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Abstract− This paper proposes the formulation of a sinusoidal
basis function with a novel segmented edge condition to model
the impulsive behavior of the surface electric current density at
the edges of rectangular microstrip scatterers. In comparison to
traditional basis functions, the one considered in this approach
demands using very few modes to expand the induced current.
The effectiveness of the proposed formulation is validated using
the commercial electromagnetic simulator Ansys Designer. Good
agreement between the results obtained with the proposed formu-
lation and with the commercial software has been obtained.

Index Terms− printed antennas; scattered fields; method of moments; basis
function.

I. INTRODUCTION

The interest on printed structures has increased due to the evolution of electromagnetic and mechan-
ical properties of dielectric laminates. Materials with low losses in the microwave range have allowed
the design with high efficiency of microstrip antenna arrays, reflectarrays (RAs), transmitarrays (TAs),
polarizers, and frequency selective surfaces (FSS).

The electromagnetic analysis of printed structures can be realized using academic codes or com-
mercial software, such as Ansys Designer, HFSS, FEKO and CST [1]–[3]. These solutions are based
on numerical techniques, such as the method of moments (MoM), finite element method (FEM), finite
integration technique (FIT) and finite-difference time-domain (FDTD) [4]–[6].

The efficiency and the accuracy of the MoM numerical scheme depends on the choice of the basis
functions (BFs), where two classes of BFs are usually employed: subdomain function and entire-domain
function [7]. Rooftop, pyramidal with rectangular base, pyramidal with triangular base, and Rao-Wilton-
Glisson (RWG) are examples of subdomain basis functions [8], while sinusoidal basis functions are
traditional examples of entire-domain basis functions, defined on the complete structure [9].

For designs composed of rectangular printed elements, specific entire-domain basis functions have
been applied to reduce the total number of functions needed to model the impulsive behavior of the
induced electrical current density at the edges of the scatterers. Sinusoidal function with edge condition,
Legendre (E-LegBF), and Chebyshev (E-CheBF) are examples of BFs with these features typically
applied for the solution of scattering problems, as presented in [10]–[14]. Additionally, in [15] the
application of BFs in reflectarray antennas composed of rectangular patches or dipoles is discussed
and the frequency displacement of the phase and amplitude curves for several types of basis functions
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is also presented. The conclusion indicates that these basis functions show good agreement only for
substrates with thickness greater than 0.04 wavelengths, and show poor convergence for extremely
thin substrates. However, the design of reflectarray antennas using single layer structures composed of
variable-size elements requires thin laminates to extend the range of the phase curves.

In this paper, we propose an entire-domain basis function with segmented edge condition to model
the surface current density of rectangular patches with variable sizes, and, consequently, to determine
the amplitude and phase curves of the element using very few expansion modes. In order to accurately
describe the induced current on the patch, this type of basis function is segmented in different patch
regions, so as to allow the modelling of the steep increase of the current density at the non-resonant
edges of the patch. A segmentation factor allows the adjustment of function behavior for substrates
with different thicknesses; hence, in contrast to [15], the proposed basis function can be easily applied
for thin substrates with thickness lower than 0.04 wavelengths.

Here, the proposed basis function is employed with the method of moments (MoM) for the accurate
computation of the scattered fields of reflectarrays. In Section 2, the formulations of the dyadic Green’s
function, the method of moments, and the basis function with segmented edge condition are presented.
In section 3, the amplitude and phase curves for the scattered field of a single patch are presented.
Additionally, the scattered electric fields by reflectarrays with few elements are validated using Ansys
Designer. Section 4 presents the final remarks containing the advantages of the proposed basis function.

II. THEORETICAL FORMULATION

The geometry of a singly-layered rectangular microstrip scatterer illuminated by a plane wave is
depictured in Fig. 1. Here, the electromagnetic analysis follows the steps presented in [16] where the
scattered electric field in the spectral domain depends on the dyadic Green’s function and the surface
electric current density J(s). The physical characteristics of the structure defines the dyadic Green’s
function, whilst the surface electric current density is unknown in the presence of a printed element
on the substrate. The current distribution can be determined using appropriate numerical techniques.
Here, the method of moments (MoM) is chosen and formulated to determine the scattered electric field
produced by J(s) that flows on the patch [17].

A. Dyadic Green’s function

The structure presented in Fig. 1 is homogeneous, infinite, and can be represented by using an
equivalent circuit model [16], where E(s) is the scattered electric field and E(inc) is the electric field
of the wave that impinges upon de scatterer. The relation between the scattered electric field and the
surface current density that flows on the patch is described in the spectral domain by

Ẽ(s) = jη0
¯̃GJ̃(s) →

[
Ẽ

(s)
y

Ẽ
(s)
x

]
= jη0

¯̃G

[
J̃
(s)
y

J̃
(s)
x

]
, (1)

where η0 is the intrinsic impedance of free space, k0 is the propagation constant in free space, dm is the
substrate thickness, εrτ is the relative permittivity of τ region, and ¯̃G is the dyadic Green’s function,
given by

¯̃G =

[
G̃yy G̃yx

G̃xy G̃xx

]
= [ ¯̃Y (a) + ¯̃Y (b)]−1 , (2)
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Fig. 1. Basic geometry of a singly-layered rectangular microstrip scatterer illuminated by a plane wave.

where ¯̃Y (a) and ¯̃Y (b) are the admittances seen looking out of the current source terminals (see circuit
model shown in Fig. 2) and are expressed by

¯̃Y (a) = − 1

k0kz2

[
(εr2k0

2 − k2x) kxky

kxky (εr2k0
2 − k2y)

]
, (3)

¯̃Y (b) = ¯̃B ¯̃Z
−1
, (4)

¯̃B =

[
cosh(kz1dm) 0

0 cosh(kz1dm)

]
, (5)

¯̃Z =
sinh(kz1dm)

εr1k0kz1

[
(k2y − εr1k02) kxky

kxky (k2x − εr1k02)

]
, (6)

and
k2zτ = k2x + k2y − εrτk20, (7)

with τ = 1 for the substrate and τ = 2 for the air.
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Fig. 2. Equivalent circuit model for the structure illustrated in the Fig. 1.

The matrix terms G̃yy, G̃yx, G̃xy and G̃xx of the Eq. 2 are given by

G̃yy =
D[DỸ

(a)
2,2 + B̃2,2Z̃1,1]

Tζ
, (8)
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G̃yx =
D[B̃1,1Z̃1,2 −DỸ (a)

1,2 ]

Tζ
, (9)

G̃xy =
D[B̃2,2Z̃2,1 −DỸ (a)

2,1 ]

Tζ
, (10)

and

G̃xx =
D[DỸ

(a)
1,1 + B̃1,1Z̃2,2]

Tζ
, (11)

where
D = det( ¯̃Z) = Z̃1,1Z̃2,2 − Z̃1,2Z̃2,1, (12)

Tζ = (DỸ
(a)
2,2 + B̃2,2Z̃1,1)(DỸ

(a)
1,1 + B̃1,1Z̃2,2)− (DỸ

(a)
1,2 − B̃1,1Z̃1,2)(DỸ

(a)
2,1 − B̃2,2Z̃2,1), (13)

and
¯̃
ψ =

[
ψ̃1,1 ψ̃1,2

ψ̃2,1 ψ̃2,2

]
, (14)

with ψ = B, Z or Y (a), and ψ̃i,j denote the matrix terms i, j = 1, 2.
The surface waves in the structure (modes) can be numerically determined by doing Tζ = 0. An

example of the propagation modes that can be computed with this formulation with the variation of
the substrate thickness is presented in Fig. 3 for the first six modes.

Fig. 3. Surface wave propagation constants for the grounded dielectric slab of Fig. 1, with ky = kȳ k0, d̄m = dm k0, and
εr1 = 2.55.

B. Method of Moments - MoM

The solution for the induced current applies the MoM approach to structures composed of Q = QyQx

printed elements (as illustrated in Fig. 4), where Qy and Qx are the number of scatterers along the y
and x directions.

The resulting matrix equation is given by

Z̄ I = V, (15)

where V and I are the vectors with dimensions (Ny +Nx)× 1 and Z̄ is a matrix with (Ny +Nx)×
(Ny +Nx) elements, where Ny and Nx are the number of modes used to expand the current along the
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Fig. 4. Reflectarray antenna composed of four squared elements.

y and x directions. The impedance matrix is described by

Z̄ =

 Z̄1,1 ... Z̄1,q ... Z̄1,Q

Z̄p,1 ... Z̄p,q ... Z̄p,Q

Z̄Q,1 ... Z̄Q,q ... Z̄Q,Q

 , (16)

Z̄p,q =

[
Z̄y,y; p,q Z̄y,x; p,q

Z̄x,y; p,q Z̄x,x; p,q

]
, (17)

Z̄i,j; p,q =

 Zi,j; p,q1,1 Zi,j; p,q1,nj
Zi,j; p,q1,Nj

Zi,j; p,qni,1
Zi,j; p,qni,nj Zi,j; p,qni,Nj

Zi,j; p,qNi,1
Zi,j; p,qNi,nj

Zi,j; p,qNi,Nj

 , (18)

where each term of the impedance matrix is determined using

Zi,j; p,qm,n =

+∞∫
−∞

+∞∫
−∞

−
jη0G̃ij

(2π)2
F(Jp ∗mi

)F(Jqnj ) dkxdky, (19)

with i, j = y, x, and the indices m and n denote the expansion modes. The voltage vector is expressed
by

V =
[
V1 ...Vp ...VQ

]t
, (20)

Vp =
[
V y;p
1 ... V y;p

ny ... V y;p
Ny

V x;p
1 ... V x;p

nx ... V x;p
Nx

]t
, (21)

where each term of the voltage vector is obtained from

V i;p
m =

yp2∫
yp1

xp2∫
xp1

E
(inc)
i (x, y) Jpmi

dxdy, (22)

being xp1 = xpo − Lp/2, xp2 = xpo + Lp/2, yp1 = ypo − Wp/2 and yp2 = ypo +Wp/2, xpo and ypo are the
centre coordinates of the p-th patch surface, E(inc)

i is the incident electric field (plane wave), F(Jqnj )

is the Fourier transform of the n-th basis function and F(Jp ∗mi ) is the Fourier transform of the m-th
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complex-conjugated test function.
The tangential components of the electric field radiated by the feeder on the patches of the Fig. 4

can be described by

E(inc)
x (x, y) =

[
E2‖cosθi cosφi +E2⊥sinφi] e

j(kxx+kyy+kz2dm), (23)

E(inc)
y (x, y) =

[
E2‖cosθi sinφi −E2⊥cosφi] e

j(kxx+kyy+kz2dm), (24)

where φi and θi are the incidence coordinates, E2‖ and E2⊥ are the amplitude of the parallel and
perpendicular components of the electric field in region 2 (air).

In order to account for the steep increase of the current density near the non-radiating edges of the
patches, the standard sinusoidal basis function [9] has been modified to assume the following form

Jqnx(x, y) = Jqy (y)sin

(
nπ

Lq
(x− (xqo − Lq/2))

)
, (25)

Jqny(x, y) = Jqx(x)sin

(
nπ

Wq
(y − (yqo −Wq/2))

)
, (26)

with

Jqξ (ξ) =


1
Uξ

[
1−

(
ξ−ξ01
ξb

)2]−1/2
, ξ1 < ξ ≤ ξ01

1
Uξ

, ξ01 < ξ < ξ02,

1
Uξ

[
1−

(
ξ−ξ02
ξb

)2]−1/2
, ξ02 ≤ ξ < ξ2

(27)

ξ01 = ξ1 + ξb , (28)

ξ02 = ξ2 − ξb , (29)

ξb = κ

[
ξ2 − ξ1

2

]
, (30)

ξ = x, y, Ux = Lq, Uy = Wq, where ξ1 and ξ2 denote the positions of the q-th patch edges along the
ξ-direction. The parameter κ models the current density growth near to the patch edges parallel to the
current flow and can assume any value in the interval [0, 1]. Fig. 5 illustrates the isometric view of
the surface electric current density for the first mode (n = 1) and κ = 0.4.

Fig. 5. Three-dimensional view of surface electric current density for n = 1 and κ = 0.4.
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Fig. 6 shows the behavior of the sinusoidal basis function for several modes and the influence of κ
parameter on the shape of the basis function along the y-direction.

(a)

(b)
Fig. 6. Sinusoidal basis function with segmented edge condition. a) Modes used to expand the surface electric current

(y = 0); b) Influence of κ on the shape in the direction normal to the current flow (x = 0).

If κ = 0, the formulation results in a simple sinusoidal function without edge condition [9]. If κ = 1,
then the condition is applied over the entire width of patch, resulting in the formulation with sinusoidal
with continuous edge condition (without segmentation) [15].

The Fourier transforms of (25) and (26) are written as

J̃qnx(kx, ky) = ξqy(ky,Wq, κ)
nπ

Lq

cos(nπ)e−j
1

2
kxLq − ej

1

2
kxLq

k2x −
(
nπ
Lq

)2
 ζ ′q, (31)

J̃qny(kx, ky) = ξqx(kx, Lq, κ)
nπ

Wq

cos(nπ)e−j
1

2
kyWq − ej

1

2
kyWq

k2y −
(
nπ
Wq

)2
 ζ ′q, (32)
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with

ξqy(ky,Wq, κ) = (1− κ)sinc

(
Wqky

2
(−1 + κ)

)
+
πκ

2

[
J0

(
κWqky

2

)
cos

(
Wqky

2
(−1 + κ)

)
−jL0

(
κWqky

2

)
sin

(
Wqky

2
(−1 + κ)

)]
, (33)

ξqx(kx, Lq, κ) = (1− κ)sinc

(
Lqkx

2
(−1 + κ)

)
+
πκ

2

[
J0

(
κLqkx

2

)
cos

(
Lqkx

2
(−1 + κ)

)
−jL0

(
κLqkx

2

)
sin

(
Lqkx

2
(−1 + κ)

)]
, (34)

and
ζ ′q = e−j(kxx

q
o+kyy

q
o), (35)

where xqo and yqo are the centre coordinates of the q-th patch surface, J0 is the Bessel function of the
first kind and order zero, and L0 is the modified Struve function of order zero, which can be evaluated
as

L0(γ) =
j2

π

π

2∫
0

sin [γcos(υ)]∂υ. (36)

The Fourier transform of the complex-conjugated test function is given by

J̃p ∗mx
(kx, ky) = ξpy(ky,Wp, κ)

mπ

Lq

cos(mπ)ej
1

2
kxLp − e−j

1

2
kxLp

k2x −
(
mπ
Lp

)2
 ζ ′q∗, (37)

J̃p ∗my
(kx, ky) = ξpx(kx, Lp, κ)

mπ

Wp

cos(mπ)ej
1

2
kyWp − e−j

1

2
kyWp

k2y −
(
mπ
Wp

)2
 ζ ′q∗, (38)

with

ξpy(ky,Wp, κ) = (1− κ)sinc

(
Wpky

2
(−1 + κ)

)
+
πκ

2

[
J0

(
κWpky

2

)
cos

(
Wpky

2
(−1 + κ)

)
−jL0

(
κWpky

2

)
sin

(
Wpky

2
(−1 + κ)

)]
, (39)
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ξpx(kx, Lp, κ) = (1− κ)sinc

(
Lpkx

2
(−1 + κ)

)
+
πκ

2

[
J0

(
κLpkx

2

)
cos

(
Lpkx

2
(−1 + κ)

)
−jL0

(
κLpkx

2

)
sin

(
Lpkx

2
(−1 + κ)

)]
, (40)

and
ζ ′p
∗

= ej(kxx
p
o+kyy

p
o). (41)

The radiated electric field by a reflectarray antenna composed of Q elements can be determined
in the upper hemisphere (z > 0) using the asymptotic evaluation of integrals with stationary phase
approximation [18], described here as

E(r, θ, φ) = jk0
e−jk0r

2πr

Q∑
q=1

θ̂E
q(s)
θ (θ, φ) + φ̂E

q(s)
φ (θ, φ), (42)

where
E
q(s)
θ (θ, φ) = Ẽq (s)x (kx, ky) cosφ+ Ẽq (s)y (kx, ky) sinφ, (43)

E
q(s)
φ (θ, φ) = [−Ẽq (s)x (kx, ky) sinφ+ Ẽq (s)y (kx, ky) cosφ] cosθ, (44)

with kx = k0 sinθ cosφ, and ky = k0 sinθ sinφ.

III. NUMERICAL RESULTS

To verify the performance of the proposed basis function, we consider the incidence of a plane wave
operating at 2.4 GHz. The substrate relative permittivity is εrb = 3.38 and thickness is dm = 1.524 mm,
which corresponds approximately to 0.012 wavelengths.

The MoM is implemented with Galerkin approach to obtain the coefficients (values of the I vector
elements) for each mode used to expand the current density. For this study, only the first mode in each
direction is considered, and, for comparison, the following entire-domain basis functions are considered:
sinusoidal [9], sinusoidal with continuous edge condition [15], and sinusoidal with segmented edge
condition (proposed in this work with 0.2 ≤ κ ≤ 0.8). By considering a square element (W = L)
and varying the dimension L (see Fig. 1), Fig. 7 shows the results for the phase and the magnitude
of the scattered electric field, along with the results provided by the electromagnetic simulator Ansys
Designer, which is a well-known commercial simulation package based on MoM with subdomain basis
functions and is used for validation of the segmented edge condition (κ). The simulations with Ansys
Designer were carried out using Planar EM Solver by setting the solution frequency to 2.4 GHz. The
use of edge mesh option was set with length ratio equal to 0.1.

Only very small discrepancies can be verified between the results of the proposed approach with
κ = 0.35 and the values obtained with the commercial software. The maximum errors are ± 5◦ for
the phase and 0.8 dB for the amplitude. Figure 7 shows that the maximum scattering occurs for the
dimension in which the structure resonates. For thin substrates, the resonance size can be estimated as
[17]

L =
c

2fr
√
εrb

, (45)
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where c is the speed of light in free space and fr is the resonance frequency. The design of RAs with
rectangular elements requires the application of thin substrates to increase the range of phase variation.
Thus, the value of κ parameter can be determined using an iterative process based on (45) and the
ressonant behaviour. In the other words, the proposed procedure is carried out as follows: initially,
the dimensions of the square scatterer are calculated using (45). Magnitude responses are calculated
for several κ values with our approach. The choice of κ is done based on the calculated curves that
produces the closest maximum amplitude to the calculated dimensions in comparison to the results of
Ansys Designer. In Fig. 7, this is verified with the red curve, which corresponds to κ = 0.35.

(a)

(b)
Fig. 7. Results for the scattered electric field by a rectangular patch. a) Phase curves; b) Magnitude curves.

Figure 8 displays the radiation pattern of a single element in the E and H planes for κ = 0.35, where
excellent agreement between the proposed approach and the commercial software can be verified.

To further demonstrate the performance of the basis function with segmented edge condition, the fields
scattered by 3×3 and 5×5 reflectarrays are recalculated. These RAs are illuminated by a wave plane
under normal and oblique incidences, and the spacing between the printed elements is Cy = Cx = λ0/2.
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(a)

(b)
Fig. 8. Single element: calculated and simulated radiation patterns for κ = 0.35. a) E-plane Eθ(θ, φ = 0◦);

b) H-plane Eφ(θ, φ = 90◦).

Excellent agreement between the proposed approach and Ansys Designer can also be verified in Figs. 9,
10, 11 and 12.

For these computations, Ansys Designer needed 10,935 and 14,942 unknowns for the 3×3 and 5×5
RAs, respectively, whereas the proposed formulation demanded only 18 and 50 unknowns.
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(a)

(b)
Fig. 9. RA 3×3: calculated and simulated radiation patterns for κ = 0.35. Normal incidence: a) E-plane Eθ(θ, φ = 0◦); b)

H-plane Eφ(θ, φ = 90◦).
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(a)

(b)
Fig. 10. RA 3×3: calculated and simulated radiation patterns for κ = 0.35. Oblique incidence (θi = 20◦): a)

E-plane Eθ(θ, φ = 0◦); b) Eφ(θ, φ = 90◦).
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(a)

(b)
Fig. 11. RA 5×5: calculated and simulated radiation patterns for κ = 0.35. Normal incidence: a) E-plane Eθ(θ, φ = 0◦);

b) H-plane Eφ(θ, φ = 90◦).
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(a)

(b)
Fig. 12. RA 5×5: calculated and simulated radiation patterns for κ = 0.35. Oblique incidence (θi = 20◦): a)

E-plane Eθ(θ, φ = 0◦); b) Eφ(θ, φ = 90◦).
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IV. CONCLUSION

The application of an entire-domain basis function with segmented edge condition has been presented
for the computation of the scattered field of rectangular microstrip patches. By performing numerical
analyses, this basis function demonstrated to be very efficient, since only two modes were necessary to
model rectangular patch scatterers accurately. The results obtained have been validated by comparison
to radiation pattern calculated with Ansys Designer, whereby the proposed approach used less than 1%
of the unknowns demanded by the commercial software. This is an interesting feature for the analysis
of large reflectarrays.
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