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Study of Mechanical Stresses in Thin-Walled Pressure Vessels Using Ultrasonic Methods
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This paper presents an experimental study of the propagation of ultrasonic Rayleigh waves in the 
walls of a pressure vessel in order to estimate mechanical stresses. The ability to assess stresses using 
ultrasonic methods is based on the acoustoelastic effect, ie. the change of velocity of propagation of 
the ultrasonic Rayleigh waves (URW) in stressed media. The experiments were carried out using a 
hydraulic test conducted in a pressure vessel. Measurements of the travel time of the URW over the 
walls of the vessel in the axial and circumferential direction were carried out with a pressure change 
of up to 7 MPa at a constant temperature. Relations between the relative changes in the travel time of 
waves and the change in pressure were found. The influence of temperature and thermal stresses on 
the velocities of ultrasonic waves was not taken account. The conducted experiments confirmed the 
finding that the difference in the relative changes in the travel time of URW in circumferential and 
axial directions changes linearly with the change in the pressure in the vessel.

Keywords: thin-walled pressure vessel, biaxial stress state, ultrasonic Rayleigh waves, 
acoustoelastic effect, Momentless Shell theory.

1. Introduction
Pressure vessels are widely used in industry and 

energy production. Monitoring of the mechanical stress 
state is required in order to ensure their safe and accident-
free operation1-3. Strain gauges are traditionally used for 
determining mechanical stresses in pressure vessels4. Non-
destructive methods (such as X-ray, thermoelectric, magnetic 
noise method and ultrasonic method) are considered to be 
promising as they allow indirect assessment of the stress 
state of structural components of the equipment5.

Ultrasonic methods used for assessing mechanical 
stresses are based on the acoustoelastic effect which is 
how the velocity of ultrasonic waves changes when they 
propagate in media subjected to stress. Bulk longitudinal 
and transverse waves6-11, subsurface , surface or Lamb waves 
are usually used. The longitudinal and transverse waves are 
mainly used to assess stresses along the thickness of the wall 
in structures (such as pipelines, tanks, etc.)8,9.

Landa et al.6 describe various ultrasonic measurement 
techniques to find ultrasonic wave velocity changes during 
compression tests. The effect of temperature changes on 
the estimation of biaxial stresses in pipelines by ultrasonic 
method is considered7. Nikitina et al.8-10 propose a method 
for estimation of the uniaxial and biaxial stressed states 
using the changes in the propagation times of longitudinal 
and shear elastic waves along the normal to the surface of 
pipes. Li et al.11 propose a new non-destructive approach 
for determination of the uniaxial stress of structural steel 
members using spectrum analysis of ultrasonic shear waves. 
Belyaev et al.12 present a review of the main publications 
on theoretical and experimental scientific results obtained 

by researchers in the field of the acoustic anisotropy of 
metallic materials under uniaxial and complex stress states 
and plastic deformation.

Most of the damages in pressure vessels are caused by 
cracks in the subsurface or surface layers. In the literature, 
there are articles regarding the determination of residual 
or applied mechanical stresses by a longitudinal critically 
refracted (LCR technique), which is excited at the first 
critical angle of incidence of the longitudinal wave at the 
plexiglas-steel border and propagates beneath the surface at 
certain depths depending on the wave frequency13-15. Bray13 
describes the principles of ultrasonic stress measurement and 
specific applications of LCR waves in rolled and welded 
steel and aluminum plate, pressure vessels, turbine rotors 
and so on. Javadi et al.14,15 present a study for estimation of 
welding residual stress in a pressure vessel. Hoop and axial 
residual stresses are evaluated using different frequency 
range of ultrasonic LCR transducers. An applications of 
LCR wave method on residual stress testing of oil pipeline 
weld joint, vehicle’s torsion shaf and so on are studied in16. 
Gandhi et al.17 develop the theory of acoustoelastic Lamb 
wave propagation in isotropic media subjected to a biaxial, 
homogeneous stress field. Theoretical investigations are 
compared to experimental results for several Lamb wave 
modes and frequencies for uniaxial loads applied to an 
aluminum plate. The ultrasonic Rayleigh wave (URW) is 
created when the angle of incidence of a longitudinal wave 
is equal to the second critical angle, and it propagates on 
the surface at a depth of 1 to 1.5 times the wavelength18. Its 
use makes it possible to study the average surface stress of 
materials and products19. The acoustoelastic effect of URW 
is generalized by Hirao et al.20 and proved experimentally *e-mail: yonivan@phys.uni-sofia.bg
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for different alloys by Husson.21, Zeiger et al.22, Jassby 
and Saltoun23, Hu et al.25. The URW are used to estimate 
applied20,23,24 and residual stresses26,27. Akhshik et al.27 study 
residual stresses of circumferential welds in thin walled pipes.

The URW acoustoelastic coefficients (AEC) for 
biaxial stressed plate are theoretically and experimentally 
established for an orthotropic material28. Zeiger et al.22 study 
the acoustoelastic effect in biaxial stressed steel samples 
by time of flight of waves. Jassby and Saltoun.23 estimate 
biaxial surface stresses in aluminum plates. Experiments for 
determination of the AEC are presented in papers29,30. A cross 
correlation method is used to determine the difference in the 
time of flight of URW in a sample under the biaxial stresses31.

Zhang et al.32 show that the URW velocity in the walls 
of thin-walled pressure vessels is influenced by mechanical 
stresses, temperature and thermo-stresses. The propagation 
distance of ultrasonic wave is influenced by strain and 
thermal deformation. Considering these important factors, 
the authors propose a model for measuring the pressure in 
thin-walled vessels. The relations between the delay time 
of the ultrasonic wave and the pressure is established. Two 
vessels made of different materials are used as specimens 
to estimate the pressure with ultrasound and validate the 
model and the method.

Assessing the mechanical stresses in pressure vessels 
by the use of ultrasonic methods is a promising approach32 
which at present is not used widely in industry and energy 
production. One of the reasons is that the acoustoelastic effect 
is less pronounced. According to the literature sources, the 
relative change of the ultrasonic waves in media subject to 
stress of 100 MPa is about 0.1% for aluminum and around 
0.01% for steel22,31. Despite the high accuracy of the method, 
the lack of automated devices for recording temperature, 
pressure and ultrasonic wave velocities slows down its wide 
practical application. The method for assessing stresses by 
using URW is suitable for testing thin-walled cylindrical 
vessels under uniform internal pressure32.

This work is a continuation and extension of the research19 
on the acoustoelastic effect of Rayleigh waves in stressed media. 
The purpose of the current paper is to study propagation of 

URW in the walls of pressure vessel at constant temperature 
in order to estimate the mechanical stresses.

The remainder of the paper is organized as follows. After 
the introduction, which gives a brief overview of ultrasonic 
methods for estimation of the mechanical stresses, the section 
“Thin-walled pressure vessels” describes the basic concepts 
of the Momentless Shell theory for determination of the 
mechanical stresses in thin-walled vessels under uniform internal 
pressure. The section “Acoustoelastic Effect of Ultrasonic 
Rayleigh Wave” presents the main dependencies related to 
the acoustoelastic effect in propagation of URW in stressed 
media. The experimental part describes the experimental setup 
and the measurement procedure, preparatory considerations 
and calculations, parameters of ultrasonic Rayleigh waves. 
The results are followed by a discussion and conclusion, 
which notes the future directions in our study.

2. Thin-Walled Pressure Vessels
Pressure vessels are usually used as tanks for storing 

liquids, gases, etc. Depending on the thickness of their 
walls, they are divided into thin-walled and thick-walled 
pressure vessels. The cylindrical pressure vessel with closed 
ends contains a fluid at uniform pressure p is shown in the 
Figure 1a. The outer diameter is D, the inner diameter is 
Din and the wall thickness is δ . Thin-walled vessels have a 
wall thickness-to-inner diameter ratio of no more than 0.05. 
When studying the stress-strain state, this class of vessels 
is schematized to an axisymmetric thin-walled shell. Due 
to the small thickness of the wall, it is assumed that normal 
stresses are evenly distributed and that no bending moments 
exist.The internal pressure acts on an area determined by 
the inner diameter (Din) of the vessel1,3. The theory based 
on this premise is called the Momentless Shell Theory1,3.

In the Figure 1а an element with stresses parallel and 
perpendicular to the axes (Figure 1b and 1c) of the vessel 
is given. The normal mechanical stresses 1σ  and 2σ  act 
on the side surfaces of the element. Tangential stresses do 
not act on these surfaces due to the load and the symmetry 
of the vessel. Normal stresses are the principal stresses. 
The stress acting in the circumferential direction is called 
a circumferential stress (hoop stress). Longitudinal stress 

Figure 1. a). Scheme of a thin-walled pressure vessel. b) Circumferential stresses in a circular cylindrical presure vessel. c) Longitudinal 
stresses in a circular cylindrical presure vessel.
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in axial direction along the length of the vessel is called a 
longitudinal or axial stress.

Figure 1b shows a section of the cylindrical part of the 
vessel perpendicular to the longitudinal axis, where the 
circumferential stresses 1Hσ σ=  and the internal pressure 
p are marked. The stresses 1σ  have a resultant force equal to 

1 .2Bσ δ , where B  is the length of cylindrical part of vessel. 
The resultant force 1P  of the internal pressure is equal to

1  2P prB= , where r is the inner radius of the cylinder.
The section in the vertical plane through the longitudinal 

axis of the tank is given in Figure 1c. The stresses 2Lσ σ=  
act longitudinally and have a resultant force equal to 2.2 rσ π δ. 
The resultant force of the internal pressure is 2

2  P p rπ= . The 
stress formulas are derived from the equilibrium conditions 
of the forces due to the internal pressure and the stresses in 
the walls of the pressure vessel1,3:

Circumferential stress

1 2
in

y
pD

σ σ
δ

= =   (1)

Longitudinal stress:

2 4
in

x
pD

σ σ
δ

= =   (2)

as p is the internal pressure that the contents of the vessel 
exert on the walls of the vessel; Din is the inner diameter; δ 
is the thickness of the vessel.

3. Acoustoelastic Effect of Ultrasonic 
Rayleigh Waves
The propagation of elastic waves in materials depends on 

the magnitude and the direction of the mechanical stresses 
that occur in them. In a uniaxial stress state, the change in the 
velocity of propagation of the surface wave is proportional 
to the mechanical stress. The coefficient of proportionality 
is named an acoustoelastic coefficient that depends on the 
elastic properties of the material21-23. The acoustoelastic 
dependence for the biaxial stress state in the case of an 
isotropic medium can be written as23,25,31:

1 1 2 2
o

V
V

β σ β σ
∆

= +   (3)

Here 1σ  and 2σ  are the principal mechanical stresses 
1 2( )σ σ>  and 1 β and 2  β are the AEC dependent on the 

second and third order elastic constants of the media21,25.
Based on the theoretical considerations28, the dependences 

between the relative change of the URW velocity and the 
stresses in pressure vessel walls are presented32:
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where 1yσ σ=  is the circumferential stress, 2xσ σ=  is the 
longitudinal stress; o

yv  and  o
xv are the velocities of URW 

propagating in unstressed vessel along the principal stress 

directions, yvσ  and xvσ  are the velocities of URW propagating 
in stressed media at constant temperature,  / o

x xv v∆  and / o
y yv v∆  

are the relative changes in the ultrasonic wave velocities. 
The coefficients x

RxA ,    ,  , y yx
RyRx RyA A A are the Rayleigh wave 

AEC, which depends on the propagation and polarization 
directions of the waves as well as on the stress directions. The 
superscripts of the AEC denote the direction of the applied 
stress, while the subscripts denote the direction of URW.

Zhang et al.32 developed a model for the acoustoelastic 
effect of URW propagating in vessel walls subjected to 
internal pressure (p), taking into account not only the 
influence of mechanical stresses  , P P

x yσ σ  but also thermal 
stresses T

xσ ,  T
yσ :

T P
x x xσ σ σ= +   (6)

 T P
y y yσ σ σ= +   (7)

( )
. .

2 1
T T w
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E tβ ∆
σ = σ =

−µ   (8)

where  ,  T T
x yσ σ are the thermal stresses in the axial and 

circumferential directions, β is the thermal expansion 

coefficient, 1 2w w wt t t∆ = − , 1wt  and 2wt  are the temperatures 
of the inner and outer wall of the vessel, respectively, and 
E, μ are Young’s modulus and Poisson`s ratio of material.

The velocity of ultrasonic wave is influenced by stresses, 
temperature and thermal stresses, consequently the relative 
changes of URW velocities is written as32.
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Considering that the velocity of ultrasonic wave is affected 
by stress and temperature, as well as the distance of ultrasonic 
propagation is influenced by strain and thermal deformation, 
a complex dependence on the change of propagation time of 
URW is found32. Neglecting the influence of temperature, 
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a reference model on the URW time delay is obtained due 
to the applied pressure (p)32:

0 0. .2 1 2. . .
2. 2 4.

in yP P in x
y x y x

D t D t
t t K K p

E E
µ µ

δ δ

 − −    ∆ − ∆ = − − −    
     

 (15)

where yt∆  and  xt∆  are the time delay of the URW in the 
circumferential and axial directions, and 0

yt  and 0
xt  are the 

propagation times of URW in unstressed state in the main 
stresses directions.

In order to estimate the internal pressure, the delay times 
of the ultrasonic wave in the two principal directions of 
pressure vessel have to be measured32. Following (15), it is 
assumed that the difference in the travel time of the URW in 
the circumferential and axial direction should be proportional 
to the internal pressure in the vessel. In the present work, 
an experiment is set up, which aims to confirm this relation.

4. Experiments

4.1. Experimental setup
The vessel used in the setup is made of P275NH 

steel. The vessel has a cylindrical shape and the following 
dimensions: length of 500 mm; outer diameter of 250 mm 
and wall thickness of 4 mm.

A hydraulic test was performed during the experiments, 
and the pressure of the fluid in the vessel was raised to up to 
7-8 MPa using a water pump. The pressure was measured 
by a manometer with an accuracy class of 1, which means 
that the error limits at a temperature of 20 o C are ± 1% of 
the used scale range of the manometer, i.e. the accuracy of 
the measured pressure was 1 bar.The experimental setup 
for studying the stresses in a pressure vessel by ultrasonic 
Rayleigh waves is shown in Figure 2. The main components 
of the setup are: a pressure vessel (1), which is used as a 
prototype; water pressure pump (2), pressure gauge (3); 
pulser-receiver unit (4), ultrasonic transducers for URW (5); 
ultrasonic system for collecting and processing the results 
(Ultrasonic box -6) and computer (7).

4.2. Experimental procedure
To study the propagation of ultrasonic surface waves, 

an ultrasonic US-expert device (a pulser/receiver, an A/D 
converter and a computer) with time measurement accuracy 
of 1 ns was used. URW were excited by an angular transducer 
with variable angle at an angle of refraction bigger the 
second critical one when the amplitude of signal is visibly 
maximal. The nominal frequency of the transducers is 3.5 
MHz. A through transmission method, implemented by the 
means of two URW transducers was used to generate and 
receive the waves. The signal was transsmitted by transducer 
T, received by transducer R and recorded. The wavelength 
λR was approximately 0.8 mm for the used frequency. The 
propagation depth of the URW was of the order of 1,5.λR

18, 
i.e. about 1.2 mm .

The transmitting and receiving transducers were rigidly 
connected which allowed the distance between them to 
remain the same when arbitrarily positioning the sensors on 
the vessel walls. Viscous grease was used as a couplant in 
ultrasonic measurements. The ultrasonic sensors were placed 
away from the welded seams of the vessel, thus avoiding 
the influence of stress concentration.

Before the experiments, pressure was applied to the 
sensors placed on the vessel. With each pressure change, the 
pressure increment of 1 MPa was adjusted. Measurements 
of the travel time of the URW over the walls of the vessel 
were made in axial and circumferential directions without 
pressure as well as with pressure in the vessel increasing to 
up to 7 MPa. The wave propagation distance was adjusted 
so it remained the same when taking measurements in both 
directions and was 150 mm.

During the experiment, the water temperature remained 
constant. Due to the fact that the temperature of the outer and 
inner surfaces of the vessel wall was the same, the experiments 
did not take into account the effect of temperature on the 
velocities of ultrasonic waves, as well as the change in the 
ultrasonic propagation distance.The ultrasound signals were 
recorded, visualized by the use of an oscilloscope and stored 
on a computer. During the recording process, in order to 
reduce accidental noise, an averaging technique was used.

Figure 2. Experimental setup.
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4.3. Preparatory considerations

4.3.1. Mechanical stresses and deformations
The mechanical stresses calculated according to dependencies 

(1) and (2) on the vessel walls during the hydraulic test are 
in the elastic region and are lower than the yield strength 
of the steel from which the vessel is made. Figure 3 shows 
the changes of the circumferential and axial stresses with 
values of the pressure (p) of the water in the vessel in the 
range of 0 to 7 MPa. At the maximum pressure of 7 MPa, 
the mechanical stress in the circumferential direction was 
212 MPa, and the stress in the axial direction was 106 MPa.

In a biaxial stress state, the absolute elongation (∆L) 
caused by the mechanical stresses in the elastic region in 
the walls of the thin-walled vessel due to the pressure can 
be determined using the Hooke’s law equation3:

( ) 1
1 1 2y

LL L
E

σ µσ∆ = ∆ = −   (16)

( ) 2
2 2 1x

LL L
E

σ µσ∆ = ∆ = −   (17),

as 1L∆  and 2L∆  are the absolute elongations caused by 
the main stresses 1σ  and 2σ , µ  is the Poisson’s ratio, 
E - Young’s modulus, 1L  and 2L  are the initial lengths in 
the two directions before the load is applied. Figure 4 shows 
the calculated change in the absolute elongation under the 
action of the created mechanical stresses in the vessel. The 
specific values of Young’s modulus and Poisson’s ratio are: 

 210 E GPa= ,   0.3µ = . The maximum values of 2 L∆  and 1L∆  at 
maximum pressure are 0.03 mm and 0.13 mm, respectively.

5. Ultrasonic Rayleigh Waves Parameters
The travel time of the URW in the initial unstressed 

state in circumferential and axial directions of the walls in 
the vessel can be written as:

1
01R o

Ry

Lt
v

=   (18)

2
02R o

Rx

Lt
v

=   (19)

where 01Rt  and 02Rt  are the propagation times of URW in 
unstressed state that are the same;

1L  and 2L  are the initial propagation distances in the two 
principal directions before the load is applied. The velocities 
of URW propagating on the vessel walls at zero pressure 
are denoted by o

Ryv  and o
Rxv .

The travel times of the URW propagating in the walls 
of the vessel under internal pressure in the circumferential 
and in the axial directions can be expressed by (20) and 
(21), respectively:

1 1
1  

Ry

R Ry
v

L Lt t
σ

σ σ + ∆
= =   (20)

2 2
2

 
 

Rx

R Rx
v

L Lt t
σ

σ σ +∆
= =   (21)

as Ryvσ  and Rxvσ  are the velocities of the Rayleigh waves in 
the studied directions.

Since the maximum absolute elongations 1L∆  and 2L∆  
are very small compared to the URW propagation distance 
in both directions, the error in the travel time due to them is 
less than 0.08%. The delay in the travel time of the URW in 
the vessel walls, observed in the experiments can be written 
as (22) and (23) :

1 1 01R R Rt t tσ∆ = −   (22)

2 2 02R R Rt t tσ∆ = −   (23)

6. Results and Discussion
Signals from ultrasonic surface waves before applying 

pressure and at a pressure p = 6 MPa in the axial direction 
are shown in Figure 5. The ultrasonic propagation distance 
is 150 mm. The ultrasonic pulse of the stressed vessel at 
pressure is obtained with a delay compared to the signal 

Figure 3. The variations of the circumferential and axial stresses 
in the water vessel.

Figure 4. The change in the absolute elongation under the action 
of mechanical stresses in the pressure vessel.
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without pressure. Relatively weak signals can be seen 
due to the curvature of the vessel and the not very smooth 
surface of its walls.

The results of the current study are presented using the 
ultrasonic parameter - the relative change in travel time of 
URW, obtained by measuring in the principal stress directions:

1 011

01 01
,%R RR

R R

t tt

t t

σ −∆
=   (24)

2 022

02 02
,%R RR

R R

t tt

t t

σ −∆
=   (25)

Table 1 shows the results of ultrasonic measurements. It can 

be seen that the parameters 2

02

R

R

t

t

∆  and 1

01

R

R

t

t

∆  when measured 

in axial direction at a pressure of 7 MPa was approximately 
0.089%, and 0.19% in circumferential direction (Table 1).

The relative changes in URW travel time in circumferential 
and axial directions are shown in Figures 6a and 6b at ultrasonic 
propagation distance of 150 mm. The results show that the 
dependencies are not linear. The linear approximation is not 
appropriate due to the large scatter between the experimental 
data and the predicted values.

The difference in the relative changes in the travel time 
of the URW in the two main directions of the pressure vessel 
should be proportional to the internal pressure and may be 
expressed as:

1 2

01 02
 .R R

R R

t t K p
t t

∆ ∆
− =   (26)

where K is the proportionality coefficient.
The dependence of the difference in travel time changes 

of the URW on the pressure is presented in Figure 7. From 
the obtained results a better linear dependence on the pressure 
p can be seen. The results from regression statistics are: 
R2 =0.9551; error =0.0087. The coefficient K in relation 
(26) is obtained: K= 0.0166 [1/MPa].

The measurement model of the water vessel may be 
written as:

Figure 5. Signals at pressure p=0 MPa and p=6 MPa in the axial 
direction of water vessel.

Table 1. Measurement results

Pressure p, MPa Estimated Hoop stress 
1σ , МРа

1

1

R

Ro

t
t
∆ ,% Estimated axial stress 

2σ , МРа
2

02

R

R

t
t
∆

,%

0 0 0 0 0
1.0 30 0.0320 15 0.0390
2.0 61 0.0820 30 0.0510
3.0 91 0.1000 45 0.0710
4.0 121 0.1400 61 0.0730
5.0 151 0.1500 76 0.0830
6.0 182 0.1650 91 0.0878
7.0 212 0.1900 106 0.0891

Figure 6. a) The relative changes in the travel time of URW in circumferential direction. b) The relative changes in the travel time of 
URW in axial direction.
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1 2

01 02
 0,0166.R R

R R

t t p
t t

∆ ∆
− =   (27)

Dependence (27) is the experimental verification of equation 
(15). The difference in the relative changes in the travel time 
of the URW in the circumferential and axial directions of the 
vessel changes linearly with increasing the internal pressure. 
The nonlinearities of the dependencies in the Figure 6 are 
probably due to a complex of factors when determining 
the time delay of ultrasonic waves. The most important 
possible reasons are: the influence of the curvature of the 
vessel on the accuracy of the measurement, the change in 
the thickness of the couplant. In addition, the anisotropy of 
the material was not taken into account in the work. The 
accuracy in estimating the time delay of ultrasonic wave 
can be significantly increased by using signal processing 
methods, such as cross-correlation technique.

7. Conclusion
In this work, an experimental study of propagation of 

ultrasonic Rayleigh waves in the walls of a pressure vessel 
was performed using a hydraulic test at a constant temperature.

Due to the fact that the temperature of the outer and 
inner surface of the vessel wall was the same, the effect of 
temperature on the velocities of ultrasonic waves was not 
taken into account in the present study.

Dependences of the relative changes in the travel time of 
URW on the internal pressure in the circumferential and axial 
directions were obtained. Nonlinearity has been identified, 
which needs to be further investigated.

Experimental confirmation of the linear dependence 
between internal pressure and difference of relative changes 
in travel time of URW in the two principal directions of 
pressure vessel walls was obtained.

` Future research efforts can be focused on the following 
important points:

Figure 7. The difference in the relative changes in the travel time 
of URW in circumferential and axial directions.

1. Improving the accuracy of measuring the time delay 
of ultrasonic waves by using signal processing 
methods.

2. Considering the effect of the anisotropy of the 
material on ultrasonic measurements.

3. Investigation of the factors influencing the nonlinearity 
of the relations between the relative changes in 
travel time of the URW in the two main directions 
of the pressure vessel wall.

4. Study on the influence of temperature and thermal 
stresses on the ultrasonic waves velocities.

5. Study on the effect of deformations on the ultrasonic 
propagation distance.

6. Estimation of the residual stresses in the places of 
the welded joints in pressure vessel.
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