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Abstract— In this paper, we explicitly show a complete analysis and
detailed calculation of propagation characteristics of the effective
refractive indices of the core and cladding for a long period grating
employing both the Two-Layer and Three-Layer Geometries. The
results are achieved employing graphical solution methods and
presented in terms of the effective refractive indices of the core and
cladding. Then, we compare the results with OptiGrating
(Optiwave Systems Inc., Ottawa, Canada). Finally, we point the
best model to evaluate the effective refractive indices, avoiding
incorrect designs of the long period gratings.

Index Terms— Effective Refractive Index, Long Period Gratings, Propagation
modes, cladding modes.

. INTRODUCTION

Nowadays, long period gratings (LPGs) has a growing importance in the fields of optical
communications and fiber sensors technologies [1-4]. In single mode fibers, LPGs couple energy from
the fundamental guided mode propagating in the core (LP,,) to different co-propagating symmetric
cladding modes (LP,,,,m = 2,3,4...), satisfying the phase-matching equation [5]:

ABT™ = Bep = Bl = o ()
where AB™ s the differential propagation constant, A is the grating period, S, and ﬁggg are the
propagation constants for the fundamental and mth cladding modes, respectively.

These cladding modes have different propagation characteristics that are dependent upon the host
fiber and the refractive index of the external medium [6]. Also, they attenuate rapidly, due to large
scattering losses at the cladding-air interface and bends in the fiber [7], and thus leave several
attenuation bands centered at discrete resonant wavelengths (A7) in the transmission spectrum,

obtained through the phase-matching condition and represented as [6]:

Ales = (ng}f,co - ng}f,clad)A )

where ng} is the effective refractive index of the fundamental core mode, ngtf .44 i the effective

f,co
refractive index of the mth cladding mode, and A is the period of the LPG.

In order to estimate the effective refractive indices of a LPG, the propagation constants of the
fundamental and cladding modes must be prior calculated. An analysis of the theoretical background
of LPGs has revealed two main theoretical formulations for this purpose, both are based on weakly
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guided approximation [8] to determine the effective refractive index of the fundamental core mode.
However, these theories distinguish in the analysis of the propagation characteristics of the cladding
modes.

The first method, reported by Vengsarkar [9], is the Two-Layer Geometry model, which simplifies
the analysis and calculation of the propagation characteristics of the cladding modes by ignoring the
effect of the core. The second one, proposed by Erdogan [10-11], is the Three-Layer Geometry model.
In this case, the propagation of the cladding modes are described more accurately since both the core-
cladding and cladding-ambient interfaces are taken into consideration to calculate the propagation
constants and effective indices of the modes.

Reference [12] shows a complete method to determine the total transmission characteristics of LPG
grating. The model treats interaction between the fundamental LPO1 mode and high-azimutal-order
cladding modes with arbitrary azimuthal and radial refractive index variations. This method is an
excellent choice for the complete analysis of LPGs with different profiles but the graphical method
presents less computational costs and can be used for simple LPG geometry applications.

This paper reflects a complete and detailed simulation analysis regarding the Two-Layer and Three-
Layer Geometries using a graphical solution method to estimate the propagation constants and the
effective refractive indices of the LPG. We use the MATLAB (The MathWorks, Natick,
Massachusetts, USA) to develop simulation processes aiming accurate results of the LPG parameters
calculated. Also, we validate the results obtained by comparing them with OptiGrating (Optiwave
Systems Inc., Ottawa, Canada). Finally, we define which geometry model will provide correct results,

and thus, avoid erroneous design of the LPGs characteristics.

Il. DETERMINING THE EFFECTIVE REFRACTIVE INDEX OF THE CORE

In order to evaluate the propagation characteristics of the guided core mode, optical fiber
waveguide geometry is employed [13]. We assumed that the fiber geometry consists of two concentric
cylinders with a step index profile that presents a uniform central core surrounded by an infinite and
homogenous cladding [13-14]. Besides, we consider that the optical fiber exhibits a small normalized
core-cladding index difference, so that the fiber can be assumed to be only weakly guiding (A« 1)
and the linearly polarized (LP) approximation [8] can be used to describe a mode guided by the fiber
core.

Eventually, it is possible to find the propagation constant of the fundamental core mode (LPy,)
from a particular dispersion relation given by an eigenvalue equation, as follows [13-14]:

tteo (2) = wo (120ed) ®)
where Jo and J; are Bessel functions of the first kind, of order zero and one, respectively, and K, and
K, represent the modified Bessel functions of second kind, of order zero and one, respectively.

Finally, u., and w, are the normalized transverse wave numbers described in terms of the normalized
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frequency of the fiber (V), which is dependent upon the guide and light frequency, and defined as
[15]:

2maco
V= (HT) ngo - n?lad (4)

Uco =VE—WE (5)

We can define the desired parameters of the optical fiber such as core diameter (a.,), and refractive
index of the core (n.,) and cladding (n.44), that permit us to calculate the normalized frequency and
then, we can use (5) to establish eigenvalues that satisfy (3).

Thus, we use a graphical solution method and plot the left-hand and right-hand sides of (3) on the
same axis to obtain graphically the intersection point between them for the fundamental core
mode (LPy;). The coordinates at the point of intersection specify the eigenvalue and thus the
normalized transverse wave numbers ue and we,, these parameters are related to the propagation

constant of the fundamental core mode (f,,), written as [16]:

Beo = \/(knco)z - (Z_ZZ)Z = \/(277[”00)2 - (Z_z:)z (6)

where K is the free space propagation constant. Using (6), we obtain the effective refractive index of

the core as follows [17]:

BCU BCUA‘
Neffco =% = Sp (7

Considering the set of fiber parameters shown in Table I, the value nes, = 1.4523316 is obtained
using the software OptiGrating for the fundamental mode (LP,;). The value found for the core
effective refractive index lies between ngqq < nerrco < Mo, and also matches with the one obtained

by solving (3) for the LPy; mode employing the graphical method, shown in Fig.1.

TABLE |. PARAMETERS IN SIMULATION MODEL

Symbol Parameter Value
aco Core radius 2.5 um
Aclad Cladding radius 62.5 um
Neo Core refractive index 1.458
Nelad Cladding refractive index 1.45
Next External refractive index 1
A Central wavelength 1450 nm
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Fig 1. Solution by the graphical method pointing towards the intersection of the two functions present in the dispersion
relation for the fundamental mode of the core.

I1l. DETERMINING THE EFFECTIVE REFRACTIVE INDICES OF THE CLADDING — TWO LAYER GEOMETRY

The Two-Layer Geometry approach allows the calculation of the effective refractive indices of the
cladding ignoring the presence of the core [18]. So, this method is very similar to the procedure for
determining the core effective refractive index, because the fiber geometry is once again based on
only two layers, which in this case are the cladding and surrounding medium [9, 19]. However, this
approach presents a multimode step-index structure whose core and cladding acts as one multi-mode
fiber and the surrounding environment as the new cladding in the LPG region [9]. This leads to a

modification in the normalized frequency (V) and normalized transverse wave numbers, given by:

_ (2maciad 2 2
V= ( 2 ) Nclad — Next (8)

Uclad = ’VZ - Wc?lad (9)

Thus, we use a graphical solution again and plot the left-hand and right-hand sides of dispersion

relation for the cladding modes, given by:

Utad (]1(uclad)) = Wyong (Kl(Wclad)) (10)

Jo(Wciad) Ko(Wciaa)

Owing to the large diameter of the cladding, it is able to guide many different light modes. Thus, a
graphical representation, seen in Figs. 2-3, will show many intersection points each one corresponding
to the eigenvalue that satisfies (10), and specifies the normalized transverse wave numbers related to a

specific cladding mode. Therefore, the propagation constant corresponding to each cladding mode of

(m) i (m) (m) .
order m, (8,,,4): can be determined from the related u,,,, and w,, .-, as follows:
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m) . 5 u(rln)d 2 o 2 u(rln)d 2
= n — | —£ac = (_ n ) = 11
Bclad ( clad) Aclad 2 clad Aelad ( )

Once we have calculated the propagation constants of the cladding modes, it is possible to

determine the effective refractive indices using:
(m)

(m)
(m) _ Beoida _ Bada?
Neffclaa = Cka - Cz;lr (12)

IV. DETERMINING THE EFFECTIVE REFRACTIVE INDICES OF THE CLADDING — THREE LAYER
GEOMETRY

This method proposes a more accurate description of mode propagation in the cladding. For this
approach the core presence is not ignored any longer. This means that the cladding modes are
calculated considering three layers, which in this case are the core, cladding and external medium.
Thus, it permits us to obtain the exact value of the cladding modes corresponding to the three-layer
fiber geometry. The expression for the dispersion relation for a cladding mode is given by [10-11]:

Cladding Modes using 2-Layer Geometry
150
: ' : : [ I L [T

i [— LHS of dispersion relation
{ —— RHS of dispersion relation

Fig. 2. Solution by the graphical method representing the dispersion relation condition for the LP,, cladding modes using
the Two-Layer model. Intersecting points on default MATLAB vertical lines must be ignored.
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Fig. 3. Details of the intersection between the two functions of dispersion relation for some cladding modes. By default,
vertical asymptotes are drawn as solid vertical lines, which are ignored for intersection points.

where [10-11]:

010U U
Uz (]K"'zle)pl(aclad)—K‘h (actad)tiTi(aciad) _uzsl(aclad)

$o =¢o

1

,’f = — Nclad%co%clad
0=
g2 uszp Upy Usp ot
T K pi(aciaa)t—Z—=—ai(aciaa)+ ri(dciad)
(ngladaclad nZoaco noaclad "Zpaco

2
uzz NextU21 usz2 uz1
uz(—]_ zex K)I’l(aclad)_ CIl(aclad)_acorl(aclad)

E’ =0 Aclad” MggqQco Aclad
0o — ¥ 2 2
n 1 0102U21U32 n
uz( LXK +— 3 >pl(aclad)_ XK qi(aciaad) +IT1(Aclaa)—
Nclad Nco%colclad Nco

The following definitions have been used i
iln

o, = Zf;ff

0, = ilngsrZ,

u, = 2771 (ngo - nﬁff)

_2r 2 2
U =7 (nclad - neff)
_2r 2 2
W3 =7 (neff - next)
. =L _1
2= uj  uf
1 1
Uz = +—
TR
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J= 1 (11—1(u1aca)—]l+1(ulaco))

2 uyJi(ugaco)

K=_1 (Kl—l(W3aclad)+Kl+1(W3aclad))
2 w3K(W3aciqq)

(1) = Ji(ur)Ny(uzac,) — Ji(upac, )Ny (u,r)

q() = %Ul(uzr)[Nl—l(uzaco) = Nip1(upaco)] — Ny(uar)[Ji-1 (Uzac0) — Ji41 (Waac) 1}

n(r) = %{Nl(uzaco)[]l—l(uzr) — Jiv1Uam)] = Ji(uac0) [N;—1 (upr) — Ny q (upr)]}

(23)

(24)

(25)

(26)

(@7)

5(r) = i{[]l—l(uzr) = Jip1 (U ]INi— 1 (Uaaco) — Ny (Upaco)] — Um1 (Uaaco) = Jiva (U2000) 1IN, (upr) —

Nl+1uZr

(28)

In (13-28), Z, = \/uo/€o = 377 Q is the electromagnetic impedance in vacuum, N is the Bessel

function of the second kind, or the Neumann function. The dispersion relation given by (13-28) is

straightforward to solve numerically. Also, our analysis is limited to LPGs with azimuthal order | =1,

this means that the coupling occurs between the fundamental guided mode and the circularly

symmetric cladding modes [10-11].

Thus, using (13), a graphical solution method allows direct calculation of the effective refractive

indices of the cladding modes by determining the intersection points (excluding intersecting points on

vertical lines) in the graphical representation of the dispersion relation, shown in Figs. 4-5.

Cladding Modes using 3-Layer Geometry
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Fig. 4. Solution by the graphical method representing the dispersion relation condition for the LPOm cladding modes using
the Three-Layer model. Intersecting points on default MATLAB vertical lines must be ignored.

Brazilian Microwave and Optoelectronics Society-SBMO received 11 Mar 2016; for review 17 Mar 2016; accepted 2 Mar 2016

Brazilian Society of Electromagnetism-SBMag © 2016 SBMO/SBMag

ISSN 2179-1074



Journal of Microwaves, Optoelectronics and Electromagnetic Applications, Vol. 15, No. 2, June 2016 142
DOI: http://dx.doi.org/10.1590/2179-10742016v15i2622

01

Cladding Modes using 3-Layer Geometry

= Vertical line! b

¢ Intersection phint

o

o

Intersectiq:)n point

01 — — i B :
144775 144800 144825 144850 144975 1.44900

Fig. 5. Details of the intersection between the two functions of dispersion relation for some cladding modes. By default,
vertical asymptotes are drawn as solid vertical lines, which are ignored for intersection points.

It is important to note that the vertical lines of the graphical representation, shown in Figs. 2-5, are
not really part of the function. This means that the intersecting points on these asymptotes must be
neglected, the vertical asymptotes only indicate that the distance between the curve and the line
approaches zero as they tend to infinity.

V. COMPARISON BETWEEN THE TWO-LAYER AND THREE-LAYER GEOMETRIES
Distinguishing from the Two-Layer model, which graphically obtains the intersection points from a

set of normalized transverse wave numbers, the Three-Layer model uses a range of cladding refractive
indices to find the intersection points. The values found for the cladding effective refractive indices

using both Two-Layer and Three-Layer geometries lie between n,,; < ngr;’},dad < Neaar @nd were

obtained using the same parameters shown in Table I.

The set of parameters shown in Table | were also used to calculate the values of the effective
refractive indices of the core and cladding modes using the software the OptiGrating. Table Il
summarizes a comparison among all the results of the effective indices of some LP modes at A = 1.45
pm.

We note that the effective indices of different cladding modes present a drastic difference for both
geometries evaluated. On the other hand, the effective refractive index of the fundamental mode of the
core (LPyq) is equal to both geometries and OptiGrating software, as expected since they use the
weak guided mode theory [8,11].

Furthermore, as observed in Table I, the Three-Layer model calculated values are in accordance
with those obtained by the Optigrating, so that it is possible to validate the high accuracy of the Three-

Layer model of effective refractive indices calculation.
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TABLE Il. COMPARISON OF THE EFFECTIVE REFRACTIVE INDICES OF THE CORE AND CLADDING MODES VALUES CALCULATED BY

THE TWO-LAYER AND THREE-LAYER GEOMETRIES AND OPTIGRATING V.2.2.

Effective Index

Mode 2-Layer Geometry 3-Layer Geometry OptiGrating
LPyy 1.452332 1.452332 1.4523316
LPy, 1.449858 1.449954 1.4499581
LPy3 1.449650 1.449801 1.4498174
LPy, 1.449351 1.449543 1.4495803
LPys 1.448959 1.449182 1.4492489

The difference in effective refractive index calculation between the two and three layer model can

be significant in sensing applications due to the resolution measurement that relies in resonant

wavelength shifts with magnitude of some picometers. The refractive index error of 1% corresponds

to an approximate 15 nm error in resonant wavelengths determination [20].

Figure 6 shows the experimental data used to verify the simulation results, collected using a 330 um

period LPG, showing a resonant peak located at 1559 nm. Figure 7 compares the experimental result

with the Three-Layer Model and shows a difference in resonant peak wavelength of approximately 3

nm, which can be relevant for sensing systems. The Two-Layer Model yields a higher displacement in

the resonant peak wavelength due to higher error in the effective refractive index, as can be seen in

Table 11, therefore, should not be used in sensing applications.
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Fig. 6. Output of the Optical Spectrum Analyzer in response to a 330 um period LPG.
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Fig. 7. Detail of the difference in resonant peak wavelength between experimental data and Three-Layer Model.

V1. CONCLUSION
We reported a complete and detailed analysis of the propagation characteristics of the core and
cladding modes of the LPG. The cladding analysis showed distinct results for the effective refractive
indices in both geometries evaluated. In addition, the results obtained by the Three-Layer geometry
were validated with the OptiGrating and experimentally. Thus, a complete analysis of the Three-Layer
model is required to model the cladding modes in LPGs. On the other hand, the simple Two-Layer
approach may lead to erroneous design of the LPGs characteristics.
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