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Abstract— The definition of parameters that characterize tle
radiation of electric and magnetic fields for antemas in the time
and frequency domain on an unified representations proposed.
The formulation uses a straightforward semi-analytcal
formulation that can be subsequently applied on theanalysis of
excited antennas for an arbitrary source with tempeoal behavior.

The effective height is a parameter for antenna argsis defined for
guantities in far field region and can be used as @&ansfer function

of the antenna. This transfer function can be desdred through the
antenna singularities which can be obtained by singdarity

expansion. The Singularity Expansion Method (SEM)s capable to
model an electromagnetic quantity with the singulaities extracted
by the current densities of an arbitrary object. THs work proposes
that the singularities are extracted by the Matrix Pencil method
applied on the current densities. The current densies are obtained
numerically through the method of the Finite Differences in the
Time Domain (FDTD) for wired log-periodic antenna and, after the
singularities are obtained, the formulation of thesemi-analytical
effective height equation is written. To validate he presented
method, a formulation of the time-domain radiation pattern is

presented and a corresponding frequency-domain radtion pattern

is also presented using Parseval’s theorem.

Index Terms— SEM, FDTD, Effective Height, Matrix Pencil.

I. INTRODUCTION

In most cases, electromagnetism problems analysthiads presume the electric and magnetic
fields and their associated quantities have harene@mporal behavior. This indicates that the
solutions are found in frequency domain since is tfomain the computation of the solutions is
straightforward. The corresponding temporal sotutis obtained through the inverse Fourier
transform.
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However, harmonic electromagnetic fields have besed for decades in project and analysis of
mathematics models and devices like sources arehed for wireless communications. Antennas
and excitation sources design have been developdaduency domain to obtain lower cost and
higher efficiency. Therefore, frequency domain rmeth are more appropriated to analyze

narrowband antennas.

If a wideband antenna is required, a frequency domeethod has considerable difficulties since
the solution must be found in each frequency wigimiicant magnitude of the problem. If a huge
amount of frequencies is present in the analyzelddj frequency domain methods may be not the

best choice to find the radiated fields by thisetadnd antenna.

Many electromagnetic problems can be solved dyrécttime domain. However, greater memory
and computer processing is required in these caeshardware enhancement of personal computers
has enabled time domain methods to solve somer@ieagnetic problems with less mathematical

calculations. In these cases, the solution is pbthfaster that in frequency domain methods [1].

The numerical analysis in temporal domain has ratéih the study of wideband signals. Good
results were obtained and validated by experimentdsure [2]. More recently, a large effort has
been made to apply temporal domain methods to \ittbantennas and fields calculations.
Parameters are defined directly in time domain winmcrease insight about how the energy radiates
when considering the complete signal with all tsgfiencies instead of frequency to frequency

analysis [3], [4].

The most widely method used to numerically sohezbmagnetic equations in time domain is the
Finite Difference in Time Domain (FDTD) method, posed by Yee in 1966 [5]. However, the
FDTD is a numeric method and does not provide aaly#ioal solution which characterizes an

antenna and its radiated energy.

An analytical solution can be obtained even foromglex geometry antenna or non-harmonic
excitation source using the effective height [4)eTeffective height is, in essence, a transfertionc
of an antenna and describes the relationship bettheeinput voltage signal and the radiated figld.

can be described in time and frequency domain.

It is possible to describe the effective heighotigh an unified way which is capable to easily be
exchanged between frequency and time domain fotiook The Singularity Expansion Method
(SEM) [6] is proposed to define the effective heigince the SEM is a representation of a quansity a

a function of its singularities in the complex pah These singularities have easily representation in
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time and frequency domain which is the reason tieetive height becomes unified between time and

frequency domains.

The SEM raised from the necessity of analyzes extadf fields of objects and signals radiated by
narrow pulse fed antennas. However, the SEM camsbd to develop any wideband model, not just

the pulsed ones.

The singularity extraction from experimental dataswmplemented by [2]. Recently works have
been applied SEM through current density and redidields [7]. However such approach has
disadvantages. If the excitation is changed, atjidarities must be recalculated. The effectivehtei

is a transfer function so the excitation can benged arbitrarily.

In this work the SEM is used to obtain a unifieteefive height in time and frequency domains.
The singularities can be extracted from the anadytiesponse but this limits the analysis to simple
geometries. Thus, the singularities are extractegttly by a temporal numerical method using fields
and current densities that is obtained by FDTD. Wagrix Pencil method was chosen to extract the
singularities from the temporal electric and magnetirrent densities because it is very efficiemd a
robust [8]. Since the singularities are obtainethercally, the formulation of the effective height
so called semi-analytical. Concomitantly with thevelopment of this work, the use of SEM and
effective height was implemented in [9] where &aue is defined around the antenna instead using
the antenna surface itself and the singularities extracted from the currents and fields of this

spherical surface.

An impulsional response of an antenna is neededtlfer singularity extraction. As known,
analytical response from impulsional source camlitained for simple antennas. However, in more
complex cases an analytical response cannot bel fdinerefore, the semi-analytical approach can be
useful to obtain wideband time and frequency domasponse. A Log-Periodic Dipole Array
(LPDA) is a wired antenna that is wideband andrt@san analytical formulation which describes the
energy scattering. Thus, this antenna was chosetutidate the approach. In order to validate the
results, the same geometry was simulated by Methddbments (MoM) which can handle very well
wired antennas and produces results with high gi@ti A comparison between MoM and semi-
analytical effective height can be done by Foutriensform of the time-domain results. However, to
easy the process a simple and faster approaclkds Tke radiation pattern of the LPDA is defined by
the energy of the signal normalized by its maximlsing the Parseval's theorem it can be proved

that the frequency and time domains radiation patiee equivalent.
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This work is organized as follows. The singulamtypansion method for modeling the transient
radiation phenomena is analyzed in Section Il. ™etrix Pencil method and the selection of
contributing singularities are presented in SectlbrSection IV describes the effective heightaof
antenna and Section V presents the LPDA modeliagsdpval’'s theorem used to define time and
frequency domains radiation pattern is presente@dntion VI. The application of the proposed
methodology to the analysis of the LPDA is thensprged in Section VII. The concluding remarks

are summarized in Section VIII.

Il. SINGULARITY EXPANSION METHOD

As known, the scattered field from any object byirsmident pulse wave has two components: the
Early-Time which represents the direct reflectidntlee incident pulse and the Late-Time which
represents the resonance of the natural frequenog<auses a damped-oscillatory behavior at the
scattered field. The natural frequencies are astamtiwith the geometry and electrical properties of
the scatter. The Early Time is often too short aad be disregarded (except in a very electrically

large structure) [10].

After the incident pulse wave is dead, some regpatii can be measured. This occurs due the
oscillation at the natural frequencies of the objécscattered field by these natural frequencess c
be decomposed in a sum of exponentially dampedaids which in frequency domain represents a
pair of poles and residues. A singularity is dedilas a pair of pole and its corresponding residihe.
procedure of finding all singularities and buildiag electric or magnetic response with them, is

called Singularity Expansion Method.

The scattering response of an arbitrary objectogawritten as [10]

(G) (G (yr
U9, =Y {"%‘ e T )} +WO(ers), @

where U@ (1, s) is the quantity modeled by SEMN fepresents the quantity which the singularities
are extracted). The sum adds the contribution of each singularity aoted from the object. The

(s — s,)™ term represents the contribution of the poles wlhgrindicate the pole order. The term

noff)(e,s)véc)(r') is the coupling coefficient multiplied by the n@lmode. This term can be

analyzed through the object geometry and its etattcharacteristics but with numerical extractadn

singularities, such analysis is not necessary lsecdhis term is directly determined [11]. The

W@ (e,r’, s) function represents the Early Time, usually diardgd.
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[ll. MATRIX PENCIL AND SELECTION OF CONTRIBUTING OF NATURAL BPLES

There are two methods widely used to extract sariids from a temporal response: Prony and

Matrix Pencil. However, the Matrix Pencil methodnsre efficient and robust [2].

Each natural frequency obtained by the Matrix Henethod contributes to some degree or another
to build the response. Some of them can be disledabecause they have not sufficient energy to
affect the scattered fields. Eliminating these ralturequencies, decrements the overall time

simulation.

The significant natural frequencies can be obtaimg@ pre-defined criterion [12]. Among tivé
extracted singularities, there will be a smallegsiarities number which corresponds to the natural
frequencies. The Matrix Pencil provides the singtiéss in the form of a pair of poles and residues.
These poles and residues can be used to definaemgyecriterion for selection of the contributing
singularities extracted by the Matrix Pencil. UsiagthresholdTh, an expression can be written
according with [12],

fa < Th
P, ' (2)

whereP, = |R,|/|o,| is a weight defined to account the effect of girgularity andP; is the higher
amplitudeP, which is used to normalize the weights. Singuksithat satisfy the Equation (2) are

eliminated.

However, the Equation (2) is not sufficient for @dlises. In some objects there are singularitigs tha
do not contribute to the overall response but ateetiminated by the Equation (2) criterion. These
singularities are responsible for fast responseyioefore the Late Time and must be eliminate@. Th

elimination of these singularities can be madehyfollowing criterion [12].
log| > |lomaxls 3

wheree~lomax|TL ~ Th andT;, is the beginning of the Late Time.

IV. EFFECTIVE HEIGHT AND THE SEMHANALYTICAL FORMULATION

The effective height can be defined as the relatign between the excitation voltage and the

electric field radiated by an antenna. It can dendd in time domain as described in [4],
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foa 0 sl r-r 1 (., 1D SN
h(r,t)=a Ji(r',t+ +—M r,r+T X | dv’. (4)
Vl

c Mo

The electric field is written using the formulatiohthe effective height expressed in Equation (4),

Bt = - @D« f@],  t=t-r, (5)

where thet index in Equation (4) indicates a transmitter ange The current densities in time domain
originated by a pulsed excitation is represented®ogndM?® and the argument + fTr is the delay

from the excitation point to observer whar@ndr’ are observer and source coordinate system. In
Equations (4) and (5 is the speed lighty, is the intrinsic impedance of vacuum aagl is the

permeability of vacuum. The functigi{r) is an arbitrary excitation.

With the SEM formulation, the impulsional currergndities can be described in function of the
object singularities which are extracted by the iMaPencil. In this work, the object is built with

perfect electric conductor so there are just singier poles [6].

RO (v,

1=y %} ©
M),/

MO@,s) = ) W} (7)

whereR, (1, s) = 1o_(e,s)v,(r') is the residue obtained by the Matrix Pencil [T0fus, in terms

of the object singularities, the effective heigahde written as

h'@ ) =U(t- E) 2 RV, s,)e%(2) 8)

and

fr’

1 rr
REV(r,50) = f sa[RE!l(r',sa)+,,—R&M)(r',sa)xf]esa(c)dV'. (©)
! 0

%4

Through the Laplace transform, the correspondiaguency domains(= jw) can be obtained in a

simple way, as described in Equations (10) and (11)
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The Equations (8) - (11) define in a unified wag #gffective height since it is simple to transform

to and from time or frequency domain. It is a tlwolfar field analysis with a semi-analytical fortau

V. LOG-PERIODIC DIPOLE ARRAY

LPDA antennas are known as frequency independemitcan used in wideband applications.
Although using MoM provides good results when agplon wired antennas, an analytical solution is
very hard to obtain to this antenna when exciteavlieband signals. Even MoM can have a highly
computational cost for wideband signals. To illatgr the use of the purposed semi-analytical
effective height, the results in frequency domamm @mpared with MoM results. Table | and Fig. 1
describes the LPDA used in this work. The bandwidththis antenna is from8.064 MHz to
44.102 MHz, obtained by the resonance of the bigger and endifboles [11]. It can be seen that this

LPDA has a significant size.

TABLE I. LPDA SIZES

Segment Length (m) Radius (mm) | Segment Length (m) Radius (mm)
1 4.1518 15.875 12 0.1524 0.5131
2 4.1518 15.875 13 0.9964 0.5131
3 3.3214 12.7 14 0.7974 0.5131
4 3.3214 12.7 15 0.6376 0.5131
5 2.6572 9.525 16 0.5102 0.5131
6 2.6572 9.525 17 0.1524 0.5131
7 2.1257 7.9375 18 0.9964 0.5131
8 2.1257 7.9375 19 0.7974 0.5131
9 1.7006 6.35 20 0.6376 0.5131
10 1.7006 6.35 21 0.5102 0.5131
11 0.061 0.5131
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Fig. 1. Elements numbers of the LPDA fed by thexffrend.

Through FDTD, the LPDA can be simulated using tiéoWwing parameters: the cell size can be
found analyzing the resonance frequency of onéhefseveral half-wave dipoles. The relationship
between the maximum frequency in the computatideahain and the segmentation of the antenna

can be expressed as [11]

Ngeg = @ N, (12)

whereN,, is the number of segmentsjs the size of the chosen dipateis the speed of lighfy, .

is the maximum frequency with significant amplityztesent in the computational space Apds the
mesh resolution, usually set fo@ or 20 [13], is defined as the ratio between e, = ¢/fnq and

the FDTD cell sizeA. In order to determing,,,,, we choose the value of twice the resonance of a
half-wave dipole as considered in [11]. The resoraof the half-wave dipoles of the LPDA in Fig. 1
is greater for the small dipole consisting of thenents9 and 10. Thus, sincef, = c/4, is the
resonance frequency, = 1,/2 so f, = c¢/2h. Finally, fq.x = 2f,- With these parameters set and
N, = 20 to lesser dispersion level, the number of segmeiedement® and10 is Ny, = 20. The

cell size can be determined as

hseg:9 and 10

A= , (13)
Nseg
and the others segments can be defined as
hseg:n
Nn = INT T ) (14)
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whereN,, is the number of cells of an element defined lyngthhg.p,.

The final modeling of the FDTD space is determinihg time step size for a tridimensional grid.
SinceAt = A/+/3, the times step &t = 3.275 x 10710 s.

The excitation of the LPDA must excite all natufe@quencies so an approximate impulsional
current density can be determined. However, the APas a bandwidth limited by high and low
frequencies which are function of the resonancquieacy of front-end and back-end dipoles. A
Gaussian pulse is a natural choice and widely trsextract natural frequencies since it has a well-
known behavior. Nevertheless, a Gaussian pulsdange amount of low frequencies. This can be

avoided using the first derivative of the Gausgatse because this waveform does not contain low
frequencies and DC component as seen in Fig. Figna.
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It is important that the excitation does not camtBiequencies out of the band of the antenna
because very low frequencies cause errors on tigilarities extraction by the Matrix Pencil and

very high frequencies cause dispersion error irfFDED grid.

The SEM formulation for the LPDA is presented dkofes. Considering that the singularities were
extracted by Matrix Pencil method, the semi-anefjtformulation as described in Equation (9) can

be determined as

¢ x' sin @ cos p+y' sinfsinp+z’ cos
RE @', s0) = f SaR,%(r’,sa)es“( c v (15)
V’
and
¢ x' sin O cos p+y’ sin B sinp+z’ cos O
R((ll:p)(r,’sa) =f Sa R((llq)b(rlea)esa( ¢ )dVIJ (16)
V’

where there are nd?éM)(r’,sa) terms because the LPDA has only perfectly eleataoductors.

Finally the effective height can be determined loqy&ion (8).

VI. PARSEVAL S THEOREM

The Parseval’'s theorem implies that the energy déraporal signalc(t) € R has the same
magnitude of the frequency spectrum energy, obddiyethe Fourier transforki(w) of the temporal

signalx(t). This can be expressed as

[oe]

f lx(t)|2dt = J ) 1X (0)|2dw. (17)

The radiation pattern in the frequency domain lsudated using the square of quantity module like
the electric far field or the radiation intensifjfus, using the Parseval's theorem, if a sinusoidal
waveform is used as excitatigitr) in Equation (5), the temporal response obtainethbyeffective
height can be validated - using another frequermyain method, like MoM - without any Fourier
transform of the temporal effective height respofiseaccomplish that, the radiation pattern must be
defined as the signal energy normalized by its mara since the energy is the same in time and

frequency domain.

To summarize the whole process of obtain and v@idiae semi-analytical effective height, a

fluxogram is presented in Fig. 4.
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LPDA modeled in FDTD ’

Near-field simulation Surface current densities obtained

/

‘ Matrix Pencil applied in current densities ’

Singularities extracted Selection of contribuiting singularities

N/

’ Effective height determined for LPDA ‘

Time-domain radiation pattern Validation by MoM - using Parseval

Fig. 4. Fluxogram of the effective height deterntioia and validation

VIl. RESULTS AND DISCUSSION

With the LPDA defined, the results obtained by Heeni-analytic effective height are compared
with the same LPDA simulated by MoM through thetwafe4NEC?2 [14]. Since the bandwidth of
this antenna is from8.064 MHz to 44.102 MHz, to illustrate and validate the effective heighito
frequencies were chosen inside the LPDA bandwi2i805 MHz and34.05 MHz. The frequencies
near the limits of the band were avoided becausesihgularities are not well extracted on these
limits [11]. The Fig. 5-7 shows the radiation pattebtained by MoM and effective height for the
¢ = 0° andf = 90° planes.

Fig. 5. Radiation pattern obtained by effective heend MoM for the plang = 0° at28.05 MHz.
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Fig. 6. Radiation pattern obtained by effective hemnd MoM for the plan@ = 90° at 2805 MHz.
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Fig. 8. Radiation pattern obtained by effective heand MoM for the plan@ = 90° at 3405 MHz.
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The slight differenced showed in Fig. 5-8 can bpl&red by the followings assumptions: FDTD
dispersion is significant on higher frequencies; rMabsorbing boundary condition was used;
modeling approximations; excitation frequency remo has not uniform amplitude for all
frequencies; steady-state response of the LPDAentsrtake very long time to simulate, so the
currents are truncated in time. These factors dumsaffect the time and frequency response
significantly, however, they can degrade the siagués extraction. When singularities are shiféd
the complex plane, the effective height is slightiyt noticeable, affected. For instance, it can be
noted an asymmetry in the effective height in Fgand Fig. 8 which occur due the asymmetry
between a pair of complex poles that should nastakianalytical singularities determination were

carried out.

VIIl. CONCLUSION

A semi-analytic effective height formulated withetBingularity Expansion Method was proposed.
The singularities were obtained numerically by NMmegrix Pencil method applied on temporal currents
provided by FDTD. The semi-analytic effective haigtan be easily represented in time and
frequency domains and is very useful to obtairfilds quantities in arbitrary positions and ang&nn
parameters like radiation pattern. The formulatieas tested and validated comparing the radiation
pattern of a Log-Periodic Dipole Array antenna vhias not analytical solution, with the Method of
Moments solution. The obtained results have goodemgent but the simulation environment has to

be investigated and refined.
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