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Quasi-Static Thermal Stresses in 
Steady State Thick Circular Plate 
The present paper deals with the determination of thermal stresses in a thick circular plate 
under steady temperature field. A thick circular plate is considered having constant initial 
temperature and arbitrary heat flux is applied on the upper face with lower face at initial 
temperature and the fixed circular edge is thermally insulated. Heat is exchanged through 
heat transfer at lower boundary surface. The results are obtained in series form in terms of 
Bessel’s functions and they are illustrated numerically. 
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Introduction 
1During the second half of the twentieth century, nonisothermal 

problems of the theory of elasticity became increasingly important. 
This is due to their wide application in diverse fields. The high 
velocities of modern aircraft give rise to aerodynamic heating, 
which produces intense thermal stresses that reduce the strength of 
the aircraft structure.  

Nowacki (1957) has determined steady-state thermal stresses in 
circular plate subjected to an axisymmetric temperature distribution 
on the upper face with zero temperature on the lower face and the 
circular edge. Roy Choudhary (1972) (1973) and Wankhede (1982) 
determined Quasi-static thermal stresses in thin circular plate. 
Gogulwar and Deshmukh (2005) determined thermal stresses in thin 
circular plate with heat sources. Also Tikhe and Deshmukh (2005) 
studied transient thermoelastic deformation in a thin circular plate, 
where as Qian and Batra (2004) studied transient thermoelastic 
deformation of thick functionally graded plate. Moreover, Sharma et 
al (2004) studied the behavior of thermoelastic thick plate under 
lateral loads and obtained the results for radial and axial 
displacements and temperature change have been computed 
numerically and illustrated graphically for different theories of 
generalized thermoelasticity. Also Nasser M.EI-Maghray (2004) 
(2005) solved two-dimensional problem of thick plate with heat 
sources in generalized thermoelasticity. Recently Ruhi et al (2005) 
did thermoelastic analysis of thick walled finite length cylinders of 
functionally graded materials and obtained the results for stress, 
strain and displacement components through the thickness and along 
the length are presented due to uniform internal pressure and 
thermal loading. 

The present paper deals with the determination of thermal 
stresses in a thick circular plate under steady temperature field. A 
thick circular plate is considered having constant initial temperature 
and arbitrary heat flux is applied on the upper face with lower face 
at initial temperature and the fixed circular edge is thermally 
insulated. Heat is exchanged through heat transfer at lower 
boundary surface. 

This paper contains, new and novel contribution of thermal 
stresses in quasi-static thick plate under steady state. The results 
presented here will be more useful in engineering problem 
particularly in the determination of the state of strain in thick 
circular plate constituting foundations of containers for hot gases or 
liquids, in the foundations for furnaces etc. 
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Formulation of the Problem 

Consider a thick circular plate of radius a and thickness h 
defined by 2/2/,0 hzhar ≤≤−≤≤ . The initial temperature in a 

thick circular plate is given by constant iT . The heat flux 

( ) λ/0 rfQ−  is applied on the upper surface of plate ( )2/hz =  and 

lower face( )2/hz −=  is at initial temperatureiT . The fixed circular 

edge ( )ar =  is thermally insulated. Under these more realistic 
prescribed conditions, the steady state thermal stresses are required 
to be determined.  

The differential equation governing the displacement potential 
function ( )zr ,φ is given in Noda et al (2003) as 
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where K  is the restraint coefficient and temperature change 

iTT −=τ , iT  is initial temperature. Displacement function φ  is 

known as Goodier’s thermoelastic displacement potential. 
The steady state temperature of the plate satisfies the heat 

conduction equation, 
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with the boundary conditions   
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and 

 
iTT =                     at  t = 0 (6) 

 
The displacement function in the cylindrical coordinate system 

are represented by the Michell’s function defined in Noda et al 
(2003) as  
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The Michell’s function M must satisfy 
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The component of the stresses are represented by the 

thermoelastic displacement potential φ and Michell’s function M as 
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and 
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where G and ν are the shear modulus and Poisson’s ratio 
respectively,  

For traction free surface stress functions 
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Equation (1) to (15) constitutes mathematical formulation of the 

problem. 

Solution 

To obtain the expression for temperature T(r, z): 
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where ,.........21,αα are roots of the transcendental equation 

( ) 01 =⋅ aJ α . where ( )xJn  is Bessel function of the first kind of 

order n and nA is constant. The constant nA  can be found from the 

nature of temperature on upper face. 

Using equations (3), (16) and by theory of Bessel’s function one 
obtains 
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equations (16) and (17) gives the required expression for steady 
state temperature function.  

 
The temperature change τ  is obtained by using 
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Now suitable form of M satisfying (9) is given by 
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where nB  and nC are arbitrary functions. 

Assuming displacement function ( )zr ,φ as 
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Using φ  in (1), one have  
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Now using equations (18) (19) and (21) in (7) (8) and (11) to 

(14), one obtains the expressions for displacements and stresses 
respectively as 
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Now in order to satisfy equation (15) solving equation (24) to 

(27) for nB and nC  one obtain  
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Using these values of nB  and nC in equations (22) to (27) one 

obtain the expressions for displacements and stresses as  
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Numerical Calculation 
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The numerical calculation have been carried out for steel (SN 

500) plate with parameters ,5.0,5.0,1 mhmbma ===  thermal 

diffusivity ( )1261015.9k −−×= sm  and Poisson ratio 281.0=ν  with 

,8317.31 =α ,0156.72 =α ,1735.103 =α ,3237.134 =α
,470.165 =α ,6159.196 =α ,7601.227 =α ,9037.258 =α

,0468.299 =α 18.3210 =α are the roots of transcendental 

equation 0)(1 =aJ α . 
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(16) and (30) to (35). The numerical expressions for temperature, 
displacement and stress components are obtained as 
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0== rzzz σσ  (43) 

 
In order to examine the influence of steady state temperature 

field on the thick plate, one performed the numerical 
calculations 1,8.0,6.0,4.0,2.0,0=r and 

25.0,125.0,0,125.0,25.0 −−=z  Numerical variations in radial and 
axial directions are shown in the figures with the help of computer 
programme. 

 

-0,02

0

0,02

0,04

0,06

0,08

0,1

0 0,2 0,4 0,6 0,8 1

r

 
Figure1. The radial displacement function /Aru  in radial direction. 
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Figure 2. The radial displacement function /Aru in axial direction. 
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Figure 3. The axial displacement function /Azu  in radial direction. 
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Figure 4. The axial displacement function /Azu I n axial direction. 

 

-0.04
-0.02

0
0.02
0.04
0.06
0.08
0.1

0.12
0.14
0.16
0.18

0 0.2 0.4 0.6 0.8 1

r

F 

Figure 5. The radial stress function /Brrσ  in radial direction. 
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Figure 6. The radial stress function /Brrσ  in axial direction. 
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Figure7. The stress function /Bθθσ  in radial direction. 
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Figure 8. The stress function /Bθθσ  in axial direction. 

Concluding Remarks 

In this paper a thick circular plate is considered which is free 
from traction and determined the expressions for temperature, 
displacement and stress function due to steady state temperature 
field. As a special case mathematical model is constructed for 

 

)()( brToTrf i −+= δ    (a > b)      at 
2

h
z =  

 
and performed numerical calculations. The thermoelastic behavior is 
examined such as temperature, displacement and stresses with the 
help of arbitrary heat flux is applied on the upper surface. 

From figure 1 and 2, radial displacement function ru  is zero 

at 1,0 == rr and 25.0−=z Also it can observe that it shows 
variation on upper half of plate within annular region 

14.0 ≤≤ r and decreases in the direction of lower surface. 

From figure 3 and 4, axial displacement function zu  shows 

variation on upper half of plate within circular region 10 ≤≤ r and 
decreases in the direction of lower surface. 

From figure 5 and 6, stress function rrσ  is zero 

at 1,0 == rr and 25.0−=z . Also it can observe that it shows 

variation on upper half of plate within circular region 10 ≤≤ r  and 
decreases in the direction of lower surface. 
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From figure 7 and 8, the stress function θθσ  shows variation 

on upper half of plate within circular region 10 ≤≤ r  and 
decreases in the direction of lower surface. 

It means we may find out that displacement and stress 
components occurs near heat source. Radial stress component rrσ  

develops tensile stress near heat source and compressive stress out 
of the heat source, where as stress component θθσ  develops 

compressive stress near heat source and tensile stress out of heat 
source. Also axial stress component zzσ  and resultant stress 

component rzσ  are zero due to exchange of heat through heat 

transfer in axial direction (i.e. from upper surface to lower surface). 

From figures of radial and axial displacements it can observe 
that the radial displacement occur away from the center 
( )0=r where as axial displacement is maximum at upper surface 
near heat source. So it may conclude that due to heat flux applied on 
upper surface of plate under steady state, the plate bends concavely 
at the heat source i.e. ( )5.0=r .  

The results obtained here are more useful in engineering 
problems particularly in the determination of state of strain in thick 
circular plate. Also any particular case of special interest can be 
derived by assigning suitable values to the parameters and function 
in the expression (30) - (35). 
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