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Abstract— Electromagnetic (EM) waves do not travel in straight
lines in the troposphere due to refraction. This leads to errors in
many engineering applications. In order to correct these errors, a
numerical solution based on the difference method has been
proposed, which can reveal the degree of EM wave bending owing
to atmospheric refraction, moreover, it can predict the actual path
of the EM wave propagating in the troposphere. The error of the
numerical method is studied here, which reveals the source of the
error. Based on this, two improvement methods are proposed. The
computational accuracy of the numerical methods is verified by
comparison with the analytical solution. The proposed method
ensures the computational efficiency and accuracy of the problem
of refraction of EM waves in the troposphere.

Index Terms— Difference method, propagation path, troposphere refraction,
error analysis.

I. INTRODUCTION

Electromagnetic (EM) waves propagate in straight lines in uniform media. However, the

troposphere is a non-uniform medium in which the refractive index varies with height. Consequently,

when an EM wave, such as a radio wave, emits diagonally into the atmosphere, it will be bent, and its

propagation path will be deflected away from a straight line. In some applications, such as: radar

detection, space wireless communication, and other electromagnetic energy transforms, the locations

of the concerned objects need to be modified by appropriate correction methods, owing to the

significant errors that are caused by wave refraction. Previously, the propagation process of EM

waves in the troposphere has been modeled [1], [2], and some measurement methods of atmospheric

effects on EM waves have been presented [3]-[6]. Several methods, that focus on the refraction

phenomenon of the EM wave in the atmosphere, have been proposed as well [7]-[9].

To track the propagation path of EM wave in the troposphere, analytical solutions with pure

mathematics are usually used [10]-[12]. However, these methods often suffer from issues such as:

complexity, inefficiency and inaccuracy. For example, a tropospheric range-error correction method,
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based on a stratified refractive index to calculate the range-error of the path of EM waves, was

deduced with a standard error of 8% [7].

If the propagation path of EM waves can be identified and demonstrated by figures, one can deal

with the mentioned errors. Based on this idea, a numerical method has been presented to identify the

offset error, and to track the EM wave’s propagation path in the troposphere [13]. The proposed

numerical solution is based on the difference method. By dividing the propagation path into small

grids, the state of the EM waves at the next space can be deduced by the state of the EM waves at the

front space, and thus the whole process of EM waves’ propagation in the troposphere can be

confirmed. Compared with the ray-tracing method [14], which is known as one of the mathematics

solution, the proposed numerical method is much more simple. And it is often more convenient to

represent radiation as rays of energy instead of waves [15], so, compared with the parabolic equation

method [16], this method is only used to quickly estimate the propagation path of EM waves in the

troposphere, but it cannot provide the distributions of the EM wave in the whole propagation spatial.

However, as a numerical solution, this method introduces its own errors. In this paper, the errors of

the numerical method are analyzed and improvements are proposed on this basis. The computational

accuracy of the improved method is verified by comparison with the analytical solution. The rest of

the paper is organized as follows: Sec. 2 presents the physical model of the EM wave propagation

process; Sec. 3 gives the simulation process of the numerical method; Errors analysis and an

improvement method is proposed in Sec. 4, and Sec. 5 provides a conclusion.

II. PHYSICAL MODEL OF PROPAGATION PROCESS

When EM waves propagate in a medium, its velocity is given by /v c n= , where c is the speed of

light in vacuum, and n is the refractive index of the medium. When an EM wave emits into the

troposphere with an elevation angle of q , the velocity of the wave can be decomposed into xv and

yv , which represent the velocity components in the horizontal and vertical directions, respectively, as

shown in Fig. 1 (a). The refraction index of the troposphere, generally, remains constant over a wide

transverse range, varying only with the height [1]. Therefore, xv and yv can be written as:

cos ,    / ( ) sinx yv c v c n hq q= × = × (1)
Set j as the geocentric offset angle, the wave will be shifted from its initial position over time t .

If j is small enough, in polar coordinates, the following approximate equations can be obtained:

,    x yv t R v t hj= × = (2)
where R is the distance from the emission site to the center of the earth, which is the altitude of the

EM source plus the earth radius, and h is the height increasing in vertical direction within time t of the

wave. Therefore, the following equation can be obtained from (1) and (2):

tan
( )
Rh
n h
j q×

= × (3)
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From (3), if the values of h and j are obtained, the trajectory of the EM wave then can be

determined. But in (3), only R and q are known, and n(h) varies with height. So, (3) is an implicit

function, and cannot be solved directly.

Fig. 1: The schematic of an EM wave that propagates in the troposphere. (a) EM wave in radar detection, (b) the velocity of
the EM wave.

III. THE NUMERICAL METHOD

As mentioned previously, the refractive index of the troposphere is a function of altitude, and the

range of change is very small (refractivity index N of the troposphere is defined by refractive n as:
6( 1) 10N n= - ´ ) [12]. Therefore, troposphere can be considered as a superposition of layers of

different mediums with different refractive indexes. If an EM wave is incident into the troposphere

with a certain initial elevation angle and altitude, then we can set the following parameters for

computing: dj is the deviation of the geocentric offset angle from the original position after a

period of time dt in each layer, and dh is the height increment in the vertical direction during the

period of dt . Besides, since dt is very small, the corresponding dh is also very small, so, the

refractive index of the troposphere in each dh can be regarded as a constant.

Because dj is very small, (3) can be applied separately to the propagation of the EM waves in

each layer, and the path of the wave in the troposphere can be determined by summing up the

propagation trajectory of the waves in each layer. The whole process can be illustrated by Fig. 2. In

Fig. 2, point O is the center of the earth, point A is the location of the EM source. The whole

propagation process can be concluded as follows:

Stage 1: the refractive index at the emission point is determined to be 1n . The initial emission

elevation angle 1q is known, set dj to be a very small value such as 1/100 degree. The propagation

distance in the vertical direction of the wave kdh can be solved by the following equation:

tank
k k

k

R d
dh

n
j

q
×

= × (4)

At stage 1, 1R is the distance from the EM source to the center of the earth, which is a known

parameter. For a given atmospheric refraction model, 1n is a constant as well. So, 1dh can be obtained.
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Stage 2: when the EM wave travels to a new location, which is considered as the new emission site,

the distance from this location to the center of the earth is:

Fig. 2. Schematic diagram of tropospheric layering in EM wave propagation.

1 1 ( 2,  3  4 )k k kR R dh k- -= + = L, (5)
At this stage, 2k = . The new emission elevation 2q can be obtained by using the Snell law on the

interface between the first and second layer. In the triangle AOB of Fig. 2, the angle of incidence can

be determined as [ ]1( 2 )dp p q j- + + and the angle of refraction is 2( 2 )p q- , so the following

equation can be obtained:

( )
( )

1 2

2 1

sin / 2
sin / 2

d n
n

p p q j

p q

- + +é ùë û =
-

(6)

For a selected refractive index model, the refractive index 2n can also be calculated directly.

Using (4), (5) and (6), 2dh can be solved.

Every stage can be calculated in the same way. The whole increasing height of the wave in the

vertical direction is
1

=
k

k
k

h dh
=
å , the whole geocentric offset angle =k dj j× . So, the whole path of the

EM wave propagation in the troposphere can be determined.

In Fig. 1 (a), point P is the source site of the EM wave, point Q is the actual location of the end

point of the EM wave after a period of time. So, the arc of Fig. 1 (a) is the actual path of the radio

wave. q is the initial emission elevation angle, a is the elevation angle of connection between the

source point and the real propagation end point, that is the elevation angle of straight line PQ which is

smaller than q , e is the elevation angle error between linear propagation and real propagation,

which can be given by:
=e q a- (7)
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IV. RESULTS AND ERROR ANALYSIS

The feasibility and accuracy of the proposed numerical method can be verified by analytic solution

results. The refractive index of troposphere in Beijing is given by [17]:

( )

320 41( )                   1 km
0.1225( 1)279        1 km< 9 km
0.1434( 9)105              9 km 60 km

s s s

s
s

h h h h h
h hN h e h h
he h

- - £ £ +ì
ïï - - -= + £í
ï - - < £ïî

(8)

where sh is the altitude of Beijing, which is 0.333 km. When the EM source placed on the surface of

the earth, the distance R1 will be 1 6371 km sR h= + . In the triangle POQ of Fig. 1 (a), according to the

sine theorem, the value of elevation angle of PQ can be calculated by the following equation:

( )sin / 2 sin

sh R R
p a j+

=
+

(9)

From (7), the elevation angle error of EM waves propagating in the troposphere of Beijing can be

obtained. Ref [13] has given the verification process for the analytical solution. The angle error can

also be obtained by substituting the Beijing refractive index into the analytical solution.

Fig. 3 compares relation between the increased height h and the elevation angle error e that was

obtained by the proposed numerical method and the analytical solution. As illustrated in Fig. 3, the

simulation results are almost identical to the analytical solutions. But this method has errors of about

2.9%.

Fig. 3. The relation between elevation angle error and height obtained by the numerical method and the analytical solution.

It is obvious that when n=1, the path of the wave must be a straight line and the elevation angle

error must be 0. Set n=1 in the proposed numerical method, the elevation angle errors obtained are

presented in Fig. 4 (a). According to Fig. 4 (a), the results obtained by the proposed method have

some errors. For example, there is an error of 0.0873 mrad, approximately, when =1q ° .

In the proposed numerical method, we keep the dj as a constant, to calculate the kdh in each

layer. But the refractive index is decreasing with the increasing altitude. So, the incident angle of each

layer will be smaller and smaller, consequently, kdh will be lager and lager. After a long propagation
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distance, kdh may become so large introducing errors in the case where the refractive index is no

longer constant in each kdh .

If we keep dh as a constant, form (4) we have:

tan
k

k
k k

n dh
d

R
j

q
×

=
× (10)

So, the whole path of the EM wave propagation in the troposphere can be determined by
1

=
k

k
k
dj j

=
å

and =h k dh× . As long as dh is small enough to satisfy the condition of the refractive index being

constant for each layer, the error introduced by the differential method can be reduced.

Besides, the errors shown in Fig. 4 (a) can be noted as the systematic error caused by the numerical

method, which can be defined aso . After it was introduced, (7) can be modified to:

=e q a o- - (11)
Substituting the values obtained in Fig. 4 (a) into (11) as the values of o , Fig. 4 (b) shows the

revised results. From Fig. 4 (b), we can get that the results of the two improved methods are in high

agreement with those of the analytical solution. It fully meets the requirements for calculation

accuracy.

Fig. 4. Angle errors. (a) the elevation angle errors calculated by the numerical method when n=1. (b) the modified relation
between elevation angle error and height.

As the whole propagation distance in the vertical direction h and the whole offset angle j of the

EM wave have been obtained, the propagation path can be plotted. Fig. 5 shows the trajectory of the

EM wave whose initial elevation angle is 1° with refraction given by (8) and without refraction

(n=1), respectively (note that the scale of horizontal and vertical coordinates is inconsistent).

From Fig. 5, it can be seen that the refraction obviously causes the deviation of the path. At the

beginning, the path is apparently an arc which is caused by the refractive index calculated from (8).

However, the refractive index decreases and finally tends to about 1 as the height increases, and the

influence caused by the change of refractive index also becomes smaller.
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Fig. 5. The propagation path of EM waves with and without refraction respectively.

V. CONCLUSION

By dividing the troposphere into layers, and combing with the Snell refraction law, the propagation

path of EM waves can be determined by numerical solution methods. The calculation process of the

numerical method which is based on the idea of difference is presented. Error analysis of the proposed

numerical solution is also discussed, and two improvement methods were presented. The

improvement methods introduced guarantee the feasibility of the numerical method; comparison

results with the analytical solution demonstrates the high accuracy of this modification method. The

proposed numerical method can be utilized to quickly estimate atmospheric refraction errors and can

applied to different areas, with different refractive index model.
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