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Abstract—A full-wave analytical method using the addition 

theorems and Hertzian potential functions are used to compute the 

radar cross section of a sphere coated by several layers composed 

of common materials and metamaterials. The minimization and 

maximization of radar cross section of a perfectly electric 

conductor sphere with such coatings are realized in a frequency 

band-width and in a wide interval of angles. One of the novelities of 

this contribution is, taking into dispersion relations of physically 

realizable metamaterials. So that the optimization procedure for 

RCS reduction is applied due to the coefficients describing 

dispersion characteristics.  The method of least square is used for 

the design of a class of radar absorbing materials. The 

minimization of the error functions are performed by the 

combination of genetic algorithm and conjugate gradient method. 

It is shown that the proposed method of computation of radar cross 

section and its extremization effectively leads to the design of 

dispersive and isotropic metamaterials for the realization of radar 

absorbing materials. 
  

Index Terms—Metamaterial; Multilayer; Perfect Electric Conductor; Radar 

Cross Section. 

 

I. INTRODUCTION 

In this paper we consider a multilayer coating composed of metamaterials (MTMs) [1-5] on a 

dielectric or conducting sphere for the purpose of ultra wide band reduction of  its radar cross section 

(RCS) [6-7]. Application of common materials to the coatings of objects does not by themselves alone 

provide an ideal method for the reduction of RCS. On the other hand, combination of common 

materials and metamaterials provide an effective means for the reduction of RCS. 

Here metamaterials are used as radar absorbing materials (RAMs) [8-10], which may be used for 

the reduction of RCS, and also wall coatings inside anechoic chambers, antenna coatings for side lobe 

level reduction, and shielding against electromagnetic interference in high frequency circuits. 

Dispersive models of metamaterials, such as Lorentz, Drude and resonance models are used for the 

analysis and design of MTM multilayer coatings [11-12] which are thus physically realizable, because 

they satisfy the causality relations (as the Cramers-Kronig relations). 
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RCS is a complicated function of the geometrical dimensions, physical characteristics and 

dispersion relations of the target and its layered coatings. The parameters and variables in the 

geometrical, physical and dispersive properties of an object actually provide several degrees of 

freedom to achieve the desirable features of RCS, such as its minimization or maximization. 

We consider spherical geometries, because a sphere may be considered as a canonical shape for 

modeling some parts of complex bodies. Since multilayer coating have more potential for RCS 

reduction with respect to single-layer coatings (with the same thickness), we have developed our 

method for multilayer structures. The core sphere may be made of any material such as perfect 

electric conductor or dielectric material.  

 The analysis methods for the electromagnetic wave scattering from multilayer spherical structures 

may be divided into analytic, approximate and numerical methods. We consider the incidence of a 

plane wave and its full-wave analysis using the addition theorems and the spherical Eigen-function 

expansions. Forward and backward traveling waves are considered in each layer of the coating [13]. 

It should be noted that if an object is much larger than a wavelength, then it may be modeled as a 

planar structure and the related methods may be used. Furthermore, the physical optics 

approximations (PO) may also be applied. However, the scattering of electromagnetic waves from an 

object with dimensions comparable to a wavelength, is a more complicated problem which is the 

subject of the present paper. 

Metamaterials were first considered theoretically by Veselago [14] and were then experimentally 

fabricated by Pendry and Smith [15-16]. They are usually categorized as double positive (DPS), 

double negative (DNG), epsilon negative (ENG), mu negative (MNG), double zero (DZR) [17], 

epsilon zero (EZR) and mu zero (MZR), depending on whether the real parts of   and   are positive, 

negative or zero. The sign of real and imaginary parts of the propagation constant (  ) and 

characteristic impedance () of MTMs should be properly selected, and a short discussion of it is 

also given in [18]. The interaction of dispersive metamaterial multilayer spherical structures with an 

incident wave is quite a complicated physical phenomenon. We have taken some clues from the 

multilayer planar structures composed of various combinations of DPS, DNG, ENG and MNG 

metamaterials for the reduction of wave reflection as discussed in [18] to reduce the RCS of spherical 

structures. The optimization method composed of GA and CG algorithms are used to obtain the global 

minimum point of a very complicated error function having many local minima for the design goal of 

minimization of RCS. Previously, we have analyzed the one dimensional problems of multilayer 

planar structures [5, 11, 17, and 18]. We then treated the 2-dimensional problem of multilayer 

cylindrical structures [10]. We now consider the 3-dimensional problem of multilayer spherical 

structure for the objective of extremization of RCS by the established combination of common 

materials and metamaterials for the layered coatings and inclusion of dispersion relations. Since the 

wave number in metamaterial media is negative (contrary to common materials), we expect some 
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phase cancellations in the cases that both common materials and metamaterials are used in 

combination. Furthermore, the dispersive materials possess complex and , where their imaginary 

parts are negative leading to their losses. These two mechanisms lead to effective reduction of RCS. 

II. FORMULATION OF THE PROBLEM 

The frequency selective surfaces which transmit the visible light have many applications such as the 

transparent antennas and the design of electromagnetic shield windows. 

Consider a sphere of radius 
1r coated by several concentric spherical coatings of radii , 2,3,...ir i   

as shown in Fig.1. The inner sphere may be composed of a perfectly electric conductor, dielectric 

material or metamaterial (MTM). The coating layers are made of homogeneous and isotropic 

materials or MTMs [19-20]. 
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Fig.1: The geometry of the multilayer spherical structure 

 

We express the electromagnetic fields in terms of radial components of electric and magnetic vector 

Hertzian potentials, namely 1 2
ˆ ˆ

e mr and r     for ( 0)rTE E  and ( 0)rTM H  modes 

[13]. In this manner, the Hertzian potentials satisfy the scalar wave equations, 

(1) 
2 2( ) 0 , 1,2ik i      

Then the electric and magnetic field components may be written as follows:  
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Now, consider a plane wave incident on the spherical structure 
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The radial components of fields are: 

(4) 
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We assume the time dependence
j te 

, which should be considered for the selection of right signs 

of &  . The boundary conditions are the continuity of tangential components of electric and 

magnetic fields, namely: 

(5) 
, 1, , 1,

, 1, , 1,

,

,

i i i i

i i i i

   

   

 

 

     

     
 

The expressions of boundary conditions will be functions of both 
1 and

2 , as Equations 2 show. 

However, we prefer the boundary conditions to be functions of only one Hertzian potential, namely 

1 or
2 . We may obtain such relations by a linear combination of the fields.  

Consequently, the continuity of the following quantities are arrived at the boundaries: 

(6) 

 

(( 1 2
1 2

( ) ( )
, , ,

r r

r r
 

   
 

 
)) 

 
We then express the incident plane wave in terms of the expansions of spherical functions for the 

radial Hertzian potential using the addition theorems [13]. 
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Where the surrounding medium in free space is denoted by 1i N   and 
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The scattered field is given by the following Hertzian potential with superscript s instead of i :  
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In 
mn , the first subscript m  refers to the layer and the second one refers to the mode 1,2.n   

We now express the Hertzian potentials in the spherical layers by the sum of spherical Bessel and 

Hankle functions as: 
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Inside the inner sphere, the function ˆ ( )n lY k r  is deleted, because it is singular at 0r  . 

We then consider the case of a PEC sphere. The tangential electric field on the surface of sphere 

should be zero. 
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Specifically, for (11) we have 
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We use the following identity 
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In (12) to obtain 
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The continuity of tangential fields at the boundary between layers l and 1l   are 

(15) 
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Combining (10) and the first relation in (15), we have  
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 For the second relation in (15), we have  
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Finally, for the boundary between the outer coating and the free space, we have 
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Using (8), (9) and (10), we have 
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Consequently, the boundary conditions may be written as a matrix equation; 
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With the large argument relations for the spherical Hankle functions, we have 
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Consequently, the scattered field is 
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The radar cross section is then 
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Table 1: The correct signs for k  and   in lossy cases. (All the quantities 

, , , , , , ,k k               are positive) 

  k       

j     k jk    j     j     DPS 

j    k jk    j     j     DNG 

j     k jk    j     j     ENG 

j     k jk   j     j     MNG 
 

Since k    and 





  (with j      and j      ) are computed by 

square roots, they are double valued. They also depend on the selection of time dependence, here as 

exp( )jkr j t  . The selection of correct signs for the complex quantities k k jk    and 

j       are given in Table 1 [11]. 

Various types of materials and metamaterials are used for radar absorbing materials (RAMs). These 

materials may be lossy or lossless and they may be considered nondispersive or frequency dispersive. 

The various dispersion models for materials and metamaterials are given in Table 2 [20-21]. Materials 

are usually divided into seven categories: namely, DPS (Re( ) 0& Re( ) 0)   , 

DNG (Re( ) 0& Re( ) 0)   , ENG (Re( ) 0& Re( ) 0)   , MNG (Re( ) 0& Re( ) 0)    , 

DZR (Re( ) 0& Re( ) 0)   , MZR ( Re( ) 0  ) and EZR (Re( ) 0)  .  
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Table 2: Dispersion relations for common material and metamaterial media 

Permeability model Permittivity model Class of materials 
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The main objective of the paper is to determine the parameters of dispersion relations for the 

extremization of RCS from spherical structures. We have not deal with the microscopic nature of 

metamaterials and the methods of their realizations, even though such a topic is discussed in the 

literature [18]. 

For the design of multilayer spherical coatings, an error function is constructed for the realization of 

a specified value of RCS [22]. 

(27) 2

ij

j=1 i=1

Error Function  W RCS( , )i j ij

fn n

f C


     

where ijC  are the specified RCS, ijW  are weighting functions and i,j  indicate the frequency and 

the observation angle in the specified frequency band and observation angle interval divided into 

n &f n discrete frequencies and angles respectively. The error is a function of the spherical shell 

radii (r )i
, and the parameters of the dispersion relations. 

For the minimization of the error function, we use the combination of the genetic algorithm (GA) 

[23-24] and conjugate gradient method (CG) [25] to benefit from their advantages and avoid their 

disadvantages. The minimization procedure starts by GA which is a global extremum seeking 

algorithm and does not depend on the initial values of the variables, but it is quite time consuming. 

Consequently, the GA is aborted prematurely. Then, the CG is activated, which is a local extremum 
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seeking algorithm and depends on the initial values of variables, but it is quite fast. The above cycle is 

repeated until the global minimum of the error is hopefully located [26]. 

III. NUMERICAL RESULTS 

We study the scattering properties of a sphere covered by multilayer spherical shells 

through several examples here. 

We use dispersion relations for   and   in all of our examples. However, in some 

examples we use nondispersive situations along the dispersive cases for comparison and 

emphasis of the main differences. We observe that the dispersive cases have far better results 

than the non-dispersive cases. 

We have selected distinct objectives for each example, which span over different 

characteristics, such as minimization of RCS, maximization of RCS, achievement of some 

specified pattern, single or multilayered spherical shapes, use of common materials, 

metamaterials or their combinations, inclusion of various dispersion relations and 

nondispersive materials. 

We have used an exact analytical method without any approximation, which is the 

generalization of the addition theorem and Mie method for the multilayer spherical structures. 

Our computer programs are exact, whereas the commercial simulations softwares (such as 

HFSS and CST) may encounter difficulties at critical points, say 0  , as we have observed. 

Any slight discrepancy between our results and those of the commercial softwares is certainly 

due to their approximations, because our formulation and results are analytically correct. 

Example 1. RCS of a PEC sphere 

Consider a PEC sphere of radius 
0

3r cm=  under a plane wave incidence at the 

frequency 18f GHz= . Its RCS is computed by our algorithm and obtained by the CST 

simulation software. They are drawn in Fig. 2 versus the zenith angle ( )0 180q° °£ £ , which 

are in perfect agreement. 
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Fig 2: RCS of a PEC sphere (with radius 3 cm) as a function of azimuth 

angle( )0 180q° °£ £  in plane 0j = . The values obtained by CST and the proposed 

algorithm are indicated by solid line and circles, respectively. 

 

Example 2. RCS of a PEC sphere coated by a metamaterial coating 

Consider a PEC sphere of radius 
0

1r cm=
 
with a metamaterial spherical coating of 

thickness 1cm
 

and characteristics 5 , 3e m= - = - under a plane wave incidence 

at 10f GHz= . Its RCS is computed by our algorithm and obtained by the CST software. 

They are drawn in Fig.3 versus q .  

 

 

Fig 3: RCS of a PEC sphere (with radius 1 cm) with an MTM coating with thickness 1 cm 

and parameters 5, 3e m= - = -
 in the plane 0j =  as a function of azimuth 

angle( )0 180q° °£ £ . The values obtained by CST and the proposed algorithm are 

indicated by solid line and circles, respectively. 

 

The above two examples serve to verify our algorithm for the computation of RCS of 

multilayer spherical structures. Our computer program is based on an exact method for the 

analysis of a spherical structure with an arbitrary number of layers composed of any 
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dispersive material or metamaterial media. However, the CST software may not have such 

accuracy, particularly at 0,180  . Also, simulation by CST is very time consuming. We 

have compared our program with the CST simulation at a single frequency (as a 

nondispersive case) for some verification of our code. Observe that the agreement between 

the results of our program and those of the CST simulation are good at all angles ( ) except 

the critical ones 0,180  . Our results are also verified by those in the literature [13]. 

Example 3. Reduction of RCS due to a PEC sphere with a coating of DPS material 

Consider a PEC sphere of radius 
0

5r cm= . We compute its monostatic (or backward 

0q = ) RCS in the frequency band 1 10f GHzD = -  and draw it in Fig. 4.  
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Fig 4: RCS-vs-frequency of a PEC sphere (of radius 5 cm) with a single layer of coating 

composed of dispersive and nondispersive right-handed materials. 

 

Then we consider the PEC sphere coated by a lossy nondispersive and dispersive DPS 

material layer. Minimization of RCS by the proposed algorithm is carried out and it is drawn 

versus frequency in Fig. 4. The PEC sphere is coated by a spherical layer made of lossy 

dielectric, lossy magnetic and relaxation type frequency dispersive and nondispersive plasma 

DPS materials (Re( , ) 1& Im( , ) 0)     . 

The RCS is minimized by the proposed algorithm with respect to the thickness of coating and 

the parameters of its material. Their optimum values are given in Table 3.  

The RCSs are drawn versus frequency in Fig. 4. Observe that drastic reduction of RCS is 

achieved by the application of a coating on the PEC sphere. 

Example 4. Reduction of RCS due to a PEC sphere coated by a layer of metamaterial 

Consider the same spherical structure as in example 3, except that the spherical layer 

coating is made of dispersive metamaterials having Drude, resonance and Drude & resonance 
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dispersion models. The monostatic RCS is minimized by the proposed algorithm in the band 

width 1 10f GHzD = -  and drawn in Fig. 5. The corresponding optimum parameters are 

given in Table 3. For the Drude dispersion model realized by thin wires (TW), we have 

enhanced the weight of middle frequency in the bandwidth. For the resonance model realized 

by split ring resonators (SRR), the weight is assumed uniform across the bandwidth. In this 

model, both ande m  are assumed frequency dependent. Observe that the advantage of 

metamaterials is that their dispersion models are adjustable by the variation of their 

parameters. 

 

Table 3: The parameters in the dispersion relations and the thickness of MTM coating in 

examples 3 & 4 

permeability Permittivity 

T
h
ic

k
n
es

s

(c
m

) 

Material type 

0.21 1jm = -  0.3 0.88je = -  2 Non-Dispersive 

0.72 0.95jm = -  
2.06, 0.56

0.98, 0.024

r

i

e a

e b

= =

= =
 2 

Lossy-

Dielectric 

0.1, 0.38

4.9, 0.75

r

i

m a

m b

= =

= =
 0.17 0.85je = -  0.85 

Lossy-

magnetic 

1.89, 1.007
m m

fm = =  0.1 0.04je = -  1.3 Relaxation type 

0.34 0.95jm = -  1.014, 0.08
ep e
f g= =  0.8 Drude model 

0.94, 0.1,

1

mo

m

F f

g

= =

=
 0.1 0.018je = -  2 

Resonance 

model 

0.775, 1.32,

1

mo

m

F f

g

= =

=
 0.95, 0.078

ep e
f g= =  1.9 

Drude & 

Resonance 
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Fig 5: RCS-vs-frequency of a PEC sphere (of radius 5 cm) with a single layer of coating 

composed of dispersive and nondispersive MTMs 

 

The optimum designs reported in Figs 4 and 5 are the results of minimization of the error 

function in Eq.26, which is actually our design criterion. We have also benefited from the 

conclusions of our analysis of the multilayer planar structures [18] for the solution of the 

spherical problem. 

Example 5.  Reduction of backward RCS inside a beam width at a single frequency 

Consider a PEC sphere of radius equal to 5cm , coated by a layer of material. 

Minimization of the backward RCS in the beam-width 0 360 ,150 180j q° ° ° °< < < < , leads 

to a large thickness of the layer. To decrease the thickness of the required coating, we apply 

two layers composed of common materials and metamaterials as the combination of ENG-

DPS double layer. The minimization of RCS in the beam width 30q °D = leads to a drastic 

decrease of the overall thickness of the coating equal to 1.25cm . Observe that the 

combination of DPS and metamaterials results in the reduction of RCS with effectively 

thinner coatings. The characteristics of the resultant ENG and DPS media are as follows: 

1

1

0.078 0.19

0.27 0.69

0.56

j

j

thickness cm

e

m

ìï = - -ïïï = -í
ïï =ïïî

  first layer (ENG): 

2

2

1.053 0.74

1.13 0.62

0.69

j

j

thickness cm

e

m

ìï = - -ïïï = -í
ïï =ïïî

  second layer (DPS): 

The RCS pattern of this structure at 10f GHz=  are drawn in 3-D diagrams in Figs 6 and 

7, in the range150 180q° °< < and 0 180q °< < for0 360j °< < , respectively. In these 
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figures RCS is shown in the same coordinate system described in Fig. 1 So x, y, z are the 

same with the ones in Fig. 1. Distance of every point of RCS pattern surface with a specific 

angular direction from the origin of coordinates indicates RCS magnitude in that specific 

direction (angle). 
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Fig. 7: 3-D diagram of scattering pattern for RCS of a PEC sphere with two layers of 

coating in the form of DPS-ENG in the range 

 

Example 6. Extremization of bistatic RCS 

Consider a PEC sphere of radius 5cm . The minimization of its bistatic RCS (in the 

direction 
2

pq = ) at single frequency 12f GHz= , is best achieved not by a single layer of 

coating, but by two layers. The minimization of its bistatic RCS is achieved by the following 

optimum parameters: 

1
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Fig. 6: 3-D diagram of scattering pattern for RCS of a PEC sphere with two layers of 

coating in the form of DPS-ENG in the range 0 360 ,150 180j q° ° °< < < < at 

10f GHz=  
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2

2

0.94 0.26

1.55 0.23

0.84

j

j

thickness cm

e

m

ìï = -ïïï = -í
ïï =ïïî

  second layer (DPS): 

It is drawn versus frequency in Fig.8, wherein it is compared with that of a bare PEC 

sphere. Again, the bistatic RCS at
2

pq =  of the PEC sphere is maximized by a DNG-DNG 

bilayer coating with the following characteristics. 

1

1

1.45 0.003

1.26 0.0015

0.86

j

j

thickness cm

e

m

ìï = - -ïïï = - -í
ïï =ïïî

  first layer (DNG): 

2
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0.96 0.003

0.96 0.002

0.37

j

j
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e

m

ìï = - -ïïï = - -í
ïï =ïïî

  second layer (DNG): 

The resultant RCS is drawn versus frequency in Fig.8, for comparison with the two former 

cases. 
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Fig 8: RCS vs. angle j  of a PEC sphere (of radius 5 cm) with two layers of coating (once 

as DPS-ENG & second as DNG-DNG)  in the plane 
2

pq =  at  12f GHz= for the 

purpose of increasing the bistatic RCS 

 

 Example 7.  Realization of directive RCS patterns 

Suppose we desire to maximize the scattered wave due to a PEC sphere of radius 5cm  in 

the beam width 0 15q° °< <  at frequency 15f GHz= or equivalently maximize its forward 

RCS. The application of proposed algorithm for a DPS-MNG bilayer coating provides the 

following parameters. 
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1

1
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1.9 0.93

1.5

j

j

thickness cm

e

m

ìï = -ïïï = -í
ïï =ïïî

  first layer (DPS): 

2

2
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1.91 0.063

1.28

j

j

thickness cm

e

m

ìï = -ïïï = - -í
ïï =ïïî

  second layer (MNG): 

The 3-D diagram of the scattered field pattern of the structure is drawn in Fig.9. RCS 

magnitude is shown on the pattern surface with a relevant color. The color of a point on the 

surface gives a decent estimate of RCS in its angle: blue points have smaller RCS and red 

points have larger RCS. In figure 9, since the wave is incident in –z direction and 

optimization is carried out in the angles of 150<theta<180, the extension of RCS pattern is 

nearly zero in –z direction and color of the surface is close to blue in this region. By moving 

toward +z direction, distance of the pattern surface from the coordinates’ origin increases and 

the color of the surface turns to red which shows reduction of RCS in 150<theta<180. Based 

on your comment this discussion is added to the paper. 
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Fig. 9: 3-D diagram of scattering pattern for RCS of a PEC sphere with two layers of 

coating in the form of MNG-DPS in the range 0 360 ,150 180j q° ° ° °< < < < at 

15f GHz=  

 

Similarly, the scattered wave in the beam width 0 15q° °< < or equivalently the forward 

RCS of the PEC sphere is maximized by the application of a DPS-DNG bilayer coating. Its 

characteristics are obtained as 
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  first layer (DPS): 
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  second layer (ENG): 

The 3-D diagram of its scattered field pattern is drawn in Fig.10. Observe that any RCS 

field pattern may be obtained from a PEC sphere by appropriate coatings composed of 

various combinations of common materials and metamaterials. 
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Fig. 10: 3-D diagram of scattering pattern for RCS of a PEC sphere with two layers of 

coating in the form of ENG-DPS in the range 0 360 ,150 180j q° ° ° °< < < < at 

15f GHz=  

 

Example 8.  Reduction of RCS due to a PEC sphere in the Ku band by the RH and LH composite media 

Suppose it is desired to minimize the RCS of a PEC sphere of radius 10cm  in the 

frequency band-width 12 18f GHzD = - . After extensive experimentation with several 

combinations of material media for bilayer coatings, the following configurations may be 

proposed. It is proposed that the first layer be a metamaterial with Drude & resonance 

dispersion model and that of the second layer an RH media with a relaxation type dispersion, 

namely a DNG-DPS structure. The second case may be a bilayer structure, where the first 

layer is a metamaterial media with the Drude dispersion model and the second one with the 

Lorentz dispersion model, namely an ENG-MNG structure. The optimum characteristics of 

these media are given in Table 4. 

The backward RCS of the three cases, namely a bare sphere, one with DNG-DPS bilayer 

coating and one with ENG-MNG bilayer coating are minimized and drawn in Fig. 11. 

Observe that the RCS has drastically decreased by the application of MTMs and also by two 

layers of coatings with noticeably lower thickness than one layer with considerably higher 

thicknesses. 
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Table 4: The parameters in the dispersion relations and the thickness of MTM coating in 

examples 9 

Permeability Permittivity 

T
h
ic

k
n
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)
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4.18, 6.37
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2.57, 3.348m mf   0.523 0.366j   0.3 
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type 

0.317 0.715j   
0.609, 2.248ep ef  
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Fig 11: RCS-vs-frequency of a PEC sphere (with radius 10 cm) without coating and with 

two layers of coating composed of dispersive RH and LH metamaterials for reduction of 

RCS at KU band 

 

It has been shown that the combinations of material and metamaterial media, such as 

DPS-DNG and MNG-ENG may provide zero reflection from planar structures. We have 

extended such results to the multilayer spherical structures. 

 

IV.  CONCLUSION  

in this paper, an analytical method based on the Hertzian potential functions and addition 

theorems is used for the computation of  radar cross sections due to a multilayer spherical 

structure composed of isotropic and dispersive common materials and metamaterials. The 

method of least square is developed for the extremization of RCS and design of optimum 

radar absorbing materials (RAMs) over a frequency band-with and wide angle beam width. In 
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our studies, we have concluded that the application of metamaterials may maximize or 

minimize the RCS. The proposed algorithm may serve as an effective procedure to test 

various combinations of materials for the realization of RAMs for coating of spherical 

structures. The proposed method was applied to a PEC sphere, which may be considered as a 

canonical shape of more complex structures, yet it may be applied to other geometries too. 
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