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Size Effects on Fracture Parameters of High Alumina Refractories
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The randomness of phase compositions and their distribution as well as the micro cracks and pores 
in refractories result in the dependence of mechanical properties on the sample size. In this work, the 
size effects on fracture parameters including bending strength, elastic modulus and fracture toughness 
of high alumina bricks were investigated by testing samples of different sizes according to the national 
standard in China. The results showed that the smaller samples presented higher strength, while the 
larger samples possessed greater elastic modulus. Weibull modulus m of bending strength for high 
alumina bricks calculated for samples of two sizes, each group featured 32 samples, ranged from 11 
to 12, which was higher than in other refractories such as low grade high alumina, magnesia-carbon 
and magnesia-chrome bricks. The scatter of the average strength and its standard deviation became 
stable when the sample number was more than 20. The fractal dimension of fracture surface for high 
alumina bricks was inversely and directly proportional to the sample size and the fracture toughness, 
respectively. The estimated fracture toughness of high alumina bricks was close to window glass and 
less than alumina and mullite.
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1. Introduction

 The size effect on structural strength is a scaling problem 
of failure1. In general, the trend of “smaller is stronger” for 
the size effect in various materials such as metal, ceramic and 
concrete was presented 2-5. The size effect of materials was 
investigated from different viewpoints including statistics, 
strain gradients, boundary layers and fracture energy 6. 
However, the strength of a structure could not be predicted 
according to the correlation of the strength and the sample 
size only using a simple scaling law7.

Refractories are multi-scale multiphase inhomogeneous 
materials. They are made with raw materials of different 
particle sizes and shapes and used as the lining and insulation 
in the high temperature units in many industries. The fracture 
behavior of refractories is complex due to the random 
distribution of different components of microstructure, 
the micro cracks and pores. The strength of refractories is 
normally an essential parameter to evaluate their quality 8. The 
value of the strength provides an important reference for the 
design of the linings and equipments for the high-temperature 
service. Elastic modulus values are important to determine 
thermal shock resistance of materials 9. Alternatively the 
fracture toughness and the fracture dimension of fracture 
surfaces can be stated to characterize the fracture behavior 
of refractories 10-12. Nowadays, the refractories industry was 
impacted by cutting overcapacity of iron and steel making 

and the rising price of raw materials. The accurate evaluation 
and effective use of refractories are particularly significant 
for achieving the long service life.

The researchers and engineers had paid significant 
attention to the above-mentioned topic. Studies showed that 
the strength for the three-point bending specimen of MgO-C 
bricks was larger than that for diametral compression of 
MgO-C nozzle because the effective volume of the former 
was smaller 13. It was demonstrated that the three-point 
bending test was a simple and highly reliable test suitable for 
monolithic refractories14. Considering the national standard 
in China (GB/T 3001-2007), there were two options for the 
geometric size of refractories when the cold modulus of 
rupture was measured. Nevertheless, the recommended ratio 
of span to depth was less than 4 for the measurement of the 
fracture toughness of refractories by a three-point bending 
test15. Therefore, which size is more appropriate need to be 
determined, taking into account both the representativeness 
and accuracy of the measurement. Furthermore, what is the 
size effect on the elastic modulus of refractories needs to 
be discussed because the maximum allowable temperature 
difference in refractories was closely correlated to the elastic 
modulus 16.

On the other hand, the distribution of the measured 
strength values of materials was usually well described by 
the Weibull statistics 17. In two-parameter Weibull function, 
failure probability P can be described by
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where m is the Weibull modulus and σ0 is the scale parameter 18.
 For the linear least-squares method, Eq. 1 can be 

expressed as a linear function:

					            (2)

Thus it can be seen that the accurate evaluation of the 
variation of the strength and the reliability of materials 
depended on the size effect of materials because the variability 
of the strength was reflected in Weibull modulus 19, which 
was used in the reliability assessment 20.

 Based on the above problem, high alumina bricks as a 
kind of typical refractory were selected as the research object 
in this work. Size effects on strength and elastic modulus 
of high alumina bricks were investigated. The Weibull 
modulus and the reliability of high alumina bricks were 
estimated for samples of two sizes. The fracture toughness 
of samples calculated based on the elastic modulus and the 
fractal dimension of the fracture surface was also discussed.

2. Experimental Procedure

The high alumina brick produced by a domestic company 
was selected. The chemical composition of bricks measured 
by inductively coupled plasma atomic emission spectroscopy 
(ICP-AES, IRIS Advantage ER/S, Thermo Elemental, USA) 
is listed in Table 1.

High-alumina bricks were cut into 32 samples for each 
size of 25 mm×25 mm×150 mm and 40 mm×40 mm×200 
mm by using a special cutting machine. Cold modulus of 
rupture for bricks was measured by a three-point bending 
test instrument (E43.504, MTS, China) with the span of 125 
and 180 mm respectively according to GB/T 3001-2007. The 
images of fracture surfaces for every sample were recorded 
by a digital camera. The slit island method was applied to 
calculate the fractal dimension of fracture surfaces. The 
details about the estimation were shown in Ref. 21. Elastic 
modulus of bar samples was tested by (RFDA, HTVP1600, 
IMCE, Belgium) in accordance with ASTM E1876-2007. The 
measurement principle is based on tapping the sample with 
a small projectile and recording the induced vibration signal 
with a microphone. The resonant frequency is determined 
by the collected vibration signal. The elastic modulus is 
calculated by the software based on the classical beam theory.

3. Results and Discussion

The load-displacement curves of high alumina bricks 
from the three-point bending tests are shown in Fig. 1. The 
large scale samples had higher maximum loads than the 
smaller ones due to the areas of cross-section. The maximum 
displacements varied from 0.41 to 0.81 mm for the small 
samples and from 0.46 to 0.9 mm for the larger samples. 
Cold modulus of rupture for high alumina bricks are listed 
in ascending order as shown in Fig. 2. The strength of the 
small and large samples covered the range with 18.6 to 
28.4 MPa and 18.8 to 26.9 MPa, respectively. The former 
was basically greater than the later. The mean strengths 
and its standard deviations were 23.7±2.70 and 22.3±2.12 
MPa, which was consistent with the variation of the mean 
strength of sintered silicon nitride and alumina as well as 
the decrease of standard deviation with the specimen size 
22-24. The probability of existence a critical flaw in a large 
sample was higher than the small one 25, so the smaller 
samples presented higher strength.

Figure 3 shows the two-parameter Weibull fits for samples 
plotted according to Eq. 2. From Table 2, Weibull modulus 
m as a characteristic of the spread of the bending strength 
for high alumina bricks calculated by using probability 
estimator Pi =(i-0.5)/N in this work was higher than other 
refractories such as low grade high alumina, magnesia-carbon 
and magnesia-chrome bricks 26-28. This could be accounted 
for by the different compositions, bonds and porosities. It 
was demonstrated that stronger refractories presented lower 
spread of the strength than weaker ones such as 2nd class 
high alumina bricks 26. In general, the obtained Weibull 
modulus m calculated with 32 samples with each size was 
in the range of traditional ceramics (m=5 to 20)29. The scale 
parameter σ0 (characteristic strength) standing for the stress 
at the failure probability of 63.2% was in the same sequence 
for the mean strength for the samples with two sizes. The 
high m-value of the larger sample indicated smaller spread 
of data for the sample of larger size. However, Weibull 
distribution fits better the smaller sample data from the 
goodness of fit (r2). This could be attributed to the different 
statistical distribution of cracks in samples with distinct 
dimensions, which has the significantly influence on the 
fracture strength distribution 30.

The function curves of the failure probability density 
(PDF) f(σ) and reliability R(σ) as defined in the reliability 
engineering 31 are plotted in Fig. 4. It can be seen that the PDF 
curve was stretched in the horizontal direction with increasing 
scale parameter value, which also resulted in a reduction in 
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Table 1. Chemical composition of high alumina bricks (wt%)

SiO2 Al2O3 Fe2O3 CaO MgO K2O Na2O TiO2 Cr2O3

11.32 77.73 2.27 1.24 0.45 0.72 0.02 3.51 0.18
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Figure 1. Load-displacement curves of high alumina bricks: (a) 25 mm×25 mm×150 mm and (b) 40 mm×40 mm×200 mm

Figure 2. Distribution of cold modulus of rupture for high alumina 
bricks

Figure 3. Weibull distribution curve of failure probability of high 
alumina bricks

Table 2. Comparison of Weibull modulus and scale parameter of bricks

  High alumina 
(small)

High alumina 
(large)

High alumina 
(2ndclass)[26] MgO-C[27] MgO-Cr2O3[

28]

Weibull modulus 11.53 12.69 3.79-5.98 6.73-10.95 8.01-10.65

Scale parameter σ0 
(MPa) 24.4 23.2 11.6-12.8 15.2-17.3 15.1-24.8

the peak value of the PDF in Fig. 4(a). It was demonstrated 
that the failure of the larger samples concentrated on lower 
strength. The reliability value at the certain strength can be 
estimated by the intersection of the curve and a vertical line 
from X-axis. So the smaller samples presented the higher 
reliability from Fig. 4(b).

The scatter of the measured strength for brittle materials 
could be well described by the Weibull statistics 26. The 
sample number was one of key factors for the evaluation 
of the strength of brittle materials. From practical point 
of view, the question is how many samples are needed to 
assess accurately the average strength. Therefore, a series 
of sample group with different sample number including 3, 
5, 10, 20 and 30 was assumed. In each sample group, the 
bending strength values were randomly selected from the 
measured values of 32 samples. Then the calculated mean 
strength and its standard deviation for two-sized samples of 
high alumina bricks were given in Fig. 5. It was very clear 
that the scatter of the mean strength and standard deviation 
were gradually declined with the increasing of the sample 
number. Both of above two values for the larger samples 
were less than those for the smaller samples. When the 
sample number was changed from 3 to 5, the reduction of the 
variation of the mean strength was relatively greater. It can 
be seen that the fluctuation of the mean strength and standard 
deviation tended to stability by comparing the values of 20 
and 30. Finally, the certain values were achieved when the 
sample number reached 32. The results indicated that the 
sample number of high alumina bricks should be at least 20 
in order to accurately determine the average strength with 
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Figure 4. Relationship of strength and (a) probability density function and (b) reliability for high alumina bricks

Figure 5. Mean value and standard deviation of the random selected test values of the bending strength for high alumina bricks: (a), (b) 
25 mm×25 mm×150 mm and (c), (d) 40 mm×40 mm×200 mm
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					            (3)

where E stands for the elastic modulus, the fractal 
dimension increment is D*=D-2 for surfaces, the characteristic 
length a0 is assumed as 0.3 nm.

In this study, the fractal dimension of fracture surfaces 
was calculated by using the slit island method. Though the 
difference in the fractal dimension of two sized high alumina 
bricks was not significant, the larger samples with a higher 
fracture toughness had a slight lower fractal dimension 
as listed in Table 3. The similar trend of the concrete was 
found 38. Because the bonds among the components and the 
defects including pores and cracks, the estimated values of 
high alumina bricks were more close to that of window glass 
and less than alumina and mullite (Table 3) 8,39-40.

4. Conclusions

 In this paper, the investigation of the size effects on the 
bending strength, elastic modulus and fracture toughness 
of high alumina bricks was presented. The measurements 
of two sized samples (25 mm×25 mm×150 mm and 40 
mm×40 mm×200 mm) were carried out according to GB/T 
3001-2007. The following conclusions can be drawn from 
the results: (1) Small samples possessed higher strength. 
In contrast, large samples had greater elastic modulus. (2) 
Weibull modulus m of bending strength for high alumina 
bricks was proportional to the sample size - larger samples 
demonstrate lower statistical spread. The failure probability 
and reliability of bricks can be easily calculated by Weibull 
statistics. (3) From practical point of view, the sample number 
of high alumina bricks was suggested to be more than 20 
for the accurate determination of the average strength with 
a reasonable standard deviation. (4) The obtained fracture 
toughness values increased with a decrease in the fractal 
dimension of the fracture surface determined by the slit 
island method. There was a positive correlation between 
the sample size and the fracture toughness. (5) Overall, the 
evaluation of the strength, elastic modulus and the failure 
probability based on the data of the larger sample was more 
appropriate within the range specified by relevant standard.
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Figure 6. Distribution of elastic modulus of high alumina bricks

a small standard deviation, which was consistent with the 
lower limit of the sample number given by the literature 32.

Elastic modulus of high alumina bricks are listed in 
ascending order as shown in Fig. 6. The elastic modulus of 
the small and large samples covered the range with 53.1 to 
76.4 GPa and 56.3 to 80.8 GPa, respectively. The mean values 
and its standard deviations were 65.9±6.22 and 68.1±5.20 
GPa, which were more than 59.3GPa of high alumina bricks 
with 81.7 % Al2O3 content33. Unlike the strength, the larger 
samples had higher elastic modulus. The results contradict 
the expected correlation, where the increase of the elastic 
modulus results in the increase of the mechanical strength 
for refractories34. The exact nature of this phenomenon 
is not completely clear. There are two possible reasons. 
One is that the results can be influenced by the fact that 
the impact intensity is similar for both geometries and the 
mass in two groups of samples is different. This can result 
in differences in frequencies produced. Another possible 
explanation is that the defect in a larger sample has a lower 
impact on its stiffness and the frequency of vibration than 
in a smaller sample.

In general, the fracture toughness (KIC) of ceramics 
was measured by a single edge notched beam test. For the 
characterization of the nonlinear behavior of refractories, a 
wedge splitting test was suggested because it could allow the 
stable crack propagation 35. However, the requirements of the 
wedge sample preparation and the operation of the measurement 
were more rigorous. According to the dependence between 
KIC and the fractal dimension D, the fracture toughness of 
refractory castables had been estimated based on an equation 
proposed by Mecholsky et al. as follows 36-37:

Table 3. Comparison of fractal dimension and fracture toughness for different materials

Materials
High alumina bricks

Window glass8 Alumina39 Mullite40

25×25×150 mm 40×40×200 mm

Fractal dimension 2.376±0.037 2.366±0.024 — — —

K1C(MPa·m1/2) 0.699±0.067 0.713±0.064 0.75 3.3-4.3 2.6

K E D a*
IC 0

1 2= Q V
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