwp—xpz)} +[<xp—xk>+<xp—xpz>} y
- P

ax (xk _xpl ) (xk _xp2 ) (xP1 _xk) (xpl _XPZ )

_{(xp _xk)+(xP_xPl)}¢p2 ©)

(xpz _xk) (xpz _xpl)

and the second derivative results:

& 2
A | 4,
a2 | ) ) || (1) (i — )
2
+ 2 by, ®)
(xpz _xk) (xpz _xpl)

It is possible to obtain all spatial derivatives required in Eq. (3)

by replacing the point p and the variable ¢ in the above Egs. (6) and

(7). If the sides of a triangular element that contains the Lagrangian
point k are formed by line segments S, S,, and S;, connecting the

vertex points Py, P,, and P;, thatis, S, =R F, S, =P P, , and

S; =P B, the area A4, of the triangular element is given by:

Ay = S(S=S)(S-5,)(S-53) ©
where S = (S1 + S2 + S3) /2.
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The Distribution Procedure

As aforementioned, the way the force field is evaluated
characterizes an immersed boundary method. For the present three-
dimensional model the force field is distributed over the Eulerian
mesh using Eq. (10):

fi = Fy(k) D; Ay AS;
k

(10)

where AS;, is the average length of the triangle sides and the distribution
function (D;) is evaluated as:

X, —x;)/Ax;
D[(xk):H (/)[( k 1)/ l] (11)
i Ax;
where the ¢ function is defined as:
| P(r) if i<l
o(r)= 7—5(2—F) if 1<|rll<2 (12)
0 i lrll<2
And
o 3=2lr ey 14l 4P
o(r) = 13)

8

The distribution function is then divided by a volume unit that
cancels out when multiplied by a component of area (A4;) and
length (AS)). The Lagrangian force remains as a force density that is
integrated over the volume Q shown in Fig. 1. The interface solid-
fluid is represented by an indicator function / evaluated as:

V[=V.G (14)
where the G function is given by:
G=> Dyn; Ady (15)
k

where n; is the normal vector at Lagrangian point k. After the
discretisation of Eq. (14), the algebraic equation system is solved
using the MSI algorithm (Schneider and Zedan, 1981), which is a
variation of the SIP method. For a stationary geometry, the
procedure of obtaining the indicator function is carried out only at
the beginning of the simulation. Briefly described, the procedure for
evaluating the force field in the virtual physical model can be
summarized within one outer iteration as:

(i) After having the solved flow field, the velocity components
and the pressure are interpolated to the nearest Lagrangian
point £;

(i) With u; (k) and p (k), the component of the Lagrangian force F; (k)
is evaluated using Eq. (3);

(i) The Eulerian force field component associated to a Lagrangian
point k is calculated using Eq. (10) over the interface;

(iv) The solution advances in time;

(v) The force field f; is added to the source-term of discretised
Navier-Stokes equations of the flow field;

(vi) A new flow field is computed and the procedure returns to

step (i).
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Results and Discussion

The numerical Eulerian domain is detailed in Fig.2. It has
dimensions of 1.0 X 0.68 x 0.68 m and is discretised by 126 X 116 X 116
volumes in x, y, and z directions, respectively. The sphere is discretised
by 948 nodes and 1892 triangular elements and has diameter of
D =0.04 m and center at (x,, ., z.) = (0.38, 0.34, 0.34) m. To minimize
the influence of the domain walls on the results, the cross sectional area
blockage ratio is 0.27%. Also, free-slip boundary condition is imposed

on the side walls of the Eulerian domain. The boundary condition for the
velocity components at x = 0 is u = U,,, v=w = 0. The Reynolds number
for the flow past a sphere is defined as:
_pU,D

i

Re (16)

where p and y are the fluid density and viscosity, respectively.

i
i
i
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Figure 2. Computational mesh (Eulerian domain).

The streamlines for the simulation at Re =100 can be seen in
Fig. 3. At this Reynolds number it is possible to observe the two-
dimensional behaviour that characterizes laminar flows. The
streamlines remain inside a plane that passes through the sphere
equator and the recirculation bubbles are symmetrical. Such pattern
is still unchanged at Re =200 as depicted in Fig. 4 and reported in
Gushchin et al. (2002) in which the first instabilities occur within
275 <Re<295. It is important to mention that the streamlines
deviate correctly from the sphere, as a result of the /, norm below
102 for all Reynolds numbers simulated. This norm has been
defined here as the difference between the flow velocity on the
interface and the velocity of the interface itself.

Figure 3. Streamline patterns at R, = 100 (xz plan).

Figure 4. Streamline patterns at R, = 200 (xz plan).
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Figure 5 presents the u component of the velocity field along the
z axis at Re = 200. The important characteristic stressed in Fig. 5 is
the zero value of the velocity at the solid-fluid interface. The non-
zero velocity profile present inside the geometry is a virtual physical
model side effect. It is due to the fact that the methodology uses
information from inside as well as outside the boundary to evaluate
the forces in the Lagrangian domain. This effect, however, does not
affect the results since the flow inside the boundary is also
physically consistent.

(m)

028 i L L L J
-05 -025 00 025 035

wim's)

Figure 5. Velocity profile of
R. = 200.

the component u along the z axis at

The recirculation bubble length (Xs), evaluated from the sphere
rear end, provides very useful information about the accuracy of the
calculations. The values of X were obtained as 0.038 m at Re = 100
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and 0.056 m at Re = 200 and the comparison of the non-dimensional
length of the recirculation bubble (Xs /D) with results from the
literature are presented in Tab. 1.

Table 1. Non-dimensional recirculation bubble length Xg/D compared
with data from literature.

References Re=100 Re=200
This work 0.94 1.40
Fornberg (1988) 0.87 1.43
Johnson and Patel (1999) 0.88 1.45
Tomboulides and Orszag (2000) 0.87 1.43
Gilmanov et al. (2003) 0.85 1.44

A sequence of hairpin vortices shed behind the sphere at
Re =400 can be visualized in Fig. 6 using the Q criterion (Jeong and
Hussain, 1995) defined as:

o-—(IoP-IsP) a7
where:

Isi =y tr(ss™) (8)
and

j)=y r@a’) (19)

The S and Q are the symmetric and antisymmetric parts of Vu,
written respectively as:

Ou; ou ;
2 ox; o
and

Ou; ou ;
Q, I L
2 ij ox;

1

(20)

@n

The first picture in Fig. 6 was captured at Ar* = 140 and the
subsquent frames are separated by Ar* = 1. The dimensionless time
At* is defined as:

t U,

At*= 22)
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(g) t*=146

(h) %= 147

Figure 6. Temporal sequence of vortex shedding at Re = 400.

The toroidal vortices formed alternately around the sphere are
shed and eventually deformed due to the difference in flow velocity
field along the sphere centerline and the free stream. Such
deformation gives origin to pairs of counter-rotating vortices
stretched in the streamwise direction. According to Ploumhans et
al. (2002), the flow structure shown in Fig. 6 changes again at
Re =420 resulting in planar symmetry loss and unsteadiness in the
vortex shedding frequency. Indeed, Fig.7 shows that the lift
coefficient, given by

o ) S— @3)

| D)’
_ UOO R

behaves differently for Re=400 (Fig.7a) and for Re =500
(Fig. 7b). The drag coefficients results, for all Reynolds numbers
simulated, defined as

s (24)

1 7 D? '

5 ono[ 1 J
are summarized in Tab. 2. The result of Cp=1.178 for Re =100 is
close to Cp=1.153 obtained by Gilmanov et al. (2003), although
different from other results presented in Tab. 2. The differences
between the results obtained in the present work and the results
from the literature are found to be more noticeable at Reynolds
numbers 100, 200, and 500. Differences at Re =500 are also

reported in other references. Nevertheless, for Re >400 the
differences barely surpass 1.4% when compared with correlations

CD:
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found in Subramanian (2003) for 20 < Re < 260:

4 [ 1+0.1935 (Re26305 ) }

2
CD_R

e

(25)
and for 260 < Re < 1.5-10%;

logjo Cp =1.6435—1.1242 (log,o Re) +0.1558 (log;o Re)? (26)

(a) Re=400 (b) Re=500
0.08 012
0.09
3 0.06 5 :
~ ~ 0.06 ¥
004 0.034| 1!
0.02 I 0.00
0.00 ——r -0.03 S S S
0 50 100 150 200 250 300 0 100 200 300 400 500
#*=tUs/D #=tU,'D

Figure 7. Time evolution of lift coefficient (C_) for different Re.

Table 2. Drag coefficient compared with data from literature.

Re [1] [2] [3] [4] [5] [6]

100 1.1781.08521.0791.0871.401.087

200 0.8150.76830.757 - 1.430.776
300 0.675 - - 0.6571.450.653
400 0.594 - - - 1.430.594
500 0.5200.48180.476 - 1.440.555
600 0.530 - - - 0.528
700 0.505 - - - 0.508
800 0.495 - - - 0.493
900 0.485 - - - 0.481
1,0000.478 0.319 0.321 - 0.471

[1] This work; [2] Fornberg (1988); [3] Fadlun et al. (2000); [4] Kim et
al. (2001); [5] Ploumhans et al. (2002); [6] Correlations (25) and (26).

Several numerical probes were inserted into the flow to monitor
the time evolution of the velocity field components. The probes
(numbered from 1 to 5) were distributed along yz planes named
stations. Figure 8 presents five probes placed in a station nD from the
rear end of the sphere. The probes were positioned as follows: Probe 1
was placed on the centerline of the sphere, Probes2 and 3 were
placed, respectively, at —1.5D and +1.5D spaced from Probe | in y
direction, and Probes 4 and 5 were at —1.5D and +1.5D in z direction.
The position of Stations A, B, and C can be retrieved by replacing the
variable # in Fig. 8 by 1.5, 3, and 4.5, respectively. The signals of the
velocity components were acquired at a frequency of 100 Hz.

Figure 9 depicts the results for u velocity (left column), obtained
from Station A as well as their Fast Fourier Transforms (right
column) at Re = 500. The free stream velocity was U,, = 0.5 m/s and
the Strouhal number based on the vortex shedding frequency f was
evaluated as:

_fD
Us

St @7
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Figure 8. Distribution of the probe stations along the sphere wake.
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Figura 9. The U velocity signals (left column) and their Fourier transforms
(right column) at Re =500 monitored by the Probes 1, 2, 3, and 4 at the
Station A.

It is possible to note that all probes at Station A provide
approximately the same main frequency of 4 Hz corresponding to
St=10.344. Figure 10 presents the results from probes monitoring
the velocity components at Re =1,000. The velocity signals and
their Fourier transforms are depicted in the left and right columns,
respectively. The free stream velocity was U, =1m/s and the
Strouhal numbers based on the u, v, and w velocity components
oscillation frequencies are, respectively, St = 0.586, St =0.358, and
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St =0.241. Those results indicate different main frequencies probed
at the same place for different velocity components reflecting a non-
correlating pattern among them. Thus the flow becomes fully
turbulent as reported by Ploumhans et al. (2002) and shown in the
Fourier transform plots.
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Figura 10. The U, V, and W velocity signals (left column) and their Fourier

transforms (right column) at Re =1,000 monitored by the Probe 1l at
Station A.

The differences in the Strouhal number suggest a bifurcation
pattern in the main frequency above Re = 800, as reported by other
authors — Tomboulides and Orszag (2000), Mittal and Najjar (1999).
Tomboulides and Orszag (2000) obtained, at Re = 1,000, St=0.195
and Sr=0.35 by averaging the frequency of the velocity
components data captured at several stations in the near wake. A
similar behavior has been reported by Mittal and Najjar (1999) even
at lower Reynolds number (Re=650). Therefore, the main
frequency obtained for the same flow regime may vary significantly
for different experiments.

It is possible to capture the changes in the flow structures
topology, from coherent to fully-turbulent, by probing the u
velocity component at three different stations (A, B, and C) at
Re =1,000. The velocity signal was monitored by Probe 1 and is
plotted in Fig. 11 (left column), the corresponding Fourier
transforms values are in middle column, and the energy spectrum
for each frequency in right column. The occurrence of higher energy
frequencies occupies a broader range in the abscissa as the
monitoring station is placed further downstream. The slope of the
spectrum plots approximates the k~° behavior according to
Kolmogorov's law for fully-developed turbulent flow field.
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Conclusion

In this work the flow past a single sphere, with Reynolds
number ranging from Re = 100 to Re = 1,000, has been simulated
as a test case for a novel immersed boundary method. The proper
deviation of the streamlines around the sphere is very meaningful
since the virtual physical method does not directly impose the no-
slip condition at the body wall. Instead, a force field is calculated
based on the momentum balance equation at Lagrangian points
that composes the solid-fluid interface. It has been possible to
capture the transition processes, and correspondent critical
Reynolds numbers, that characterize this kind of flow. According
to Tomboulides and Orszag (2000) and Ploumhans et al. (2002),
the first critical Reynolds number occurs at Re ~210-212 and it is
marked by the instability of the recirculation bubble. For larger
Re, the vortex structures are shed in a steady pattern, but the flow
can no longer be considered axisymmetric. The second critical
Reynolds number range Re=270-290 characterizes the
unsteadiness of the wake but also shows that the time periodicity
and planar symmetry remain (Ploumhans et al., 2002). Finally, the
loss of time periodicity and planar symmetry across the flow occur
at Re = 350-375 (Mittal and Najjar, 1999) or Re = 420 (Ploumhans
et al., 2002). Several numerical probes have been inserted into the
flow to analyze the vortex shedding frequency and turbulent
kinetic energy. The ability to reproduce those phenomena suggests
that both the algorithm for solving the flow field and the immersed
boundary method are not dissipative.

The results for drag coefficient presented very good agreement
with the literature, corroborated by a /, norm below 107 for every
flow regime simulated. The most significant difference of Cp was
observed at Re =500, though this discrepancy is also present in
other publications. In Tab.2 the value of drag coefficients at
Re =500 ranges from Cp = 0.476 (Fadlun et al., 2000) to Cp, = 0.476
(Ploumhans et al., 2002) and the present result of Cp=0.520 is
close to Cp = 0.503 obtained in Shirayama (1992).

In general, immersed boundary methods are an effective
alternative to simulate flow around moving and/or deforming
objects, since the transformations are applied only to the set of
Lagrangian points that represent the fluid-solid interface. This is a
fraction of the computational resources required to rebuild the mesh
of an entire domain using the conventional body-fitted approach.
Moreover, for the IB method presented here the interface is
characterized by a blurred region, which makes the transition
between solid and fluid domains smoother. This feature helps
alleviate a problem commonly encountered in numerical simulations
of moving surfaces: cells located in the solid regions change
abruptly into fluid cells, and vice-versa, which may cause numerical
instability. On the other hand, the halo around the interface may
decrease the accuracy of the solution. However, such a problem also
occurs when different grids are used for fluid and solid regions,
since a spatial interpolation algorithm has to be devised to transfer
information between them.

In particular, the virtual physical model (PVM) has proved to
be a promising tool for simulations of three-dimensional flows
around complex geometries. Its ability of importing any geometry
into a conventional Cartesian grid domain adds flexibility to
handle different practical engineering problems. Furthermore, the
algorithm was implemented using parallel processing capability
which is an important feature when simulating three-dimensional
problems. Finally, since there are no ad hoc constants to be
adjusted, several hours of set up time with a trial and error approach
are saved.
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Figure 11. The U velocity signals (left column), Fourier transform (middle column), and energy spectrum (right column) at Re = 1,000 monitored by the

Probe 1 at the Stations A, B, and C.
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