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ABSTRACT. In this paper, we extend the concept of compatible maps of type J, (J-1) and (J-2) and prove
fixed point theorems for compatible mappings in Non-Archimedian Intuitionistic Menger Probabilistic Met-
ric Space. An example and an application to functional equation is provided to support the theoretical
results.
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1 INTRODUCTION

The notion of probabilistic metric spaces (PMS) was introduced by Menger (1942) as a gener-
alization of a metric space together with the concept of compatible maps of type (J-1) and type
(J-2), which are equivalent to compatible maps under certain conditions, and illustrated some
common fixed point theorems for such maps in this Space. It is also of fundamental impor-
tance in the probabilistic functional analysis. Cho et al. (1997) introduced the concepts of com-
patible maps in Non-Archimedian Menger Probabilistic Metric Space N-AIMPS proved some
fixed point theorems for these maps. Many authors like Sehgal & Bharucha-Reid (1972), Hadzic
(1980), Chauhan & Sharma (2021), Sharma & Garg (2020), Jafari & Shams (2015), Krishnaku-
mar & Sanatammappa (2016), Khan (2011), Krishnakumar & Sanatammappa (2018), Roldan
Lépez de Hierro et al. (2021), Gupta et al. (2022) have proved fixed point theorems in various
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2 IDENTIFYING FIXED POINTS AND SOLUTION OF NONLINEAR FUNCTIONAL EQUATION

metric spaces. We further expanded and generalized the results of (Devi et al., 2018) by using
different conditions for three compatible maps in Non-Archimedian Intuitionistic Menger Prob-
abilistic Metric Space and obtained common fixed point theorems for nine maps along with an
example and application to enhance the results in this space.

2 PRELIMINARIES

Definition 1. (Devi et al., 2018) A triple (X, F,G) is said to be Non-Archimedian Intuitionistic
Probabilistic Metric Space (shortly NAIPM-space) if X is a non empty set and F is a probabilistic
distance and G is a probabilistic non-distance on X satisfying the following conditions: for all
x,y,z€ X andt,s >0,

(a) Fy(t) +Gy(t) <1,

(b) Fo(t)=1if and onlyif x=y,
(c) Fylt) = Fu(t),

(d) Fiy(0) =0,

(e) Fy(t) =1,Fy(s) =1 = Fy(max{t,s}) =

(f) Go(t) =0if and only if x=y,

(8) Guy(t) = Gyl2),

(h) Gyy(0) =

(i) Gry(t) =0,Gyz(s) =0 = G(min{t,s}) = 1,

A 5-tuple (X, F,G,*,Q) is said to be Non-Archimedian Intuitionistic Menger Probabilistic
Metric Space if (X, F,G) is a NAIPM-space and in addition the following inequalities hold
forall x,y,z€ X andt,s >0,

() Fe(max{t,s}) > Fuy(1) % F(s),

(k) Gy (min{t,s}) > ny(t)OGyz(s)a
where * is a continuous t-norm and { is a continuous t-conorm.

Lemma 1. (Devi et al., 2018) If a function ® : [0,00) — [0,00) satisfies the condition (®), then
we have

(a) For allt > 0, lim,—,o®"(t) = 0, where ®"(¢) is the n-th iteration of ®(t),

(b) If {t,} is a non-decreasing sequence of real numbers and t,.1 < ®(t,),n = 1,2,3,... then
limy ooty = 0. In particular, if t < ®(¢) forallt > 0 thent = 0.
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3 MAIN RESULT

In this section first we modify the definition of Non-Archimedian Intuitionistic Probabilistic
Metric Space for three variables as follows:

Definition 2. A triple (X, F,G) is said to be modified Non-Archimedian Intuitionistic Probabilis-
tic Metric Space (shortly N-AIPMS) if X is a non empty set, F is a probabilistic distance and
G is a probabilistic non-distance on X satisfying the following conditions for all x,y,z € X and
t,s >0,

(a) Frz(t)+Gry(t) <1,

(b) Fo(t)=1if and onlyif x=y =z,

(¢) Fiyz(t) = Fiyx(1),

(d) Fyy(0)=

(¢) Fy(t)=1,F(s) =1 = Fy.(max{t,s})=1

(f) Guye(t) =0 if and only if x,y,z are pairwise equal,
(8) Gayz(t) = Gyxz(1) = Ga(1),

(h) Gxyz(0) =1,

(i) Gy(t) =0,Gy(s) =0 = Gy (min{t,s}) =1,
A 5-tuple (X,F,G,*,0) is said to be modified Non-Archimedian Intuitionistic Menger
Probabilistic Metric Space (shortly N-AIMPMS) if (X, F,G) is a N-AIPMS and in addition
the following inequalities hold for all x,y,z € X and t,s > 0,

(]) Ecz(max{tvs}) Z ny(t) *Fyz(s);

(k) Gy(min{t,s}) > Gy (t)0Gy(s),
where * is a continuous t-norm and {) is a continuous t-conorm.

Lemma 2. Let {y,} be a sequence in X, such that lim, ,.Fy,,, 5, () =1 and
limy—0Gy, v 1 3mi2 (1) = 0 for all t > 0. If {y,} is not a Cauchy sequence in X, then there ex-
ists & > 0,19 > 0 and three sequence {m;},{n;},{pi} of positive integers such that

(a) mi >ni+1andn; — o asi— o, n; > p;+1and p; — o asi — oo

(b) Fypy sy, 10) < 1 — € and By, (10) > 1 —€0,i=1,2,3..

(€) Gy, oy, (10) > €0 and Gy, -, (10) < €0, =1,2,3...

Definition 3. Self maps A,B and C on a N-AIMPMS (X ,F,G,*,Q) are said to be compatible if
g(FaB,, BC,, CAy, (1)) = 0 and h(Gap,, Bc,, ca,, (t)) — 1 forallt >0, whenever {x, } is a sequence
in X such that Ax,, Bx,,,Cx,, — q for some q in X, as n — oo,
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4 IDENTIFYING FIXED POINTS AND SOLUTION OF NONLINEAR FUNCTIONAL EQUATION

Definition 4. Self maps A,B and C on a N-AIMPMS (X,F,G,*,0) are said to be compatible of

type (J) ifg(FABXn ,BC, ,CCx (l‘)) — 0 and g(FCan«,BAxn«,AAXn (Z)) — 0 and h(GAan7Ban7Can (l‘)) — 1
and h(Gcp,, Ba,, A4y, (t)) — 1 for all t > 0, whenever {x,} is a sequence in X such that
Axp, Bx,,Cx,, — q for some q in X, as n — oo,

Definition 5. Self maps A,B and C on a N-AIMPMS (X,F,G,*,{) are said to be compatible of

type (J-1) if g(Fag,, Bc,, ccy, (t)) — 0 and h(Gaa,, Bc,, cc,, (t)) — 1 for all t > 0, whenever {x, }
is a sequence in X such that Ax,,Bx,,Cx, — q for some q in X, as n — oo,

Definition 6. Self maps A,B and C on a N-AIMPMS (X,F,G,*,Q) are said to be compatible of

type (J-2) if g(Fca,, BA,, AAy, (1)) — 0 and h(Gcp,, Ba,, AA,, (t)) — 1 for allt > 0, whenever {x, }
is a sequence in X such that Ax,, Bx,,Cx, — q for some q in X, as n — oo,

Proposition 1. Let A,B and C are Self maps on a N-AIMPMS (X, F,G,*,0),
(a) If C is continuous, then the pair (A,C) or (B,C) are compatible of type (J-1).

Proof. Let {x,} be a sequence in X such that Ax,,Bx,,Cx, — q for some q in X as n — o and
let the pair (A,C) or (B,C) be compatible of type (J-1) and (J-2). Since C is continuous, we have
A,B,C are pair wise compatible and C is continuous,

CAx, — Cq,CBx,, - Cq,CCx, — Cq
and so,

8(FaB,, BC,, CAy, (1)) < &(Fas,, bc,, cc,, () +&(Fcc,, By, BA,, (1))
+8(Fpa,, ACy, CAy, (1)) = 0+ g(Feq.cq.cq(t) + 8(Fg.cqcq(t) as (ACx, = CAxy),
—0+0+40as g(Fy,(t) =0, if any two of x,y,z equal.

h(Gas,, Bc,, cAy, () = W(Gas,, Bc,, cc,, () +1(Gee,, By, BA, (1)) +
h(Gpa,, AC,, Ay, (1)) = 1+1(Geq.cqnq(t)) +1(Gpgagaq(t))
—1+0+4+0=1, as(ACx, = CAx,) and g(F(t) = 0.
Then A,B,C are compatible of type J-1.

If A,B,C are pairwise compatible of type J-I and A,B,C are continuous.
To prove: A,B,C are pairwise compatible.

8(Fa, By, Ay, (1) < 8(Fas,, Bey, cc,, (1) + 8(Fa,, bc,, cc,, (1))
+8(Fas,, cc,, cA,, (1))

> 14+ h(Feqcq.cq(t) +8(Feq,pgcqs as A,C are continuous
>14+0+0+0=1as g(Fy.(t) =0, if any two of x,y,z equal.

h(Gas,, Bc,, cAy, () = (Gas,, Bc,, cc,, () +h(Gee,, By, Ba, (1)) +
h(Gpa,, ACy, CAy, (1)) = 1+ 1(Geq.cq.Bq(t)) +1(GBgaq.aq(t))
—14+04+0=1, as(ACx, = CAx,) and g(Fy(t) = 0.
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Hence, the mappings A,B,C are compatible of type (J-1).

Note: Similarly, proof can be done for the other possible cases for mappings A,B,C.

Theorem 1. Let A,B,C,D,P.O,R,U and V be Self maps on a complete N-AIMPMS (X,F,G,x,)
satisfying:

(a) P(X) CUV(X),0(X) CCD(X),R(X) CAB(X);

(b) g(Fproyr:(t)) < ¢(g(Fapxcoyuv:(t)) and
h(Gpx,0yr:(t)) = @(M(Gapx.cpyuv:(1));

(c) 8&(Fpx,0yr:(1)) < ¢[max{g(Fap.co.vv,(t))  +  g(Fpas.cp,(t)  +
g(Fo,couv.(t))  +  g(Fr.uv.as,(t),8(Fp.as.cp,(t) + g(Fo,cpuv.(t) +
8(Fr..AB.cp, (1)), 8(Fp.cpyuv. (1)) + 8(Fo,.cp,uv. (1)) +
8(Fr.uv..AB, (1)), 8(Fp aB,cp, (1)) + 8(Fo, uv. 8, (t)) + &(Fr.uv. a8, (1)) }]5

(d) h(Gpy,yr:(1)) > @min{h(Gap, cp,vv,(t)) +  h(Gpas.cp,(t)  +
hGo, co,uv.(t))  +  h(Gr.uv.as(t)),M(Gp s, cp,(t) + h(Go,cp,uv.(t) +
h(Gr. aB,.cp,(t)),h(Gp, cp,uv.(t)) + h(Go, cp,uv.(t)) +
h(Gr.uv. a8, (t)),h(Gp ag,.cp,(t) + h(Go, uv. a8, (1)) +h(Gr v, AB, (1)) }]

forall x,y € X andt > 0, where a function ¢, @ : [0,00) — [0,0) satisfies the condition

(9) and (9);
(e) AB=BA,CD=DC,UV =VU,PB=BP,QD =DQ,RV =VR;
(f) Either P or AB is continuous,

(g) The pairs (P,AB),(Q,CD),(R,UV) are mutually compatible of type (J). Then,
A,B,C,D,PQ,R,U,V have a unique common fixed point.

Proof. Let xy be an arbitrary point in X. By (a) there exists xj,x2,x3 € X such that
Pxo =CDx1 =UVx, =y,

Ox1 =UVx1 = ABx; =y,

Rx» = ABxy = CDx3 = y».

Inductively, we can construct sequences {x, },{y»},{z:} € X such that,

Pxyp = CDxopi1 = UVixony2 = you,

Ox2n1 = UVxopi2 = ABxopi3 = Yo+,

Rxppi0 = ABxppi3 = CDxopya = Yoo, forn =0,1,2,....

Step-1
We shall show that sequence {y,} is a Cauchy sequence.
Since, Pxp, = CDxy,+1 = UV x2,42, using (b), (c), (d), we have

g(FyZn Von+1:Y2m+2 (t)) = g(Fszn-,Qyan JRzopnt2 (t)) <¢ (g(FyZn V2nt+1:Y2n42 (t)) and
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6 IDENTIFYING FIXED POINTS AND SOLUTION OF NONLINEAR FUNCTIONAL EQUATION

h(GyZn $Y2n+1-Y2n42 (t)) = h(GPXZn:Q)Qn-H Rzono (t)) Z (P(h(G)'Zn $Y2n+1-Y2n42 (t))

Since, Qx2,+1 = UV xp,42 = ABx7,+3, we also have
g(FyZn Yan—1:Ym—2 (t)) = g(FP)fzmQyznq Rzon—2 (t)) <¢ (g(Fyznszn Von+3 (t)) and

h(GyvayZn—l sY2n—2 (t)) = h(GPXZn-,Q)Qn—l Rzon—2 (t)) Z (p(h(GYZn—Z:)'vayZn+3 (t))
Thus,

8(Fy, Int1:Ynt2 (1) <o (g(Fynfzﬁynflayzws (1)) and
"Gy, yni130i2 ) = @(R(Gy, _, 5,1 3,(t)) for n=0,1,2,....
Hence,

E(Fy yus1ymin (1)) < 0" (8(Fy .0, (¢)) and
"Gy, yn130i2 (1) = @ (h(Gyy y, 9, (2)) for n=0,1,2,....

Therefore, from Lemma 2.2;

g(FYn Yn+1:Yn+2 (t)) —0

G.1.1)
"Gy, yi1 ynin () = 1, as n— oo,

Suppose {y,} is not a Cauchy sequence. Since g is strictly decreasing from lemma 2.3, so there
exists & > 0,#p > 0 and three sequences {my }, {n},{px} of positive integers such that

(1) my > ngy > prao and ng — oo as k — oo,

(11) g(Fs’mk Yy Ypy (to)) > g(l - 80) and g(Fyka Y _1:Ypy (t())) S g(l - 80)?
h(G)’mk Yy Y py (to)) > h(g()) and h(GYmk,Z Y15 Ypy (to)) S h(go) for
k=1,2,3,..

Therefore,
g(l - 80) < g(F_mG Yy Ypy (t())) g g(}?ymk Yy s Ymy_o (to)) + g(F‘ymk,Z Y1 Ypy (to))
§ g(@’mk Jmk_] a}’rrik_z (t())) +g(1 - 80)
and,
h(SO) > h(GYInk Yy Ypy (t())) 2 h(G}’mk WYy Ymy_o (t())) + h(Gymk72 Yy _1:Ypy (t()))
2 h(Gymk Yy Ymy_o (to)) + h(So) .
Letting k — oo we have,

limyeo8 (Fy, v vy, (10)) = 8(1 = €0)

. 3.12)
and limy—,eh(Gy,, y,, 5, (10)) = h(&o).
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On the other hand, we have

g(l _80> < g(F‘ymk’YnksM:k( )) S g( Y Yy 15Ypyo fo )

(
+g(Fymk7y1’k+l’yl’k+2( )+e(h Ypi VP 1 Vit (t0))
( 3.1.3)

)

1) )

and h(€&) > h(Gy,, y,, vy, (f0)) = )
0))+ )

+h(Gy’”k’yPk+1’yPk+2( h(G YpiYPiey1 VP2 (t0))-

(Gy'"k g1 Ypiy2 fo

Without loss of generality, assume that all the sequences {my}, {n;}, {pr} are even, using (c), (d)
we have,

g(l;‘)’mk Vg1 Ypis2 (t())) = g(Fmek ’mek+l 7Rxmk+2 (tO )
< ¢ [max{g( Ymy_o Ynp_1:Ypy, (t())) +g( Yy Ymy_o Yny_q ( 0 )
+8(F, Vg1 Yy Yoy (t0)) +&(F, Vo2 Vpp Vo (to

)
)
)
8(Fy g yom (10)) T8y 3, v (0)
)
)
)

(1))
F8(Fypymy oy m; (10)):8(Fy v,y (10))
8 (Fa e 1m0+ 8y 3pime 5 (0))
8(Fy gy om, (10)) +8(Fyy | vy ym, (10))
+&(Fyy, 3o m_, (10))}]

< ¢[max{g(1—€0) +&(Fy,, .y, ,m_, (f0))
F8(Fyy ey vy (10)) +8(Fyy v, (10)

)

g(F'ymk WYmy_oYny g (t0)> + g(FS’nkJr] Y _1:Ypy, (t()

)
)
)
+8(F Vppsn Ymg_o Vng_ (to))7g(6111k7ynk717ypk( f0))
F8(F yney o (10)) +8(Fyy vy m,_, (10));
8(Fyymg yom (10)) T 8(Fy 5y im, (10))
+g(prk+2,ypk o, (10))}]
and
PGy g 3oy, (10)) = PGPy Qx| R, (10))
@[min{h(Gy,, ,yn vy (10)) T1(GCyp v, (10))
Fh(Gyy yn 5 10)) F1(Gyy v i, (10))
PGy gy, (10)) F1(Gyyy 3, (10))
TGy, oy ymgyon, (10)), (G, 3y, (10))
)
)
¥

Y

+h(Gynk+l Yy Ypg ( )> + h( Ypgs2 Yo Ymp_o ( ’
h(G)’mk Ymy_oYny_ | (to)) + h( Yngq1 Yoy Ymyg_o ( 0
+1(Gy,, . 3oy, (10))

)
]
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8 IDENTIFYING FIXED POINTS AND SOLUTION OF NONLINEAR FUNCTIONAL EQUATION

+h( Yo Ymy_g Yy (to))7h(GYmk Y15 Ypy (

0
+h(Gynk+l Yy Ypy (t())) + h( Ypin Yo Ymyg_n ( ) )

(G v ym s (fo))}] :
Substituting this in (3.1.3), letting k — oo and using (3.1.1), (3.1.2), we have
8(1—&) < ¢(g(1—&)) < g(1 —&) and
h(g0) = @(h(&0)) > h(&o).
This is a contradiction. Hence, {y,} is a Cauchy sequence. Since, (X,F,G,x*,0)

complete, it converges to a point q in X. Also its subsequences converges as follows:
Pxpn — q,ABx2y — q,0Von+1 — 4,CDYy2n11 — q,R2on4+2 — ¢, UV22n12 — q.

Case-1 AB is continuous and (P, AB),(Q, CD), (R, UV) are compatible of type (J-1).

Since AB is continuous AB(AB)x,, — ABq and (AB)Pxy, — ABq and (P,AB) are compatible of
type (J-1), PPxp, — ABq.

Step-2

By taking x = Px2,,,y = X25+1,2 = X542, We have,

_|_

8 (FPszn,me 1: R 12 t)<9¢ [max {g (FABsz,, CDx2,1 1 ,UV X212 (t

¥

)
8(Fppxy, ABPXy, CDxyy oy (1)) + 8(FOxy 1 CDxsps 1 UVityysr (1))
8(FRuy2,UVi2012,ABPxy, (1)) 8 (FPPy, ABPxy, CDy 4 (1)

8(FQxy1.CDx30 1, UVias2 (1) + 8(FRuy, 15 ABPxy, CDxyyy 1 (1))

_|_

8(FPPxy, CDxyy 1,0V 212 (1) F 8(FQxy 1 CDx3s 1 UV (E

_|_

)
8(FRx, 12UV x30 12 ABPxy, (1)), 8 (FPPxy, ABPxy, CDxspy 1 (7))
)

g(FQx2n+1 \UVxony2,ABPx), (t)) + g(FRx2n+2¢va2n+21ABPx2n (t) H
Similarly,

_|_

h(GPPXZmQXZnH Rx2, 10 ) >0 [min{h(GABPX2n7CDx2n+l UVxonyo (t

¥ ¥

)

h(Gppuy, ABPXs, CDx2 1 (1) + 1(G0xyy 41 CDx2 41 UV (1))
1(GRysy 9, UVx2ps0,ABPx2y () H(G PPy, ABPx3, CDx2py (1))

)

MGy, s1 CDx2 1 UV 12 () + 1(GRey, 0 ABPryy CDxpsy (1))

_|_

1
W(GPPxy, CDxpy 1 UViigy iz (1) F (G0, CDxsy oy UVityy o (8
(

+

)
h( GRX2n+2 UVxony2,ABPx)y (t ) ) oh ( Gppxy, ABPxy, C Dxop+1 t) )
h(GQX2n+1 \UVxon12,ABPxz, (t)) + h(GRx2n+27UVX2n+2 ABPxp, (t) ) }]
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This implies that, as n — oo

8(FaBg.q4(1)) < @lmax{g(Fapq.q.4(t)) + 8(Fg.a84.4(t)) + 8(Fyq.4(t))+
8(Fg.q.484(1)),8(Fy.aBq,4(t)) + 8(Fyq.q(t)) +8(FyaB9.4(1)),
8(Fa.9.4(1)) +8(Fpq.q(t)) + 8(Fgq.484(1)), 8(Fy.aBg4(1))+
8(Fg.g.484(1)) + 8(Fgq.484(1))}]

= 0{8(FaBg.q.4(1))}

and

h(GABq,q,q(t)) > (P[min{h(GAquq(t)) +h(GqABq q(t)) +h( qqq(t))+
h(Gg.g.a84(t)) 1(GgaBgq(t)) +h(Ggqq(t)) +h(Ggapgq(t)),
)

"Gy q,q(t) +1(Gygq(t) +1(GygaBq(t)) 1(GgaBgq(t))+
h(Gygaq(t)) +h(Ggqag(t))}]
- (P{h(GABq q, q(t))}

Thus by lemma-2.2,
8(FABg.q,4(t)) =0 and h(Gapg,q,4(t)) = 1 for all £ > 0 and it follows that ¢ = ABg.

Step-3
By taking x = q,y = x2,+1,2 = X242, We have,

8(Fpg.0vss1 Rugsa (1) < O [max{g(Fapg.cDxss 1 UVisys (1)) +
)

+

)
8<FPq ABq,CDx2;,11 ( ) + g(FQXZVHrI’CDX2n+1~,UVXZn+2 t))
)

+

8(FRuy 10,0V 302,484 (1)) 8 (FPg ABg CDxy o (1

8(FQxs 1 CDxyy UVizsa (1) F 8(FRuyy 2 ABg.CDxyy (1))

)
)

_|_

8(FPq.CDxyys1 UVt (1) + 8(FOxy, s CDxyy s 1 UVt o (E

+

)
g(FRXZVH»Z’UVXZnJrZ ABq (t) ) ) g(FPq’ABlLCDXZnJrl t)
8 (FQx2n+1 ,UVx2,12,ABq (t) ) =+ g(FRX2n+2 \UVxani2,ABq (t)) H

Similarly,

MGy, 0xyy1 Rz 12 (1) = @min{h(Gapg cDxyy 1 UVagss (1) F

¥ ¥

"(GRyy 2 UVitsyi2.4Bq(1)), H(GPg ABG.CDxy . (

)

h(GPq ABq,CDxp1 ( )) + h(GQx2n+l CDxp41,UV X042 (t))
)

)

h(GQx2n+l 7CDx2n+l UVxonin (t)) + h(GRx2n+27AB‘17CDx2n+ (t )

)
)

+

1
h(GPq’CDx2n+l UVxoui2 (t)) + h(GQX2n+1 ,CDx2yy 1 1,UV X212 (t
(

+

)
h(GRX2n+2 ,UVx2,12,ABq (t)) ) h(GP(JaABq~,CDX2n+1 t)
)

h(GQX2n+1 ,UVx,12,ABq ([)) + h(GRx2n+27UVX2n+2 ABgq (t) }]
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This implies that, as n — oo

8(Fyq4(t)) < @lmax{g(Fyq4(t))
8(Fgq.4(t)) +8(
(

and

h(Gyq,4(1)) = @[min{h(Gqqq(t)) +1(Ggqq(t)) +1(Ggqq(t)) +1(Gyqq(?)),

"(Gg,q.q(t)) +1(Ggqq(1) +1(Gggq(t),1(Gyqq(t) + (G gq(t))+
"(Gqq(1),1(Gyqq(t) +1(Gygq(t)) +1(Gyqq(t))}]
= @{h(Gyq,q(t))}

this gives that g = Pq and therefore, ¢ = ABg = Pgq.

Step-4
By taking x = Bq,y = X2,+1,2 = X2,4+2,in (¢) and (d) using (e) we have,

+

g(FPBqﬁQX2n+1 Rxon 40 (t)) <¢ [max{g(FABBqCsznH UVxo,10 (t

_|_

)
g(FPBq,ABBq.,CDnnH (t)) + g(FsznH CDx2p41,UV X242 (t)
)

_|_

)

)
8(FRxy, 12UV x2,12,4884 (1)) 8 (FPBg.ABBq.CDxy, 1 (1))

8(FQxyny 1 CDxop 1 UVixzsn (1) + 8(FRxyy 5. ABBg.CDx2 s (1))

)
)

+

1
8 (F PBq,CDx211,UV X242 (t )) +8 (F Ox214+1,CDx2p11,UV X042 (t
(

+

)
8(FRxy2,UVx2012,48B4 (1)), 8(FPBg,ABB.CDxs 1 (1)
g(FQx2n+| ,UVx2,42,ABBq (t)) + g(Fszﬁz,Usz,,ﬁ,ABBq (t))}]

Similarly,

+

h(GPBQst2n+1 Rxoni2 ) =9 [min{h(GABB%CDinH UV (t

+

)
h(GpBq.ABBg.CDxy 1 (1) + (GO, s CDxsp UV (T))
)

_|_

N(GRy 12,0V 3124884 (1)), B(GPBq ABBg.CDxyp 1 (

h(GQX2n+1 \CDx211,UV X242 (t)) + h(GRin+z-,ABBq,CDx2n+1 (t))

)
)

+

h(GPB%CsznH UVxonia () + h(GQX2n+1 CDx2p41,UV X042 (t

_|_

)
h(GRey, 12,0V 2, 12.48B9(1)), H(GPBg.ABBg.CDxy 4 (1)
"Gy, 1 UVxns2.4BBq (1)) + 1(GRuyyr UV 2 ABBg (1)) }]

This implies that, as n — oo

8(FBg,qq(1)) < @[max{g(Fpyg,q,4(t)) +8(Fy.84,4(t)) + 8(Fy.q.4(t)) + 8(Fg.q,84(1)),
8(Fy.Bq.q(t)) + 8(Fa.q.4(1)) + 8(Fy.B4.q(1)),8(Fg.q.4(1)) + 8(Fyq.4(t))+
8(Fy.q.84(1)),8(Fy.Bq.q(t)) + 8(Fy.q,84(1)) + 8(Fg.q.84(1)) }]

= 0{8(Fg.q.q(1))}
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and

h(GBq.,q,q(t)) > (p[min{h(Gquq(t)) +h(Gq Bq, q(t)) (quq(t)) ( qu(I))a

h(Gy,Bg,q(t)) +1(Gggq(t)) + 1(GgBgq(1)),1(Ggqq(t)) +h(Ggqq(t))+
"(Gyq.84(1)) s 1(Gggq(t)) +1(Gygq(t) +1(Gygnq(1))}]
= @{h(Gpgqq(1))}

gives, g = Bq. Since, g = ABq, we have ¢ = Aq and therefore, g = Ag = Bq = Pgq.

Step-5
Since, Q(X) C CD(X) such that ¢ = Qg = Cdgq.
By taking x = x2,,y = j,2 = X2,,41in (c) and (d), we get

8(Fpxy, 0 Rizyss (1)) < @[max{g(Fapuy, cDjuvsy, () +

—

)
8(Fpxy, ABxy,,cDj (1)) + 8(FQj.cDjuvis, (1))

)
8(F0j.cpj v, (1) + 8(FRsn 1 ABxancDj (1))

)
)

8(FRyy 1, UVitay 1 ABxay (1)), 8 (FPay, ABxy, D (
)

+

8(FPay,, €DjUVss (1) + 8(FQj cDjUVsysy (2)
8(FRxy, 41 UVis 11 A, (1)) 8 (FPxy, ABy, D (1)) +
)

8(FQjUVsy 1 ABxsy (1)) + 8(FRusy | UVikans 1 ABxa (1)) }]-

Similarly,

_|_

h(Gpyy, .0 Risn iy (1) = @ImMin{h(Gapyy, CDj UV, (1))
"(Gpxy, ABxy, D} (1)) + 1(Goj.cDjUviy,, (1))
)

N(GRryy i1 UVitsys1 4B, (1)) B(GPxy, ABxy, D (1
)

¥ F

h(GjcDjuvas,, () +1(GRuy, 1 ABxy, .cDj (1)),

+
+

_|_

WGy, CDjUVig 1 (1) +1(GjcDjUV g,y (1))
h(GRX2n+1 UVxoui1,ABxz, (t) ) (GPxZn ABx2,,CDj (t) ) +
h(GQj,Usz,,H ABxoy ( ) ) (GRX2n+1 UVxont1,ABxoy ( )) H

This implies that, as n — oo

8(Fy.0).4(t)) < 9lmax{g(Fyqq(1)) +8(Fg.q.4(1)) +8(FQjq.q(1)) +8(Fgq4(t)),
8(Fy4.4(1)) +8(F0jq.q(1)) + 8(Fa.9.4(1)),8(Fy94(1)) +8(Fojq.q(1))+
8(Fa.q.9(1)):8(Fyq.4(t)) +8(Fgjqq(t)) +8(Fgqq(t))}]

= 0{g(Fp.0j4(1))}
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Similarly,

h(Gq.0jq(t)) = @Imin{h(Ggqq(1)) +1(Ggqq(t)) +h(Ggjgq(t)) +1(Ggqq(t)),
h(Gg.4.4(1)) +h(GQjq.q(t) +1(Gyqq(t) h(Ggqq(t) +1(Gojqq(t))+
"(Gq.q(1),1(Ggqq(t) +1(Gojgq(t)) +h(Ggqq(t))}]

= @{h(Gg,0j4(1))}

This implies that ¢ = Q. Hence, CDj = g = Qj. Since, (Q,CD) is compatible of type (J-1), we
have Q(CD)j = CD(CD) . Thus, CDg = Qq

Step-6
By taking x = x2,,y = ¢,z = x2,+1 in (c) and (d), we have

8(Fpxy,,0q,Rez11 (1)) < @lmax{g(Fagx,, cpg.uviy,,, (1)) +

+

)
g(Fsz,, /ABx2,,CDq (1) + g(FQtLCDq UVxani1 (1))
)

+

(FRx2n+l UVxon41,ABxoy ( )) ) g(Fsz,, ,ABx»,,CDq (t
)

8(F0q.cDq,uVxs, 41 (1)) + 8(FRxyy 1 A, D (1))

)
)

_|_

8(Fpxy, cDgUV 301 (1) + 8(F0q,cDq,UV s, 4 (1

) )
8(FRuy, 1 U1, ABxs, (1)), 8 (FPay, Ay, D (1)) +
)

8(F0q.UVxys1.4Bxy, (1)) + 8(FRyy, 1 UVitsy 1 ABxa, () -

Similarly,

+

h(Gpyy, 0. Re.1 (1) = @[min{h(Gapx,, cDg.UVxs, (t

)
h(Gpxy, ABxy, cDq (1)) +1(Gog,cDg UV, ()
)

¥ ¥

)
)
)
h(GRX2n+1 JABx2,,CDgq (I))
()
(®))
)

(G ogUVys1 ABxy, (1) + 11 (GRuy, 1 UViy, 1 ABxy, (1)) }]-

M(GRuyy i1 UVys1,ABxs, (1)) R(GPxy, ABs, CDg (
)

"G 0q.cDgUV sy (1)

+
)+
(

+

W(Gpxy, CDgUVsy iy (1) +1(G0g.CDGUV s,

h(GRyy, 1, UVitsy41,4Bx, () B(GPxy, ABxy, DG (1)) +

This implies that, as n — oo

8(Fg,00.4(t)) < @lmax{g(Fyq,4(t)) +8(Fyq4(t)) +8(Foq.q4(1)) + 8(Faq.4(t)),
8(Fp.q.q(t)) +8(Foq.q.q(1)) + 8(Fg.4.4(1))8(Fyq.4(1)) + 8(Foq,q.4())+
8(Fyq4(1)),8(Fgq.4(t)) +8(Fogqq(t)) +8(Fyq4(t))}]
= 0{8(F4.00.4(1))}-

+
+
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Similarly,

h(Gg.04.4(1)) = @Imin{h(Gy,q4(t)) + 1(Gyq4(1)) + h(Ggy.q.q(t)) + h(Ggqq(1)),
h(Gg.q.q(1)) +1(Gog.q,q(1)) +1(Gyg.q(t) h(Ggq.q(1) +1(Gogqq(t))+

"G q,q(1),1(Ggqq(t) +1(Gogg,q(t) + (G gq(t))}]

= @{h(Gy,044(1))}-

This means that g = Qg. Hence, CDj = g = Qq. Since, CDq = Qq, we have g = CDq. Therefore,

q=Aq=Bq=Pq=0q=CDgq.

Step-7
By taking x = x,,y = Dq,z = x2,+1 in (c) and (d), we have

+

8(Fpxy,,00q, Rz (1)) < @[max{g(Fapxy, cDDGUV s, (t

_|_

)
8(Fpuy, ABxy, cDDg (1)) + 8(Fopg,cDDG.UV (1)
)

8(FRay o1 UV i1 ABxoy (), 8 (FPay, ABy, DD (1)) +

)
)
)
)

8(Fopq.cDDg.UViy 1 (1)) + 8(FRyy,, 1 ABxy, DD (1))

_|_

8(Fpuy, CDDqUVis,11 (1) + &8(FoDg.CDDG,UV x4 (1))
8(FRusy 1 UVaop 1. ABx2y (1)), 8 (FPxy, ABxy, CDDg (1) )+
g(FQDqﬁUVJQnH ABxpy, (t)) + g(FRx2n+1 \UVxont1,ABxp, (t) ) }]

Similarly,

+

h(Gpx,,,00q.Rx3, 11 () = @[min{h(Gapx,, coDg,UV s, (¢

+

)
h(Gpxy, ABxy, cDDq (1)) +1(GoDg.cDDG.UVx,, 4 (1))
I(GRyyys 1 UVias1 ABxzy (1)) B(GPxy, ABxs, cDDG (1) )+
h(Gopg.cpDg.UVx311 (1)) + 1(GRoy,yy ABxs, DD ()

(1))
(1))

t

+

h(Gpxy, cDDGUVsy 1 (1) +1(GoDg.CDDGUV A,

I(GRyy 1 UVisys1 ABx, () (G, ABxy, cDDg (1)) +

)
)
I GoDg,UVxy1 ABxa, (1) + 1(GRuy, 1 UViy, i1 ABxs, () -

This implies that, as n — oo

8(Fy.q.9(1)) + 8(Fpg,q.q(t)) + 8(Fg.q.4(1)),
(Fa.9.9(1)) +8(Fpg.q.4(1))+
(FDg.q,4(1)) +8(Fg,q,4(1))}]

= 0{8(Fg.04.9(1))}-

0
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Similarly,

h(Gy,pqq(t)) = @min{h(Ggqq(t)) +h(Ggqq(t)) +h(Gpggq(t)) +1(Gaaq(t)),

h(Gg.q.q(t)) +1(Gpag.q(t)) + 1(Ggqq(t)),h(Gagq(t)) +h(Gpgqq(t))+
h(Gggq(t)),1(Ggqq(t)) +m(Gpgqq(t)) +h(Gygq(t))}]
= @{h(Gy,pq4(1))}-

This gives, g = Dq. Since, g = CDq, we have ¢ = Dq. Therefore, g = Ag = Bqg = Cq = Dg =
Pq=0q.

Step-8
Since, P(X) C UV (X), there exists w € X such that g = Pq = UVw.
By taking x = xp,,y = x2,,+1,z = w in (c) and (d), we have

8(Fpry, 0134 1.8Rw (1)) < @[max{g(Fapx,, cDxy, 1, uvw(t))+

+

)
8(Fpy, ABxy, CDxyp 1 (1) + 8(F0xy, 4 1.CDxp 1 UV (2))
)

_|_

8(FRw,UVwABxs, (1)), 8 (FPxy, . ABxyy CDx2p s (t
g<FQX2,l+1 ,CsznJr] LUVw (t)) + g(FRW,Aszn,CDXZ,H, (t>)

)+
)

1
g(FPXZn:CDXZVH»l UVw (t)) + g(FQx2n+1 CDxpp 1 1,UVW (t
(

+

)
&(FRw.UVwABxs, (t)): 8(FPxsy ABxs, CDxos 1 (1)

8(FQry 41, UVwABxy, (1)) + 8 (FRw,uvwABx,, () -

Similarly,

_l’_

_l’_

h(GPXZmQXZVH»l Rw ®)>e [mi”{h(GABX2n ,CDx3, 1 1,UVW (t

)
h(GPXZn ABx2, ,CDxpp 1| (t)) + h(GQX2n+1 CDxop 41, UVW (t)
)

+

)

)
h(GRw,uVw.ABx, (1)), h(GPxy, ABxy, CDxyy (1))

"(Goxy, 1 CDxaps UV (L)) + M(GRwABxs, CDxs 1 (1)),

1
h(GPXZnuCDXZVHrl ’UVW(I)) + h(GQ-XZnJrl «CDXZVH»laUVW(t +
(

+

)
h(GRru,UVwABx, (1)), 1(GPxyy ABxsy CDx2p 4 (1))
(G Qxyp 1 UVWABR, (1) + 1(GRwUVWABxy, (1)) }]-

This implies that, as n — oo
8(Fyqrw(t)) < @[max{g(Fgq,4(t)) +8(Fyq,4(t)) +
8(Fyq.4(t)) +8( qqq@) +8(Fyq4(1)):
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Similarly,

h(Gg,qrw(t)) = @min{h(Ggg,q(t)) +h(Ggqq(t)) +1(Gyqq(t)) +h(GRrugq(t)),
h(Gg.q.q(1)) +1(Gy,g.q(t) +1(Gyqq(1)); 1(Gy q.q(t) +1(Gyqq(1))+
h(GRrung.q(1)),7(Ggq.q(t)) +1(Ggqq(t)) +(GRuq.q(1))}]

= 0{h(Gyqrw(1))}-

This gives ¢ = Rw. Hence, Uvw = g = Rw. Since, (R,ST) is compatible of type (J-1), we have

R(UV)w=UV(UV)w. Thus, UV¢q = Rq.
Step-9
By taking x = x2,,y = x2,+1,2 = q in (¢), (d) and using (e), we have

g(FPXZmQXZVH»l ’Rq (t)) S ¢ [ma‘x{g(FAszn,Cngn+1 ,UVq (t +

¥ ¥

)

8(Fpxy, ABxy CDxans1 () + 8(Fxsy s 1 CDxp 1 0V (1))
8(FRq,uV4ABx,, (1)) 8(Fpxy, ABxy, CDxyy (1))
8(FQuy, 1 1.CDx31,0v4(1)) + 8(FRg ABxy, D3 1 (1))

)+
)

8(Fpy, CDxyys 1, 0V4(t)) + 8(FQxsy 1 CDxyps 1 UV (t

+

)
g(FRq,UVq,Asz,, (t)) ) g(Fszn ABx2, ,CDx2p 1 (t)
)

8(FQxy,1,Uvq,ABx,, (1)) + 8(FRg,uvq ABxy, (1))}

Similarly,

h(Gpyy,,0341.Rq () = @[min{h(Gapx,, cDxy, 1 V4 (1)) +
WGPy, ABsn CDxops 1 (1) F (GO, 1 CDx2s 1,0V (1))

)

)

¥ ¥

h(GRq7U Vq,ABxy, (t) ) > h(GPJQn ABx2,,CDx2p 41 (t

"Gy, 1.CDx 11,0V (1)) +H(GRgABx, €Dy, (1)

_|_

1
h(GPX2n7CDX2n+I ,UVq (t)) + h(GQx2n+l ,CDx2p11,UV g (t
(

+

)
h(GRrq,uvq.ABxa, (1)), M(Gpxy, ABxy CDx2y iy (1))
h(GQxyy,1,UVaABxy, (1) +h(GRg.UvV q.ABxs, (1)) -

This implies that, as n — oo

8(Fyq.rq(1)) < @[max{g(Fyq,4(t)) +8(Fyq,4(t)) +
8(Fyqq(t)) +8(Fyq4(t)) +8(Fyq.4(
8(Frg.q.q(1)):8(Fy.q.4(t)) +8(Fyq,4(t)

N
=
=
o0y oo
~—
S
=
=
—
-

z =
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Similarly,

h(Gqq.rq(t)) = @[min{h(Gy.qq(t)) +h(Ggq4(1)) +h(Ggqq
h(Gg.g.q(1)) +1(Gy,g.q(t) +1(Gyqq(1)); 1(Gy q.q(t) + 1(Gyqq(1))+
h(GRry.q.q(1)),1(Gag.4(t)) +h(Ggqq(t)) + h(Gryqq(t))}]
= 0{1(Gyq.rq(1))}-

This gives g = Rq. We have, g = UV q. Therefore, g =Aq =Bq=Cq=Dg=Pq=0Q0qg=Rq=
UVgq

1)) +h(Grag.4(t)),

Step-10
By taking x = x2,,y = x2,,+1,2 = V¢ in (¢), (d) and using (e), we have

g(FPXZmQxZ;H—I 7RV(1 (t)) S ¢ [max{g(FAszn ,Cszn_H ,UVVq (t +

T ¥

)
8(Fpxy, ABxy, CDxspiy (1) + 8(FvQxy, 1 CDxyyy VY4 (L))
)

8 (FRVq,UVVq Aszy,( ))s (Fszﬂ ABx2,,CDxpp 4 | (

8(Fv Qs CDxyps 1 UV (1)) + 8(FRV.ABxy, €Dy 4 (1))

8(FPrsy CDxsp 1 UV (1)) + 8(FVQxys 1 CDx2pi UV V(L)) +

_|_

)
8(FRVq,UVV 4.ABx3, (1)) 8 (FPxyy, ABxyy CDxaps1 ()
) )

8(FV @y 1 UVVG By, (1)) + 8(FRvq,UvVg ABx,, (1)) }].

Similarly,

h(GPXZmsznH RVq (t) > (p[min{h(GABnn«,CsznH JUVVq (1)+

_|_

)
h(Gpxy, ABxy, CDxyy 1 (1) +1(GV Qxyy 1 CDxp 1 UVVG())+
h(GRVq UvVy, Aszn( )) (GPXZn JABx2,,,CDxp 1 (f ))
)

h(GvQxyyy1 D21, UVVa (1)) + M(GRY g,ABxs, CDx311 (1))

) |
h(Gszn ,CDX2n+1 ,UVVq( )) (GVQXZVH»I CDx2n+l 7UVVq (t +
(

)
)

+

)
h(GRv4.UVV.ABxs, (1)) B(GPxy, ABxsy CDxspy ()
h(Gv gy, UVVq.ABxy, (1) +B(GRV4.UVY 4 ABxy, (1)) }]-

This implies that, as n — oo

8(Fgqvq(t)) < 9lmax{g(Fgq4(t)) +8(Fygqq(t)) +
8(Fgq.4(1)) +8(Fpqq(t)) + 8(Fgq4(1)),8(Fgq4(1)) + 8(Fyqq(t))+
8(Fvg,q,9(t)):8(Fyqq(t)) +8(Fyqq(t)) +8(Frgqq(t))}]
= 0{8(Fgqvq(1))}-

8(Fyqq(t) +8(Frgqq(t)),
8(
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Similarly,
h(Gaqvq(t)) = @Imin{h(Ggqq(t)) +1(Ggqq(t)) +h(Gagq(t)) +7(Gygqq(t)),
h(Gg.4.q(1)) +1(Gy,q.q(t) +1(Gygq(1)),1(Gyq.q(t) +1(Gggq(r))+
h(Gvg,4.4(t)),h(Gyq4(t))+
"(Gyq4(1)) +1(Gvgqq(t))}]
= @{h(Ggqvq(1))}-

This implies g = Vgq. Since ¢ = UV¢q, we get g = Vq. Therefore, ¢ = Aq = Bg = Cq = Dg =
Pq=0Qq=Rq=Uqg=Vgq, that is common fixed point of A,B,C,D,P,Q,R,U,V. Similarly, it is
clear that q is also the common fixed point of A,B,C,D,P,Q,R,U,V in the case AB is continuous
and (P,AB), (Q,CD), (R,UV) are compatible of type (J-2).

Case-2 AB is continuous and (P, AB),(Q, CD), (R, UV) are compatible of type (J-1). Since P is
continuous and (P,AB), (Q,CD), (R,UV) are compatible of type (J-1).

As P is continuous, PPx,, — Pq and P(AB)x,, — Pq . Since, (P,AB) is compatible of type (J-1),
AB(AB)xp, — Pq.

Step-11
By taking x = ABx2,,,y = X25+1,2 = X25+2 in (c) and (d), we have

8(Fp(aB) s, 0vsns 1 Rinsn (1) < O[max{g(FaB(AB)xy, CDxpy 1 UV s (1)) F

—

)
g(FP(AB)xzn ,AB(AB))Q,,,CD)Q,H,] ( )) + g(FVQX2n+1 aCDx2n+1 UVxn+2 (t))
)

8(FRy, 1,0V, 12 AB(AB)x2y (1)), 8 (FP(AB)xs)) AB(AB)x20, CDx 11 (F

(FVQX2n+1 ,CDx2py 4 1,UV X2 (t)) + g(FRx,,+2 LAB(AB)x,,CDx2p 4 1 (t))
g(FP(AB)XQn ,CDx3, 1 1,UVXp12 (t ) + g(FVQX2n+1 ,CDx241,UV x40 (t )+
)

) )
8(FRx, 12UV 012, AB(AB)x2, ()5 8 (FP(AB)x2 AB(AB)x20 CDit2 1 (1)) F
) )

8(FV Qxyy 1 UV 12, AB(AB) 2, () T 8(FRy 2,0V 12 AB(AB)xa, (1)) }-

Similarly,

MG p(AB)xsy, 031 Ripsn (1) = @MIn{A(GAB(AB)xs, CDxr 1 UV n () F

+

)
h(Gp(aB)xyy AB(AB) 2 CDxns1 (1)) F GV Qg CDx3ps 1 UV 2 (1))
)

+

h(GRxn+2,UVxn+2,AB(AB)xz,,( ), (GP(AB)xz,l LAB(AB)x2,,CDx24 | (1)
2

)

"Gy Qs 1 .CDx2 1 UV 2 (8) +P(GRe, 5 AB(AB)x20 CDxps 1 (£)
)
)
)

"Gy gxyy 1 UVin2 AB(AB)xsy (1) + 1(GRe, 5 UV, 2 AB(AB)s, (1)) -

_|_

1
h(GP(AB)XZn ,CDx2y 1 1,UV X 12 ! )+h(GVQx2n+l ,CDx241,UV X2 (t

_l_

)
h(GRxn+2 UVx,12.AB(AB)x), (t),h (GP(AB VX2 AB(AB) X2 . CDx sy \E
)
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This implies that, as n — oo

8(Fpgqq(t)) < @[max{g(Fyqq(t)) +8(Fpgqq(t)) +8(Fyq.q(t)) +8(Faq4(t)),
8(Fpgq.q(1)) +8(Faq.4(1)) +8(Fa9.4(1)),8(Fpq.q4(1)) + 8(Fyqq(1))+
8(Fyq.4(1)),8(Frgq.9(t)) +8(Fgq.4(t)) +8(Fyq.4(1))}]

= 0{8(Frgq4(1))}-

Similarly,

h(Gpg,q.q(t)) = @[min{h(Gy.q,4(1)) +h(Gpqq4(t)) + h(Gggq(1)) +h(Ggqq(t)),
h(Gpg,q.q(t) +1(Gyq4(1) +h(Gagq(1)),1(GPgg.q(1)) +h(Gy,q.q(t))+
"(Gy,g.4(1)),1(GPgg.4(t)) +1(Gggq(t)) +1(Ggaq(t))}]

= @{h(Gpqqq(1))}-

This means that g = Pq. Now using the step (4-9), we have, ¢ = Qg =CDq =Cq = Dg = Rq =
UVg=Uq=Vq.

Step-12
Since R(X) C AB(X) there exists / € X such that g = Rg = ABI.
By taking x = [,y = x2,,+1,2 = X242 in (¢) and (d), we have

+

g(FPl,szn+l 7R.x2"+2 (t)) S (P [max{g(FABl,Cszn+1 7UV)CZnJrz (t

_|_

)
8(Fp1.ABICDxy 1 (1) + 8(FQxyy 1 CDx3ps 1 UVitgy i (1)
)

+

8(FRuyy 2.0V 2. ABI(1)) 8 (FPIABICDxy (8

)

g(FQX2n+1 {CDx241,UVx2p 12 (t)) + g(FRX2n+2-,ABl-,CDX2n+ (t

+

)
)
)
)
)
)

1
g(FPl,CDxZnH UV (t)) + g(FQx2n+1 {CDx211,UVx2p 42 (t
(

+

)
8(FRyy, 2, UVixsy2.ABI()) s 8(FPLABICDxy, . ()
8(FQxy 1,0V 12,4B1(1)) + 8(FRuy, 15, UVisy 10,ABI (1)) ]

Similarly,

_|_

h(Gpy 0% -41,RXn 42 (t)) ¢ [min{h(GABlaCDx2n+l UVxani2 (t

+

)
(GPZ ABI,CDx2;, 41 ( )) =+ h(GQx2n+1 CDxpp 4 1,UV X042 (t))
)

_|_

h(GRyyyi5.0V2012.4B1(8)) s F(GPLABILCDxy, 1 (1

h(GQX2n+1 CDx2p41,UV X042 (t)) + h(Gsz;Hz,ABl,CsznH (t))

)
)

_|_

h(GPl,Csz,,_H LUVxoui0 (t)) + h(GQx2n+l \CDx2p 4 1,UVx2042 (t

+

)
h(GRyyi2.0V 2012481 (1)) hH(GPLABICDxy, 1 (1)
)

h(GQx2)z+l \UVxo42,ABI (t)) + h(GRX2n+27UVx2n+2,ABl (t) H
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This implies that, as n — oo

8(Fpiqq(1)) < @[max{g(Fpiq.q(t)) + 8(Fgpiq(t)) + 8(Foq.4(t)) +8(Fgqpi(t)),
8(Fyp1q(1)) +8(Fyqq(t) +8(Fy.piq(t),8(Faqq(1)) +8(Fgqq(1)+
8(Fyq.pi(1)),8(Fy.prq(t)) +8(Fyq.pi(t)) +8(Fyqpi(1))}]
= ¢{g(Fp144(1))

and
h(Gpiqq(t)) Z @[min{h(Gpiqq(t)) +1(Gqpiq(1)) +h(Ggqq(t) +1(Gyqri(1)),
h(Gq,Pl,q(t)) ( ,q(t)) ( qu,q(t)) ( qqq(t)) ( qqq(t))*'
h(Gqq.pi(1));h(Ggpiq(t) +h(Gagri(t)) +h(Gggri(1))}]
= @{h(Gpi44(1))}-

This gives g = RI. Since, ¢ = Rq, we have ¢ = Aqg = ABl = Pl = ABI. Since P is continuous and
(P,AB),(Q,CD),(R,UV) are compatible of type (J-1), we have, Pg = ABq . Also,q = Bq follows
from step-3. Thus, g = Aq = Bq = Pq. Hence, q is common fixed point of the nine maps in this

case also. Similarly, it is clear that q is also the common fixed point of A,B,C,D,P,Q,R,U,V in

the case P is continuous and (P,AB), (Q,CD), (R,UV) are compatible of type (J-2).

Step-13

For uniqueness, let u,v(u,v # g) be another common fixed point of A,B,C,D,P,Q,R,U,V. Taking

x=g¢q,y=u,z=vin (c) and (d), we have

g(FPq,Qu,Rv (t)) < ¢ [max{g(FABq,CDu,UVv (t)) g(FPq,ABq,CDtt 1)+

_l_

+
8(Fou.couuvy(t)) + &(Frouvvasg(t)),8(Frqapg.cou(t))+
8(Fouuvvasg(t)) +g(Frvuvvasg(t)) -

(

8(Foucpuuvy(t)) + &(Frvuvvagg(t)), 8 (Frg.ABg.cOu(t

8(Foucpuuvv(t)) + &(Frv.aBg.cou(t)), 8 (Fpq.couuvy(t
(

)
)
)
)
)

Similarly,

h(GPq,Qu,Rv(t)) > (P[Min{h(GABq,CDu,UVv(I)) h( +
h(GQu,CDu,UVv 1)+ h(GRv,UVv,ABq(t))a h( +
h

Gprg.ABq.cpu(t))

(1))

h(Gou,couuvv(t)) +h(Gryasg.cou(t)), H(Gpg.couuvy(t))+
(1))

)

Gpg ABq,CDult

h(Gou,couuvy(t)) +h(Grouvvagg(t)), h(Gpg.ag.cou(t))+
h(Gou,uvvasg(t)) +h(Grouvvasg(t)) }]-

This implies that, as n — oo

8(Fguy (1)) < @lmax{g(Fyuy(t)) +8(Fgqu(t)) + 8(Fuuy(1)) + &(Fig (1)),
8(Fyg.qu(1)) + 8 (Fuuy (1)) +8(Figu(t)), 8 (Faup(1)) + 8 (Fuuy (1)) +
8(Fuvg(1)),8(Fyqu(t)) +8(Fung(t)) + 8(Frng(1))}]

= ¢{e(Fpun(t))}-
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Similarly,

t

h(Ggup(t)) = @min{h(Gguy(t)) +h(Ggqu(t)) + h(Guuy(t)) +1(Grug(t)),
h(Ga.g.u(1)) +h(Guup(t)) + h(Grgu(t)); 1(Gyu(1)) + h(Guu(t))+
h(Gryg(1)),7(Gygu(t)) + h(Gung (1)) + 1(Grg (1))}
= @{(Gyuy(1))}-
So, we have, ¢ = u = v. This completes the proof of the theorem.
If wetake A=B=C =D =U =V = Ix (the identity map on X) in Theorem-3.1, we have the
following results:

Corollary-3.2
Let P, Q, R are self maps on complete N-AIMPMS (X,F,G,*,0). If g(Fpxyr:(f)) <

¢ (8(Fryz(1)) and h(Gpx gyr:(1)) = @(h(Gry:(1))
Therefore,
8(Fpr0yre(1)) < @lmax{g(Fyyz(1)) + 8(Frxy(t)) + 8(Foyz(1)) + 8(Fz (1)), 8 (Fray (1))
—i—g(F”,Z(t))—l—g( zx,y( )) g(Fx,yﬁz( )) ( Mz( ))+
g(Fzzx(t))vg( X,X,y( ))“‘g(Fyz,X( ) +8( zzx( N

and

h(Gpxgyr:(t)) Z @min{h(Gyyz(1)) + 7Gxy (1)) +1(Gyyo(t) + (G zx(1)), A( Gy (1))
+h(Gyy:(2)) +h( zxy( ) h(Gryz () +1(Gy (1))
Fh(Ge 22 (1)), MGy (1)) + 1(Gypx(1)) + 1(Gr (1)) 1,

for all x,y,z € X and ¢ > 0, where functions ¢, @ : [0,00) — [0,00) satisfies the condition (¢) and
(@). Then, P,Q, R have a unique common fixed point. O

Example-3.3
Suppose X = [—1,1] C R. Define F : X x X — N by

8(Fpx0yr:(1)) < ¢(g(Fap, cp,uv. (1))

_ (ﬂ%z)‘x’y“‘ 1>0,
0 t<0
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for x,y,z € X. It is easy to verify that (X,F,G,*,0) is a N-AIMPMS. Now assume
t,q,j,x,y,z,w,l € X. Then we have,

O (8(FaB 0 ().CDy () 0V ()

t
_ x=3y+wl 4 \lil—w+yl I \ly—i+7]
= max\ ——-—
b{mar( )yl Lyt
< max(t,q, j) [x=3y+w|+|l—w-+y|+|y—I+z]
<o{———""=}
max(t,q, j)+2
< max(t,q, j) [x=3y+w+l—w+y+y—I+z]
¢{——"==}
max(t,q,j)+2
max(t,q, j) [x=3y+w+l—wty-+y—I+z]
H{— ==}
max(t,q, j) +2
max(ta%j) }\xnyrz\
max(t,q, j) +2

= &(Fpx.oyr:(max(t,q, j))-

< ¢{

4 APPLICATION TO FUNCTIONAL EQUATIONS

There are many types of nonlinear functional equations for which fixed point theorems have been
used to demonstrate their existence.

Let J and K be Banach spaces, L C J be a state space and N C K be a decision space. Now, by
using the fixed point results obtained in previous section, we have;

T(x)= Su%{g(x,y,Z)+K(x,y,z,T(T(x,y,Z)))},
y,2€

where T: LXN —-T,g:LXN—>R,K:LxNXxR—R.
Let H(L) denote the space of all bounded real valued function on L. Clearly, this space endowed
with the metric given by

hlr:q,J) = sup|1(x) —q(x) +j(x)

forallz,q,j € H(L), is a complete metric space.

Now, define

t>0

Grg,t) =
1.4.j (<0,
where t,q,j € H(L), then (H(L),F,G,*,$) is a complete N-AIMPMS with

h(Gpx,0y.r: > W{h(Gapx.cpyuv:(t)}
= h(GPX,Qy,RZ (min(t, q, ]) ) )

where 7,¢q,j € [—1,1] CR.
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Functional equations is an essential tool for describing the nature of physical universe. It
has multiple real-world applications from sports to engineering to astronomy and space travel,
which can be solved by reducing them to equivalent fixed-point problems. Newton’s Laws of
motion and gravitational, astronomical science, Investment plans, global mappings, constructing
tracks, Relation of income and market prediction are based on Functional equations. One
example of a functional equation that may be used in the real world is the Euler-Lagrange
equation. The shortest path between two points on a manifold is one way to approach this
problem. The equation is a line when the two points are on a Cartesian plane. A great circle is
obtained if the two points lie on a sphere. Airlines don’t typically travel on straight paths due
to this, so the journey is in fact longer. Geographically, the shortest distance/path is called a
geodesic in both cases.

5 CONCLUSIONS

We obtained common fixed point theorems for nine maps by introducing three types of compat-
ible maps in N-AIMPMS and expanded the results of Devi et al. (2018) under certain conditions
using the concept of compatible maps of type (J-1) and (J-2). An example and application is
provided to stake the applicability of our results.
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