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A Comparison of Flexible Coupling 
Models for Updating in Rotating 
Machinery Response
This paper analyzes the effects of the mathematical models of flexible couplings in rotating 
mechanical systems in terms of their vibrational behavior. The residual unbalance of the 
coupled shafts is considered to be the main source of vibration in the rotating system. The
moments and the frequencies of the forces, which result from these effects, are close to the 
natural frequencies of the mechanical system. Since the coupling is considered to be a
flexible component in the power transmission system, it introduces a certain amount of 
mass, damping and stiffness to the system, influencing its natural frequencies. The present 
work shows the modeling of a mechanical rotor-bearing-coupling system, through the
finite element method, used in this case to analyze the transverse vibrations of the system. 
Different modeling techniques were taken into account for this purpose. Such models are 
recommended for flexible couplings to analyze their influence on the natural frequencies of 
the system and on the unbalance response of the system. Afterwards, a model updating was 
carried out to fit the coupling stiffness and damping coefficients, using the minimum
quadratic technique. Some sensitivity of the proposed models was observed in relation to 
the coupling parameters.
Keywords: Flexible couplings, flexible rotor, bending vibrations, model updating, rotor 
dynamics

Introduction

Flexible couplings are widely used in rotating machines for
power transmission, and for allowing a certain degree of
misalignment between shafts, considered co-axially coupled by the 
couplings.

One of the functions of the couplings is to compensate the
inevitable misalignment present in the so-called co-axial shaft
assembly that can be parallel, angular, axial, or even a combination 
of these. If the misalignment effect is not minimised by the
coupling, some consequences, such as noise; vibration; power
losses; wearing of the bearings and seals; and fatigue failure of the 
shafts or couplings can occur. 1

Couplings can be divided in two basic groups: the ones that
present mechanical misalignment; and the ones that present bending 
misalignment, Gibbons (1976) (see [1]). 

In mechanical systems, shaft unbalance is an important source 
of vibration. The lack of information about the forces and the
bending moments generated in the coupling due to shaft
misalignment hinders a deeper understanding of the coupling
influence on the system. There are several preliminary researches
([2],[4],[7],[9]), that proposed equations to determine the forces and 
moments generated in the coupling. However, they focus on a
particular type of coupling and present constant values of contact
forces in relation to a certain degree of misalignment. Consequently, 
the nature and behaviour of these forces has not been fully
established.

Nelson et McVaugh [6] suggested two simplified models  to
represent the couplings, which were used in the rotor-bearing-
coupling system modelling by Tapia and Cavalca [8]; Kramer [3]
also proposed two simplified models for the couplings: the first
model was used to analyse the bending vibration of the rotor-
bearing-coupling system by Sekhar et al [7]. Xu et al [9] analysed 
the vibrations of a motor-flexible coupling-rotor system using a sub-
structuring method, in which the coupling is described using several 
nodes.
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The present work tries to analyse and compare the simplified
theoretical models of the couplings suggested by Kramer [3], and
Nelson and Crandall [6], and also the traditional model of the
coupling as a rigid disk. After that, a model updating applying the 
minimum quadratic technique was carried out on a system
composed of two flexible shafts, two rigid disks, a flexible coupling 
and four hydrodynamic bearings.

Nomenclature

u(Y,t), v(Y,t) = translation motion functions, respectively in the 
X and Z directions

α(Y,t), β(Y,t) = small rotations around the axes X and Z, 
respectively

{Fd},{Fp} = unbalance and gravitational forces vectors acting on 
the disk

{ } { }ii qq &&& , = acceleration and velocity vectors of the disk, 

respectively
[Md], [Gd] = mass and gyroscopic matrices of the disks
m, Id, Ia = mass, diametrical moment of inertia and polar 

moment of inertia of the disk
ϕi (i=1,...,4) = shape functions
{qi}, {qj} = generalised co-ordinates of the shaft
[Me],[Ge],[Ke] = mass matrix, gyroscopic matrix and stiffness

matrix for a beam element
E = Young modulus (or elasticity modulus) of the shaft
I = polar moment of inertia of the cross section of the shaft
A, ρ, k = area of the cross section of the beam, the mass density, 

and the shearing factor of the beam, respectively
G = shear modulus of the beam.
{Fc} = connecting forces in the bearings
cXX,cZZ,kXX,kZZ = equivalent damping and stiffness coefficients in 

X, Z directions
cXZ,cZX,kXZ,kZX = equivalent damping and stiffness cross-coupled

coefficients of the bearings
Ω = rotational speed of the shaft
{Fex} = external forces vector acting on the coupling
{Fcon} = connecting forces vector acting on the disk, shaft and 

coupling, which are cancelled when the complete 
matrix of the system is assembled
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[Ma], [Ga], = mass and gyroscopic  matrices due to the 
coupling presence (Kramer’s model)

[Ca], [Ka] = damping and stiffness matrices due to the coupling 
presence (Kramer’s model)

(kT) (kR)  = isotropic translational and rotational stiffness 
(Nelson and Crandall’s model)

[Kt] [Ct]= stiffness and damping matrix of the coupling 
(Nelson and Crandall’s model)

Imi, Imj = mass moments of inertia of the disks
Ipmi, Ipmj = polar mass moments of  inertia for the disks
[M] = symmetrical mass matrix of the system, comprising rigid 

disks, beam elements and couplings 
[G] = gyroscopic matrix 
[C],[K] = damping and stiffness matrices of the system
{Fe} = vector of the external forces acting on the system

Theoretical Development

Rotor-Bearing-Coupling System

The mechanical system shown in Fig. 1 is composed of two
flexible shafts and two rigid disks that represent the rotors of the 
system, a flexible coupling, and four hydrodynamic bearings. Only
the bending vibrations of the system will be considered.

z

x

X

Y

Z

y

Figure 1. Rotating Rotor-Bearing-Coupling System.

The co-ordinates of the inertial reference system XYZ and the 
auxiliary reference system xyz (fixed to the shaft) are used to
describe the equations of motion for each component of the system. 
Any cross section of the rotor is defined with respect to the XYZ
system, by the translation motion functions u(Y,t), v(Y,t),
respectively in the X and Z directions. These functions give the
cross section centre position at a given time t. The orientation of this 
section is given by the small rotations α(Y,t), β(Y,t) around the Z 
and X axes, respectively.
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Figure 2. Finite Element Models: (a) Rigid Disk, (b) Flexible Shaft, (c)
Hydrodynamic Bearings.

Rigid Disk

The equation of motion for the rigid disk [2], according to Fig. 
2a, represented in the co-ordinate system XYZ, applying the
Lagrange Equation, as developed by Lalanne [4] and Ehrich [1],
considering a constant rotational speed Ω, is:

[ ]{ } [ ]{ } { } { } { }conpd FFFqq ii ++=+ &&& GdMd   ΩΩ (1)

where: {Fd},{Fp},{Fcon} are respectively, the unbalance,
gravitational and connecting force vectors acting on the disk;
{ } { }ii qq &&& , are the acceleration and velocity vectors of the disk,

respectively, and [Md], [Gd] are the sparse matrix of mass and
gyroscopic matrix of the disks, for which the non-zero elements are 
defined as:

[ ] [ ]dd IImmdiagMd =  , a3,44,3 IGdGd −=−= (2)

Where: m, Id, Ia are the mass, transverse moment of inertia and 
polar moment of inertia of the disk, respectively. The subscripts
indicate the element location.

Shaft

The shaft was divided into beam elements of continuous mass 
and constant cross section [6], as presented in Fig. 2b. The co-
ordinates of the translation motion u, v for the cross section are
expressed in terms of the generalised co-ordinates of each element 
boundary through the following equation:
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Where: ϕi (i=1,...,4) are the shape functions which satisfy the
boundary conditions; {qi}, {qj} are the displacement vectors of the 
generalised coordinates of the shaft, and the rotational angles α,β
represent the bending and are defined through the following
mathematical relation, as well as the shear effects:

( )
( )

{ }
{ }






















ϕ′ϕ′ϕ′ϕ′

ϕ′ϕ′−ϕ′ϕ′−
=









β
α

j

i

q

q

40032001

04300210

t,y

t,y (4)

Where: )4,..,1i(i =′ϕ are the derivatives of the shape functions 

ϕi.
Finally, the work and energy functions are expressed in terms of 

integrals along the beam element length,  substituting the shape
functions into the Lagrange Equations for a beam element of length
L and radius r. The equation of motion, written by the element
energy [1,4], for a constant rotational speed Ω is given by:
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Where: the vectors {Fp},{Fcon} were defined for equation (1);
[Me], [Ge] and [Ke] are the mass matrix, the gyroscopic matrix and 
the stiffness matrix for a beam element, respectively, defined as:

[ ] [ ] [ ]











=












=












=

]k[]k[

]k[]k[
Ke;

]g[]g[

]g[]g[
Ge;

]m[]m[

]m[]m[
Me

j,jj,i

i,ji,i

j,jj,i

i,ji,i

j,jj,i

i,ji,i

(6)



A Comparison of Flexible Coupling Models for Updating in …

J. of the Braz. Soc. of Mech. Sci. & Eng.  Copyright  2003 by ABCM July-September  2003, Vol. XXV, No. 3 / 237

Notice that the sub-matrices are defined according to with the 
following mathematical relations presented by Nelson and Crandall:
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T is the superscript indicating the transpose of the matrix; ε is 
the shear coefficient of the shaft; E is the Young modulus (or
elasticity modulus) of the shaft; I is the polar moment of inertia of 
the cross section of the shaft. Besides that, [mi,i]=[mj,j], [gi,i]=[gj,j]
and [ki,i]=[kj,j] except for the inverse signal of  the terms 6L. The
sub-matrices coefficients are defined as:

( ) RTu ααεε 36201603528156 2
1 +++=

( ) ( ) RTu ααεε 1803252046222 2
2 −+++=

( ) ( ) RTu αεεαεε 22
3 1440604504844 +++++=

( ) RTu ααεε 3610080151254 2
4 −++=

( ) ( ) RTu ααεε 1803252037813 2
5 −−++=

( ) ( ) RTu αεεαεε 22
6 720601504843 −+−++−= (8)

Ru α727 =  ; ( ) Ru αε180328 −=  ; ( ) Ru αεε 2
9 14406042 ++=

( ) Ru αε601210 +=

( ) ( )22 121120
,

121420 ε
ρα

ε
ρα

+
=

+
=

L

ArAL
RT

Where: A, ρ, ε are the cross section area, the mass density, and 
the shear factor of the beam, respectively. L is the length and r is the 

radius of the beam element. The shear effects are significant only at 
high rotational speeds.

Bearings

The model of the bearing used in the present work [1,4], as
represented by Fig. 2c, neglects the influence of the rotation, the
bending moments, and the oil film inertia effects. The governing
equation for the bearing is given by:
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where, {Fc} represents the connecting forces in the bearings;
cXX,cZZ,kXX,kZZ are the equivalent damping and stiffness coefficients 
in the X, Z directions, and cXZ,cZX,kXZ,kZX are the equivalent
damping and stiffness cross-coupled coefficients of the bearings.
Finite Difference Method evaluated the values of the stiffness and 
damping coefficients and in this case their behaviour is practically
constant for a rotational speed range of 2000 to 4000 rpm. The
foundation degrees of freedom are neglected once the foundation is 
considered rigid. The values of the cross-coupled coefficients were 
very low and they were neglected to simplify the model updating, as 
suggested by Lalanne [4], considering that the main characteristics 
of the bearings link forces and displacements, neglecting the
influence of slopes and bending moments.

Flexible Coupling

There is little information in literature about the best physical 
model of couplings to use, in order to improve their mathematical 
representation in mechanical systems. In general, when a coupling is 
modelled as a rigid body, the rigid disk model may be used in order 
to consider this component as an integrated part of the whole rotor-
bearing-coupling system. However, this model neglects the
flexibility of the coupling. The models of Kramer [3] and Nelson 
and Crandall [5] presented here, take into account the inherent
flexibility of the couplings.

Kramer’s Models

The first model suggested by Kramer [3], which considers the 
flexibility of mechanical couplings is defined as a non friction
coupling that is rigid in the radial direction. In this model, the
coupled shafts, as shown in Fig. 3a, are considered as the classical 
FEM with two beams with 8 degrees of freedom each. The coupling 
effect is to constrain the translation degrees of freedom in the i and j 
nodes (coupling position), making the translation motion in both
nodes equal, ui=uj and vi=vj,. In this way, the system, which initially 
had 16 degrees of freedom, was reduced to a system with 14 degrees 
of freedom, due to the presence of the coupling, as illustrated in Fig. 
3b. The coupling mass must be added in the two nodes of the
coupling as a rigid body (Sekhar et al (1996)).
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Figure 3. (a) Mechanical System of two shafts connected by a coupling,
(b) First Kramer’s Model of the System.
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The second model suggested by Kramer [3], considers the
rotational stiffness (kr) and damping (cr) of the coupling. But, in this 
case, the constraints of the first model are still maintained, and the 
system is represented by Fig. 4.

α j
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Figure 4. Second Kramer’s Model for Flexible Coupling.

The equation of motion, for the coupling model of Fig. 4, can be 
written in the following way:
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where: {Fcon}, {Fex} are the connecting and external force vector, 
respectively, acting on the coupling; [Ma], [Ga], [Ca], [Ka] are
respectively, the mass, gyroscopic, damping and stiffness matrices 
due to the coupling (the mass and gyroscopic matrices are similar to 
those of the rigid disk). The sparse damping and stiffness matrices 
present the following non-zero elements:

.c
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Nelson and Crandall’s Models
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Figure 5. Nelson and Crandall’s Models for Flexible Coupling: (a) with
stiffness, (b) with stiffness and damping.

The first model defined by Nelson and Crandall [5] considers
the coupling as an elastic component with isotropic translational (kT)
and rotational (kR) stiffness, between the i and j stations, as shown 
by Fig. 5a. Under static conditions, the equation of motion of the 
coupling, is defined as:

[ ] { }
{ } { } { }excon FFKt +=
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q
(12)

where: {Fcon},{Fex} are the connecting forces and the external force 
vectors, acting on the coupling; [Kt] is the stiffness matrix of the 
coupling for which the non-zero elements are defined by equation 
(13).

R8848773784447333

T6626551562225111

kKtKtKtKtKtKtKtKt

kKtKtKtKtKtKtKtKt

==−==−=−==−=

==−==−=−==−=

,,,,,,,,

,,,,,,,,

(13)

The second model suggested by Nelson and Crandall [5]
considers, besides the coupling stiffness,  the internal damping and 
the inertia effects of the coupling as well. The inertia effects are
included in the model as two rigid disks at each connection station. 
Under these conditions, the physical model of the coupling is shown 
in Fig. 5b, and the equation of motion is written as follows:
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In equation (14), the mass matrix [Ma], the gyroscopic matrix 
[Ga], and the damping matrix [Ct] of the coupling present non-null
elements defined as:

[ ] [ ]mjmjjjmimiii IImmIImmaM =

;, ,,,, pmj7887pmi3443 IaGaGIaGaG −=−=−=−= (15)

.

,

,,,,,,,,

,,,,,,,,
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cCtCtCtCtCtCtCtCt

cCtCtCtCtCtCtCtCt

==−==−=−==−=

==−==−=−==−=

Where: mi, mj are the coupling masses at the i and j stations; Imi,
Imj , the mass moments of inertia of the disks, and Ipmi, Ipmj , the 
polar mass moments of  inertia for the rigid disks at i and j stations.

These last two physical models defined by Nelson and Crandall 
[5] correspond to a model of discrete mass of the coupling, in which 
too small values of translational and rotational stiffness coefficients 
represent quasi flexible connections while higher stiffness values
represent rigid connections.

Equation of Motion

The Direct Stiffness Method (DSM) [5] was applied to evaluate 
the stiffness coefficients for the beam elements of the model. Once 
the equations of motion are established for each component of the 
rotor-bearing-coupling system, the assembly of the complete
equation of motion of the system was accomplished, as given by
equation (16).

[ ]{ } [ ] [ ][ ]{ } [ ]{ } { }eFKCGM =+++ qqq &&& ΩΩ (16)

In this equation, [M] is the symmetrical mass matrix of the
system, comprising of rigid disks, beam elements and couplings; [G] 
is the gyroscopic matrix which contains the same components as
those of the mass matrix, and it depends on the rotation Ω of the 
shaft; [C] and [K] are the dissipative and stiffness matrices of the 
system. The [C] and [K] matrices can be symmetric for isotropic
bearings, or even non-symmetric when the bearings are anisotropic 
and their coefficients depend on the rotation Ω; and {Fe} is the
vector of the external forces acting on the system.
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Natural Frequency Analysis

An exponential solution of equation (16) is assumed in the form 
{q}={qo}eλt in the time domain. The solution is substituted into
equation (16), which has to be previously reduced to a first order 
differential homogeneous equation. Consequently, the
corresponding eingenvalue problem is defined by equation (17).

[ ] [ ]
[ ] [ ] [ ][ ]

[ ] [ ]
[ ] [ ] { } { }0

K0

0M

CGM

M0
=



















−
+








+

λ oq
ΩΩ

(17)

Since the matrices order [M], [K], [G], [C] are nxn, the solution 
of equation (17) results in 2n complex eingenvalues (λ) for each
rotational speed Ω. The Campbell Diagram can be obtained solving 
equation (17) in a range of rotational speed values. In this way, it is 
possible to obtain a set of eigenvalues (natural frequencies)
associated to the rotational speed of the rotor. The influence of the 
rotational speed on the rotor natural frequencies increases when the 
gyroscopic effect is more significant.

Unbalance Response of the System

The external forces that act on the system, as a result of the mass 
unbalance {Fd}, and the corresponding  response {qd} in relation to 
that excitation force can be written in the following way:

{ } { } ( ) { } ( )tSinftCosfd ΩΩΩΩ sc +=F  ; { } { } ( ) { } ( )tSintCos ΩΩΩΩ scd qqq +=
(18)

Substituting {qd}and its derivatives into equation (16) and
assuming that the unbalance external forces ({Fd}={Fe}) are known, 
{qc} and {qs} vectors can be determined from the following
equation:
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The system response to the mass unbalance is obtained in the 
time domain by the equation that defines {qd}and, in this case, the 
mass unbalance is considered as known.

Computational Software

Computational software to solve the system of matricial
equations (16) and (17) was written in FORTRAN 90. The software 
flow chart is given in Fig. 6. This program allows the analysis of the 
influences of the considerations made in the different modelling
processes of the coupling in the mechanical system through the
Campbell Diagram. The software also allows the analysis of the
unbalance response of the system. The global matrices of the system 
were assembled from the partial matrices of the mechanical
components of the system. From the matricial equation solution
using the Direct Method described by Nelson and Crandall [5], the 
Campbell Diagram was elaborated and the  unbalance response of 
the system was evaluated. Software for the model fitting was also
developed. The procedure consists of adjusting the simulation
results to experimental data, using the minimum quadratic
technique. In this way, it is possible to verify the model performance 
and some sensitivity of the parameters.

INPUT

Read Input Data

Type of calculus

Ω=0.0Ω=0.0Ω=0.0Ω=0.0 Ω=0.0Ω=0.0

Natural frequencies ω(Ω)ω(Ω) Vibration Amplitude A(ΩΩ)Vibration Modes (ΩΩ)

END

Print of the Results

[M], [G], [C],[K][M], [G], [C],[K] [M], [G], [C],[K],{F}

Figure 6. Flow Chart of the PROGRA_M1.mdp Software.

Numerical Simulation

A mechanical system was elaborated to perform the complete
methodology, Sekhar et al (1996) [7], as shown in Fig. 7. Such a
system analyses the influence of the different flexible coupling
models on the natural frequencies, as well as the unbalance response 
of the system.

0,2 0,2

0,20,20,250,20,20,2 0,10,1 0,2

Disk 1 Disk 2

external
bearing

external
bearinginner

bearing coupling
inner
bearing

0,10 0,28 0,450,45

Figure 7. Simulated Mechanical System [geometric dimensions in meters].

The following cases were simulated in the program:
. Case I: When the coupling is modelled as a rigid disk

according to the general approach. In this case the system is 
modelled with 8 beam elements, 3 rigid disks, and 4 bearings;

. Case II: When the coupling is modelled with the first approach 
of Kramer [3]. In this case, the model presents two nodes and 
its constraints comply with the degrees of freedom established 
by the model, and two masses of the disks in each node of the 
coupling, which include the inertia of the coupling;

. Case III: It corresponds to the second model suggested by
Kramer [3] and it is similar to case II. The only difference is 
that the rotational stiffness and damping of the coupling are 
included;

. Case IV: When the coupling is modelled in agreement with
the first model proposed by Nelson and Crandall [5], in which 
the translational and rotational stiffness, as well as the inertia 
of the coupling are considered. The system was discretized in 
10 nodes, 8 beam elements, 2 rigid disks, and 4 bearings;

. Case V: It corresponds to the second model defined by Nelson 
and Crandall [5]. This model is similar to that of case IV. The 
difference is that the translational and rotational damping of 
the coupling are added.

Table (1) presents the corresponding physical and dynamic
characteristic data of the components of the hypothetical mechanical 
system indicated in Fig. 7, based on Sekhar et al (1996) [7], for a 
previous verification of the dynamic response considering the five 
coupling models proposed.

Fig. 8a1-a2, Fig. 8b1-b2, Fig. 9a1-a2, and Fig. 9b1-b2 are the 
Campbell diagrams for the first four natural frequencies. In this case 
study, the 1st and 3rd natural frequencies are model-dependent while 
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the 2nd and the 4th  are not. This fact is due to the modal shape of the 
complete system associated to these frequencies. In the 2nd and 4th

natural frequencies there is no significant displacement at the
couplings, so that its model does not affect the Campbell Diagram, 
which is coincidental for all models analysed. In the 1st and 3rd

natural frequencies, the contribution of the coupling displacements 
is highlighted in the Campbell Diagram, as the models start and
continue to present different natural frequencies in the whole range 
of rotational speed. Notice that the 2nd Kramer, 1st and 2nd Nelson 
and Crandall models are coincidental in Fig. 8a2, 8b2, 9a2 and 9b2. 
The rigid models and the 1st Kramer model are quite different in Fig. 
8a1 and 9a1 and very close in Fig. 8b1 and 9b1.
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Figure 8. Variation of the natural frequencies of the system with the
rotational speed for the five cases analysed: (a1 and a2) first natural
frequency of the system; (b1 and b2) second natural frequency of the
system. ( Rigid; ××  Kramer1; LLKramer2;  Nelson_Crandall1; O
Nelson_Crandall2).
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Figure 8. (Continued).
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Figure 9. Variation of the natural frequencies of the system with the
rotational speed for the five cases analysed: (a1 and a2) third natural
frequency of the system; (b1 and b2) fourth natural frequency of the
system. ( Rigid; ××  Kramer1; LLKramer2;  Nelson_Crandall1; O
Nelson_Crandall2).
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Figure 9. (Continued).

Besides that, Fig. 10a1-a2, 10b1-b2, 11a1-a2 and 11b1-b2
represent the unbalance response, in the X and Z directions for the 
shaft, located in Disk 1 of the system. These unbalance responses 
were caused by the mass unbalance in Disk 1, roughly around
0.00189 kgm at a phase angle of 0o from the Z axis. The frequency 
range is close to the resonance frequencies, excited by the residual 

mass unbalancing. This analysis holds for the five cases mentioned 
above.

Notice that the rigid and 1st Kramer models are quite different in 
Fig. 10a1, 10b1, 11a1 and 11b1. Otherwise, 2nd Kramer, 1st and 2nd

Nelson and Crandall models are quite coincidental in Fig. 10a2,
10b2, 11a2 and 11b2 as these models contain rotational and
translational coefficients.
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Figure 10. Unbalance Response of Disk1 close to the first resonance
condition: (a1 and a2).direction Z; (b1 and b2) direction X. (  Measured; 
Rigid; ××  Kramer1; LLKramer2;  Nelson_Crandall1; O Nelson_Crandall2).
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Figure 10. (Contniued).
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Figure 11. Unbalance Response of Disk1 close to the second resonance 
condition: (a1 and a2).direction Z; (b1 and b2) direction X. (  Measured; 
Rigid; ××  Kramer1; LLKramer2;  Nelson_Crandall1; O Nelson_Crandall2).
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Figure 11. (Contniued).

Model Updating

Most of the model updating methods proposed in literature
consist of evaluating the natural frequencies and vibration modes in 
terms of the mass ∆M and stiffness ∆K matrix variations. ∆M and 
∆K can be calculated by inverse sensitivity starting from the
difference between measured and calculated modal parameters [10] 



A Comparison of Flexible Coupling Models for Updating in …

J. of the Braz. Soc. of Mech. Sci. & Eng.  Copyright  2003 by ABCM July-September  2003, Vol. XXV, No. 3 / 243

[11]. But the understanding about the meaning of the ∆M and ∆K
changes in terms of physical variations of the structural parameters 
is still not solved. In that sense, the present work presents the
application of a fitting method to the FEM (Finite Element Method) 
of the rotor-bearings-coupling system. The method uses an
unbalance FRF (Frequency Response Function) of the system as a 
fitting curve. The restricted modified minimum square method for 
non-linear estimation of parameters, well known as the Levenberg-
Marquart Algorithm, is used, where the main variables are defined 
below. The objective function to be minimised and the constrains 
are given by:

{ } { }iT
i frffrf

2

1
F = LsXpLi ≤≤ (20)

Where: Li is the lower limit, Ls is the upper limit, Xp is the
fitting parameter and frfi is the frequency response function used as 
input to minimise the objective function [12].

( ) 4
ei10mi10i 10*0.1FRFLog*20FRFLog*20frf −−= (21)

FRFmi is the i-th component of the experimental unbalance
response of the rotor, simulated with FEM and a noise formulation 
given in equation (22) [13]:
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FRFei is the i-th component of the simulated unbalance response 
at each step of interaction, np is the FRF number of points, βa is the 
random error factor (10%) and βs is the systematic error factor 
(1%).

The search direction is:

[ ] [ ] [ ]( ) [ ] { } 1,m
T
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1

n,nn,m
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−
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r

(23)

[J]n.m is the Jacobian matrix, [I] is the identity matrix, µ is the 
Levenberg-Marquardt parameter, m is the FRF number of points
and n is the number of parameters to be fitted.

The Jacobian matrix is evaluated using the finite difference
method:
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i
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====
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Examples

The models to be fitted correspond to the mechanical system of 
Fig. 7, proposed by Sekhar et al (1996) [7]. At this point, an
experimental unbalance response is simulated in the following way: 
The FEM program calculates the unbalance FRFs in the coupling
position (d.o.f. 17,18,19,20), considering the second Nelson and
Crandall model (KT=1.2x106 N/mm, KR=1.35791x109 Nmm/rad,
CT=1.13 x10-2 Ns/mm, CR=1.13 x104 Nmms/rad as shown in Table 
1). Once the simulated response is obtained, the experimental
response is defined applying equation (22). In Tables 1 and 2, each 
d.o.f. corresponds to a node displacement of the coupling (radial or 
angular) and there are four degrees of freedom for each node (two 
radial d.o.f.-17 and 18 and two angular d.o.f.-19 and 20). In this
way, the program generates the curves to be fitted in function of
some parameters. The parameters correspond to the coupling model 
represented as stiffness and damping coefficients. However, in the 
model that considers a rigid coupling, the stiffness and damping
coefficients will be fitted to the inner bearings closer to the coupling 
[14].

Table 1. Physical and Dynamical Properties of the components of the simulated mechanical system.

DISKS SHAFTS

Disk1:

Mass Density 7800kg/m3

Disk2:

Mass Density 

7800kg/m3

Density 7800 kg/m3 , Young Modulus 2*1011N/m2 , 

Poisson Coefficient 0.3 , Shear Factor 0.9

EXTERNAL BEARINGS INNER BEARINGS

Stiffness:

Kxx=108N/m, Kxz=0, Kzz=1.5*108N/m, Kzx=0

Stiffness:

Kxx=107N/m, Kxz=0, Kzz=1.5*107N/m, Kzx=0

1

Damping:

Cxx=0.5*103Ns/m,Cxz=0,Czz=0.8*103Ns/m,Czx=0

1

Damping:

Cxx=103Ns/m,Cxz=0,Czz=103Ns/m,Czx=0

Stiffness:

Kxx=107N/m, Kxz=0, Kzz=107N/m, Kzx=0

Stiffness:

Kxx=107N/m, Kxz=0, Kzz=1.5*107N/m, Kzx=0

2

Damping:

Cxx=103Ns/m,Cxz=0,Czz=103Ns/m,Czx=0

2

Damping:

Cxx=103Ns/m,Cxz=0,Czz=1.1*103Ns/m,Czx=0

COUPLING (Kramer) COUPLING (Nelson and Crandall)

Mass Density 7800kg/m3 Mass Density 7800kg/m3

Rotational Stiffness 13579.1*102 Nm/rad Rotational Stiffness 13579.1*102 Nm/rad; 

Translational 1.2*109 N/m

Rotational Damping 11.3 Nms/rad Rotational Damping l1.3 Nms/rad; 

Translational l1.3 Ns/m
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Table 2. Fitted curves results for the first and second Nelson and Crandall’s model and the second Kramer’s model.

Parameters 2nd KRAMER 1st NELSON and CRANDALL 2nd NELSON and CRANDALL
Starting point 1 d.o.f. 4 d.o.f. 1 d.o.f. 4 d.o.f. 1 d.o.f. 4 d.o.f.

KT 0.60E+6 --- --- 979469826.34 35221.00 186206.03 1393514407.12

KR 0.678955E+9 1355413905.74 1337815799.83 1355628502.13 1362140288.76 1358700314.64 1337822632.58

CT 0.565E-2 --- --- --- --- 545.97 .00304427

CR 0.565E+4 10711.50 .000 --- --- .00000003 .0000000

# Interations 16 13 19 23 42 18
Error 1.301286 2.456724 1.360356 2.724172 1.310202 2.456405

Two cases were analyzed:
Case 1. The optimisation process uses an unbalance response

corresponding to d.o.f. number 17 of the coupling in the X direction, 
in the 2000 to 3000 rpm range. The five models proposed for the 
rotor-bearing-coupling system were fitted with the following
considerations: the first and second Nelson and Crandall models, as 
well the second Kramer model were fitted based on the stiffness and 
damping coefficients of the coupling. The rigid coupling model and 
the first Kramer model were fitted based on the stiffness and
damping parameters of the two bearings next to the coupling. The 
only constrain is that the fitted parameters must be positive, and the 
starting unbalance response curve is about 50% lower than the
experimental curve.

The results obtained in each updating process of the unbalance 
response curves and fitting parameter methods are described in
Tables 2 and 3. Fig. 12a presents the fitted unbalance response
curves at the corresponding d.o.f.17 used in the process for rigid and 
1st Kramer models. Fig. 12b presents the fitted unbalance response 
curves at the corresponding d.o.f.17 used in the process for 2nd

Kramer, 1st and 2nd Nelson Crandall models.
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Figure 12. FRF fitted curves in X direction of the coupling (d.o.f. 17):
(a)rigid and 1st Kramer models; (b) 2nd Kramer, 1st and 2nd Nelson and
Crandall models. (  Measured;  Rigid; ××  Kramer1; LLKramer2;
Nelson_Crandall1; O Nelson_Crandall2).

Case 2. The optimisation process uses the unbalance response 
corresponding to d.o.f. numbers 17, 18, 19 and 20 of the coupling, 
respectively in X, Z, αx and αz directions, in the 2000 to 3000 rpm 
range. The models considered in the simulation, as well as the
constrains and the starting curves have the same considerations
presented in case 1. The obtained results in each updating process 
are described in Tables 2 and 3. The final fitted unbalance responses 
are presented in Fig. 13a and 13b for d.o.f. 17 and 18 (translation 
coordinates); and Fig. 14a and 14b are the fitted responses for d.o.f. 
19 and 20 (bending angles). The number of points corresponds to
the number of frequencies plotted for each d.o.f. onto the 2000-2900
rpm frequency range (98 points for d.o.f. 17 and 98 points for d.o.f. 
18) as well as for d.o.f. 19 and 20.
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Figure 13. Fitted curves in X and Z directions of the coupling (d.o.f. 17 and 
18): (a)rigid and 1st Kramer models; (b) 2nd Kramer, 1st and 2nd Nelson and 
Crandall models. (  Measured;  Rigid; ××  Kramer1; LLKramer2;
Nelson_Crandall1; O Nelson_Crandall2).
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Figure 14. Fitted curves in ααX and ααZ directions of the coupling (d.o.f. 19 
and 20): (a)rigid and 1st Kramer models; (b) 2nd Kramer, 1st and 2nd Nelson 
and Crandall models. (  Measured;  Rigid; ××  Kramer1; LLKramer2;
Nelson_Crandall1; O Nelson_Crandall2).

Conclusions

The FEM of the rotor-bearings-coupling system [6,8,9] analyses 
the bending vibrations of the system. Fig. 8a and 9a show how the 
values of the first and third natural frequencies of the system differ 
so much on the direct whirl as well as on the retrograde whirl effect. 

Certainly, the effect depends on the considered model as well as on 
the modal shape of the rotor. Fig. 8a2 and 8b2 and 9a2 and 9b2
show that the difference between the second and fourth natural
frequencies is not significant in this case, because there is no
significant contribution of the coupling to these modes. Analysing
the unbalance responses in Fig. 10a1, 10a2, 10b1 and 10b2 that
represent the vibration amplitudes in the Z (a1 and a2) and X (b1 
and b2) directions, in the first resonance condition, it is possible to 
observe the same effect of the Campbell Diagram for the first
natural frequency of the system, which means that the resonance
positions change depending on the considered model. This can be 
attributed to the Kramer model that comprises the rotational
stiffness and damping parameters and the Nelson and Crandall’s
models, that include the translational stiffness and damping as well. 
Also, depending on those parameters, some frequencies can be less 
sensitive. In this way, the coupling model influence on the rotating 
mechanical systems can significantly affect the natural frequencies 
and the corresponding vibration amplitudes. Besides that, according 
to the existing approaches in literature towards coupling modelling, 
the natural frequencies and the response of the system will be
different, depending on the real mechanical system analysed. An
experimental curve was generated using the most complete model ( 
2nd Nelson and Crandall model) with an random noise of 10%. Also 
in this case, the coupling parameters do not converge to the original 
values used in the simulation during the optimisation process. The 
only fitted parameter was the rotational stiffness KR with an error of 
1.5% approximately. However, the fitting errors showed in Table 2 
are smaller than the errors of Table 1 for rigid coupling models. Fig. 
12, 13 and 14 show that experimental fitting is reached with success 
for the five models proposed in the work, with the difference that 
the fittings tend to be better for the flexible models than for the rigid 
models of the coupling (Fig. 12b, 13b and 14b). In this sense, the 
best fittings correspond to the first and second Nelson and Crandall 
models and the second Kramer model, as indicated by the fitting
errors in Table 2 and Table 3. It is also important to point out that 
some fitted parameters converged for null values. This fact suggests 
that the degrees of freedom associated to these parameters are not 
very significantly influenced by the coupling coefficients. As a final 
conclusion, in the parameter estimation process of the mechanical 
systems, a parametric sensitivity analysis is of significant
importance for the choice of the unbalance response and the d.o.f to 
be used in the process. The next step is the experimental model
updating of the flexible coupling parameters of stiffness and
damping coefficients.

Table 3. Fitted curves results for the rigid coupling model and the first Kramer’s model.

Parameters Rigid Coupling 1st KRAMER
Starting point 1 d.o.f. 4 d.o.f. 1 d.o.f. 4 d.o.f.

KXX 01.00e+04 4923.01 4974.05 20495.45 20307.43
KZZ 01.00E+04 4820.28 5451.16 20675.82 21274.49
CXX 01.00E+00 1.43 .42 .00 1.93
CZZ 01.00E+00 .000 1.80 1.66 2.84
# Interations 66 17 23 58
Error 12.577670 13.092020 7.624786 14.148430
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