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ABSTRACT. In this paper, we extend the concept of compatible maps of type J, (J-1) and (J-2) and prove
fixed point theorems for compatible mappings in Non-Archimedian Intuitionistic Menger Probabilistic Met-
ric Space. An example and an application to functional equation is provided to support the theoretical
results.
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1 INTRODUCTION

The notion of probabilistic metric spaces (PMS) was introduced by Menger (1942) as a gener-
alization of a metric space together with the concept of compatible maps of type (J-1) and type
(J-2), which are equivalent to compatible maps under certain conditions, and illustrated some
common fixed point theorems for such maps in this Space. It is also of fundamental impor-
tance in the probabilistic functional analysis. Cho et al. (1997) introduced the concepts of com-
patible maps in Non-Archimedian Menger Probabilistic Metric Space N-AIMPS proved some
fixed point theorems for these maps. Many authors like Sehgal & Bharucha-Reid (1972), Hadzic
(1980), Chauhan & Sharma (2021), Sharma & Garg (2020), Jafari & Shams (2015), Krishnaku-
mar & Sanatammappa (2016), Khan (2011), Krishnakumar & Sanatammappa (2018), Roldán
López de Hierro et al. (2021), Gupta et al. (2022) have proved fixed point theorems in various
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2 IDENTIFYING FIXED POINTS AND SOLUTION OF NONLINEAR FUNCTIONAL EQUATION

metric spaces. We further expanded and generalized the results of (Devi et al., 2018) by using
different conditions for three compatible maps in Non-Archimedian Intuitionistic Menger Prob-
abilistic Metric Space and obtained common fixed point theorems for nine maps along with an
example and application to enhance the results in this space.

2 PRELIMINARIES

Definition 1. (Devi et al., 2018) A triple (X ,F,G) is said to be Non-Archimedian Intuitionistic
Probabilistic Metric Space (shortly NAIPM-space) if X is a non empty set and F is a probabilistic
distance and G is a probabilistic non-distance on X satisfying the following conditions: for all
x,y,z ∈ X and t,s ≥ 0,

(a) Fxy(t)+Gxy(t)≤ 1,

(b) Fxy(t) = 1 i f and only i f x = y,

(c) Fxy(t) = Fyx(t),

(d) Fxy(0) = 0,

(e) Fxy(t) = 1,Fyz(s) = 1 =⇒ Fxz(max{t,s}) = 1,

(f) Gxy(t) = 0 i f and only i f x = y,

(g) Gxy(t) = Gyx(t),

(h) Gxy(0) = 1,

(i) Gxy(t) = 0,Gyz(s) = 0 =⇒ Gxz(min{t,s}) = 1,

A 5-tuple (X ,F,G,∗,♢) is said to be Non-Archimedian Intuitionistic Menger Probabilistic
Metric Space if (X ,F,G) is a NAIPM-space and in addition the following inequalities hold
for all x,y,z ∈ X and t,s > 0,

(j) Fxz(max{t,s})≥ Fxy(t)∗Fyz(s),

(k) Gxz(min{t,s})≥ Gxy(t)♢Gyz(s),

where * is a continuous t-norm and ♢ is a continuous t-conorm.

Lemma 1. (Devi et al., 2018) If a function Φ : [0,∞)→ [0,∞) satisfies the condition (Φ), then
we have
(a) For all t ≥ 0, limn→∞Φn(t) = 0, where Φn(t) is the n-th iteration of Φ(t),
(b) If {tn} is a non-decreasing sequence of real numbers and tn+1 ≤ Φ(tn),n = 1,2,3, ... then
limn→∞tn = 0. In particular, if t ≤ Φ(t) for all t ≥ 0 then t = 0.
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3 MAIN RESULT

In this section first we modify the definition of Non-Archimedian Intuitionistic Probabilistic
Metric Space for three variables as follows:

Definition 2. A triple (X ,F,G) is said to be modified Non-Archimedian Intuitionistic Probabilis-
tic Metric Space (shortly N-AIPMS) if X is a non empty set, F is a probabilistic distance and
G is a probabilistic non-distance on X satisfying the following conditions for all x,y,z ∈ X and
t,s ≥ 0,

(a) Fxyz(t)+Gxyz(t)≤ 1,

(b) Fxyz(t) = 1 i f and only i f x = y = z,

(c) Fxyz(t) = Fzyx(t),

(d) Fxyz(0) = 0,

(e) Fxy(t) = 1,Fyz(s) = 1 =⇒ Fxz(max{t,s}) = 1,

(f) Gxyz(t) = 0 i f and only i f x,y,z are pairwise equal,

(g) Gxyz(t) = Gyxz(t) = Gzyx(t),

(h) Gxyz(0) = 1,

(i) Gxy(t) = 0,Gyz(s) = 0 =⇒ Gxz(min{t,s}) = 1,
A 5-tuple (X ,F,G,∗,♢) is said to be modified Non-Archimedian Intuitionistic Menger
Probabilistic Metric Space (shortly N-AIMPMS) if (X ,F,G) is a N-AIPMS and in addition
the following inequalities hold for all x,y,z ∈ X and t,s > 0,

(j) Fxz(max{t,s})≥ Fxy(t)∗Fyz(s),

(k) Gxz(min{t,s})≥ Gxy(t)♢Gyz(s),

where * is a continuous t-norm and ♢ is a continuous t-conorm.

Lemma 2. Let {yn} be a sequence in X, such that limn→∞Fyn,yn+1,yn+2(t) = 1 and
limn→∞Gyn,yn+1,yn+2(t) = 0 for all t > 0. If {yn} is not a Cauchy sequence in X, then there ex-
ists ε0 > 0, t0 > 0 and three sequence {mi},{ni},{pi} of positive integers such that
(a) mi > ni +1 and ni → ∞ as i → ∞, ni > pi +1 and pi → ∞ as i → ∞;
(b) Fymi ,yni ,ypi

(t0)< 1− ε0 and Fymi−2 ,yni−1 ,ypi
(t0)≥ 1− ε0, i = 1,2,3...

(c) Gymi ,yni ,ypi
(t0)> ε0 and Gymi−2 ,yni−1 ,ypi

(t0)≤ ε0, i = 1,2,3...

Definition 3. Self maps A,B and C on a N-AIMPMS (X ,F,G,∗,♢) are said to be compatible if
g(FABxn ,BCxn ,CAxn (t))→ 0 and h(GABxn ,BCxn ,CAxn (t))→ 1 for all t > 0, whenever {xn} is a sequence
in X such that Axn,Bxn,Cxn → q for some q in X, as n → ∞.
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Definition 4. Self maps A,B and C on a N-AIMPMS (X ,F,G,∗,♢) are said to be compatible of
type (J) if g(FABxn ,BCxn ,CCxn (t))→ 0 and g(FCBxn ,BAxn ,AAxn (t))→ 0 and h(GABxn ,BCxn ,CCxn (t))→ 1
and h(GCBxn ,BAxn ,AAxn (t)) → 1 for all t > 0, whenever {xn} is a sequence in X such that
Axn,Bxn,Cxn → q for some q in X, as n → ∞.

Definition 5. Self maps A,B and C on a N-AIMPMS (X ,F,G,∗,♢) are said to be compatible of
type (J-1) if g(FABxn ,BCxn ,CCxn (t))→ 0 and h(GABxn ,BCxn ,CCxn (t))→ 1 for all t > 0, whenever {xn}
is a sequence in X such that Axn,Bxn,Cxn → q for some q in X, as n → ∞.

Definition 6. Self maps A,B and C on a N-AIMPMS (X ,F,G,∗,♢) are said to be compatible of
type (J-2) if g(FCBxn ,BAxn ,AAxn (t))→ 0 and h(GCBxn ,BAxn ,AAxn (t))→ 1 for all t > 0, whenever {xn}
is a sequence in X such that Axn,Bxn,Cxn → q for some q in X, as n → ∞.

Proposition 1. Let A,B and C are Self maps on a N-AIMPMS (X ,F,G,∗,♢),
(a) If C is continuous, then the pair (A,C) or (B,C) are compatible of type (J-1).

Proof. Let {xn} be a sequence in X such that Axn,Bxn,Cxn → q for some q in X as n → ∞ and
let the pair (A,C) or (B,C) be compatible of type (J-1) and (J-2). Since C is continuous, we have
A,B,C are pair wise compatible and C is continuous,

CAxn →Cq,CBxn →Cq,CCxn →Cq

and so,

g(FABxn ,BCxn ,CAxn (t))≤ g(FABxn ,BCxn ,CCxn (t))+g(FCCxn ,CBxn ,BAxn (t))

+g(FBAxn ,ACxn ,CAxn (t))→ 0+g(FCq,Cq,Cq(t)+g(FBq,Cq,Cq(t) as (ACxn =CAxn),

→ 0+0+0 as g(Fxyz(t) = 0, i f any two o f x,y,z equal.

h(GABxn ,BCxn ,CAxn (t))≥ h(GABxn ,BCxn ,CCxn (t))+h(GCCxn ,CBxn ,BAxn (t))+

h(GBAxn ,ACxn ,CAxn (t))→ 1+h(GCq,Cq,Bq(t))+h(GBq,Aq,Aq(t))

→ 1+0+0 = 1, as(ACxn =CAxn) and g(Fxyz(t) = 0.

Then A,B,C are compatible of type J-I.
If A,B,C are pairwise compatible of type J-I and A,B,C are continuous.
To prove: A,B,C are pairwise compatible.

g(FABxn ,BCxn ,CAxn (t))≤ g(FABxn ,BCxn ,CCxn (t))+g(FABxn BCxn ,CCxn (t))

+g(FABxn ,CCxn ,CAxn (t))

≥ 1+h(FCq,Cq,Cq(t)+g(FCq,Bq,Cq, as A,C are continuous

≥ 1+0+0+0 = 1 as g(Fxyz(t) = 0, i f any two o f x,y,z equal.

h(GABxn ,BCxn ,CAxn (t))≥ h(GABxn ,BCxn ,CCxn (t))+h(GCCxn ,CBxn ,BAxn (t))+

h(GBAxn ,ACxn ,CAxn (t))→ 1+h(GCq,Cq,Bq(t))+h(GBq,Aq,Aq(t))

→ 1+0+0 = 1, as(ACxn =CAxn) and g(Fxyz(t) = 0.
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Hence, the mappings A,B,C are compatible of type (J-1).

Note: Similarly, proof can be done for the other possible cases for mappings A,B,C.

Theorem 1. Let A,B,C,D,P,Q,R,U and V be Self maps on a complete N-AIMPMS (X ,F,G,∗,♢)
satisfying:

(a) P(X)⊆UV (X),Q(X)⊆CD(X),R(X)⊆ AB(X);

(b) g(FPx,Qy,Rz(t))≤ φ(g(FABx,CDy,UV z(t)) and
h(GPx,Qy,Rz(t))≥ ϕ(h(GABx,CDy,UV z(t));

(c) g(FPx,Qy,Rz(t)) ≤ φ [max{g(FABx,CDx,UVx(t)) + g(FPx,ABx,CDy(t)) +

g(FQy,CDy,UVz(t)) + g(FRz,UVz,ABx(t)),g(FPx,ABx,CDy(t)) + g(FQy,CDy,UVz(t)) +

g(FRz,ABx,CDy(t)),g(FPx,CDy,UVz(t)) + g(FQy,CDy,UVz(t)) +

g(FRz,UVz,ABx(t)),g(FPx,ABx,CDy(t))+g(FQy,UVz,ABx(t))+g(FRz,UVz,ABx(t))}];

(d) h(GPx,Qy,Rz(t)) ≥ ϕ[min{h(GABx,CDx,UVx(t)) + h(GPx,ABx,CDy(t)) +

h(GQy,CDy,UVz(t)) + h(GRz,UVz,ABx(t)),h(GPx,ABx,CDy(t)) + h(GQy,CDy,UVz(t)) +

h(GRz,ABx,CDy(t)),h(GPx,CDy,UVz(t)) + h(GQy,CDy,UVz(t)) +

h(GRz,UVz,ABx(t)),h(GPx,ABx,CDy(t))+h(GQy,UVz,ABx(t))+h(GRz,UVz,ABx(t))}]
for all x,y ∈ X and t > 0 , where a function φ ,ϕ : [0,∞) → [0,∞) satisfies the condition
(φ) and (ϕ);

(e) AB = BA,CD = DC,UV =VU,PB = BP,QD = DQ,RV =V R;

(f) Either P or AB is continuous;

(g) The pairs (P,AB),(Q,CD),(R,UV ) are mutually compatible of type (J). Then,
A,B,C,D,P,Q,R,U,V have a unique common fixed point.

Proof. Let x0 be an arbitrary point in X. By (a) there exists x1,x2,x3 ∈ X such that
Px0 =CDx1 =UV x2 = y0,

Qx1 =UV x1 = ABx2 = y1,

Rx2 = ABx2 =CDx3 = y2.

Inductively, we can construct sequences {xn},{yn},{zn} ∈ X such that,
Px2n =CDx2n+1 =UV x2n+2 = y2n,

Qx2n+1 =UV x2n+2 = ABx2n+3 = y2n+1,

Rx2n+2 = ABx2n+3 =CDx2n+4 = y2n+2, for n = 0,1,2, ....

Step-1
We shall show that sequence {yn} is a Cauchy sequence.
Since, Px2n =CDx2n+1 =UV x2n+2, using (b), (c), (d), we have
g(Fy2n,y2n+1,y2n+2(t)) = g(FPx2n,Qy2n+1,Rz2n+2(t))≤ φ(g(Fy2n,y2n+1,y2n+2(t)) and
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h(Gy2n,y2n+1,y2n+2(t)) = h(GPx2n,Qy2n+1,Rz2n+2(t))≥ ϕ(h(Gy2n,y2n+1,y2n+2(t))

Since, Qx2n+1 =UV x2n+2 = ABx2n+3, we also have
g(Fy2n,y2n−1,y2n−2(t)) = g(FPx2n,Qy2n−1,Rz2n−2(t))≤ φ(g(Fy2n−2,y2n,y2n+3(t)) and
h(Gy2n,y2n−1,y2n−2(t)) = h(GPx2n,Qy2n−1,Rz2n−2(t))≥ ϕ(h(Gy2n−2,y2n,y2n+3(t))
Thus,
g(Fyn,yn+1,yn+2(t))≤ φ(g(Fyn−2,yn−1,y2n+3(t)) and
h(Gyn,yn+1,yn+2(t))≥ ϕ(h(Gyn−2,yn−1,yn(t)) for n = 0,1,2, ....
Hence,
g(Fyn,yn+1,yn+2(t))≤ φ n(g(Fy0,y1,y2(t)) and
h(Gyn,yn+1,yn+2(t))≥ ϕn(h(Gy0,y1,y2(t)) for n = 0,1,2, ....

Therefore, from Lemma 2.2;

g(Fyn,yn+1,yn+2(t))→ 0

h(Gyn,yn+1,yn+2(t))→ 1, as n → ∞.
(3.1.1)

Suppose {yn} is not a Cauchy sequence. Since g is strictly decreasing from lemma 2.3, so there
exists ε0 > 0, t0 > 0 and three sequences {mk},{nk},{pk} of positive integers such that

(i) mk > nk+1 > pk+2 and nk → ∞ as k → ∞,

(ii) g(Fymk ,ynk ,ypk
(t0))> g(1− ε0) and g(Fymk−2 ,ynk−1 ,ypk

(t0))≤ g(1− ε0),

h(Gymk ,ynk ,ypk
(t0))> h(ε0) and h(Gymk−2 ,ynk−1 ,ypk

(t0))≤ h(ε0) f or
k = 1,2,3, ..

Therefore,

g(1− ε0)< g(Fymk ,ynk ,ypk
(t0))≤ g(Fymk ,ymk−1 ,ymk−2

(t0))+g(Fymk−2 ,ynk−1 ,ypk
(t0))

≤ g(Fymk ,ymk−1 ,ymk−2
(t0))+g(1− ε0)

and,

h(ε0)> h(Gymk ,ynk ,ypk
(t0))≥ h(Gymk ,ymk−1 ,ymk−2

(t0))+h(Gymk−2 ,ynk−1 ,ypk
(t0))

≥ h(Gymk ,ymk−1 ,ymk−2
(t0))+h(ε0).

Letting k → ∞ we have,

limn→∞g(Fymk ,ynk ,ypk
(t0)) = g(1− ε0)

and limn→∞h(Gymk ,ynk ,ypk
(t0)) = h(ε0).

(3.1.2)
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On the other hand, we have

g(1− ε0)< g(Fymk ,ynk ,ypk
(t0))≤ g(Fymk ,ynk+1 ,ypk+2

(t0))

+g(Fymk ,ypk+1 ,ypk+2
(t0))+g(Fypk ,ypk+1 ,ypk+2

(t0))

and h(ε0)> h(Gymk ,ynk ,ypk
(t0))≥ h(Gymk ,ynk+1 ,ypk+2

(t0))

+h(Gymk ,ypk+1 ,ypk+2
(t0))+h(Gypk ,ypk+1 ,ypk+2

(t0)).

(3.1.3)

Without loss of generality, assume that all the sequences {mk},{nk},{pk} are even, using (c), (d)
we have,

g(Fymk ,ynk+1 ,ypk+2
(t0)) = g(FPxmk ,Qxmk+1 ,Rxmk+2

(t0))

≤ φ [max{g(Fymk−2 ,ynk−1 ,ypk
(t0))+g(Fymk ,ymk−2 ,ynk−1

(t0))

+g(Fynk+1 ,ynk−1 ,ypk
(t0))+g(Fypk+2 ,ypk ,ymk−2

(t0)),

g(Fymk ,ymk−2 ,ynk−1
(t0))+g(Fynk+1 ,ynk−1 ,ypk

(t0))

+g(Fypk+2 ,ymk−2 ,ynk−1
(t0)),g(Fymk ,ynk−1 ,ypk

(t0))

+g(Fynk+1 ,ynk−1 ,ypk
(t0))+g(Fypk+2 ,ypk ,ymk−2

(t0)),

g(Fymk ,ymk−2 ,ynk−1
(t0))+g(Fynk+1 ,ypk ,ymk−2

(t0))

+g(Fypk+2 ,ypk ,ymk−2
(t0))}]

≤ φ [max{g(1− ε0)+g(Fymk ,ymk−2 ,ynk−1
(t0))

+g(Fynk+1 ,ynk−1 ,ypk
(t0))+g(Fypk+2 ,ypk ,ymk−2

(t0)),

g(Fymk ,ymk−2 ,ynk−1
(t0))+g(Fynk+1 ,ynk−1 ,ypk

(t0))

+g(Fypk+2 ,ymk−2 ,ynk−1
(t0)),g(Fymk ,ynk−1 ,ypk

(t0))

+g(Fynk+1 ,ynk−1 ,ypk
(t0))+g(Fypk+2 ,ypk ,ymk−2

(t0)),

g(Fymk ,ymk−2 ,ynk−1
(t0))+g(Fynk+1 ,ypk ,ymk−2

(t0))

+g(Fypk+2 ,ypk ,ymk−2
(t0))}]

and

h(Gymk ,ynk+1 ,ypk+2
(t0)) = h(GPxmk ,Qxmk+1 ,Rxmk+2

(t0))

≥ ϕ[min{h(Gymk−2 ,ynk−1 ,ypk
(t0))+h(Gymk ,ymk−2 ,ynk−1

(t0))

+h(Gynk+1 ,ynk−1 ,ypk
(t0))+h(Gypk+2 ,ypk ,ymk−2

(t0)),

h(Gymk ,ymk−2 ,ynk−1
(t0))+h(Gynk+1 ,ynk−1 ,ypk

(t0))

+h(Gypk+2 ,ymk−2 ,ynk−1
(t0)),h(Gymk ,ynk−1 ,ypk

(t0))

+h(Gynk+1 ,ynk−1 ,ypk
(t0))+h(Gypk+2 ,ypk ,ymk−2

(t0)),

h(Gymk ,ymk−2 ,ynk−1
(t0))+h(Gynk+1 ,ypk ,ymk−2

(t0))

+h(Gypk+2 ,ypk ,ymk−2
(t0))}]
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≥ ϕ[min{h(ε0)+h(Gymk ,ymk−2 ,ynk−1
(t0))

+h(Gynk+1 ,ynk−1 ,ypk
(t0))+h(Gypk+2 ,ypk ,ymk−2

(t0)),

h(Gymk ,ymk−2 ,ynk−1
(t0))+h(Gynk+1 ,ynk−1 ,ypk

(t0))

+h(Gypk+2 ,ymk−2 ,ynk−1
(t0)),h(Gymk ,ynk−1 ,ypk

(t0))

+h(Gynk+1 ,ynk−1 ,ypk
(t0))+h(Gypk+2 ,ypk ,ymk−2

(t0)),

h(Gymk ,ymk−2 ,ynk−1
(t0))+h(Gynk+1 ,ypk ,ymk−2

(t0))

+h(Gypk+2 ,ypk ,ymk−2
(t0))}].

Substituting this in (3.1.3), letting k → ∞ and using (3.1.1), (3.1.2), we have

g(1− ε0)≤ φ(g(1− ε0))< g(1− ε0) and

h(ε0)≥ ϕ(h(ε0))> h(ε0).

This is a contradiction. Hence, {yn} is a Cauchy sequence. Since, (X ,F,G,∗,♢) is
complete, it converges to a point q in X. Also its subsequences converges as follows:
Px2n → q,ABx2n → q,Qy2n+1 → q,CDy2n+1 → q,Rz2n+2 → q,UV z2n+2 → q.

Case-1 AB is continuous and (P, AB),(Q, CD), (R, UV) are compatible of type (J-1).
Since AB is continuous AB(AB)x2n → ABq and (AB)Px2n → ABq and (P,AB) are compatible of
type (J-1), PPx2n → ABq.

Step-2
By taking x = Px2n,y = x2n+1,z = x2n+2, we have,

g(FPPx2n,Qx2n+1,Rx2n+2(t))≤ φ [max{g(FABPx2n,CDx2n+1,UV x2n+2(t))+

g(FPPx2n,ABPX2n,CDx2n+1(t))+g(FQx2n+1,CDx2n+1,UV x2n+2(t))+

g(FRx2n+2,UV x2n+2,ABPx2n(t)),g(FPPx2n,ABPx2n,CDx2n+1(t))+

g(FQx2n+1,CDx2n+1,UV x2n+2(t))+g(FRx2n+2,ABPx2n,CDx2n+1(t)),

g(FPPx2n,CDx2n+1,UV x2n+2(t))+g(FQx2n+1,CDx2n+1,UV x2n+2(t))+

g(FRx2n+2,UV x2n+2,ABPx2n(t)),g(FPPx2n,ABPx2n,CDx2n+1(t))+

g(FQx2n+1,UV x2n+2,ABPx2n(t))+g(FRx2n+2,UV x2n+2,ABPx2n(t))}].

Similarly,

h(GPPx2n,Qx2n+1,Rx2n+2(t))≥ ϕ[min{h(GABPx2n,CDx2n+1,UV x2n+2(t))+

h(GPPx2n,ABPX2n,CDx2n+1(t))+h(GQx2n+1,CDx2n+1,UV x2n+2(t))+

h(GRx2n+2,UV x2n+2,ABPx2n(t)),h(GPPx2n,ABPx2n,CDx2n+1(t))+

h(GQx2n+1,CDx2n+1,UV x2n+2(t))+h(GRx2n+2,ABPx2n,CDx2n+1(t)),

h(GPPx2n,CDx2n+1,UV x2n+2(t))+h(GQx2n+1,CDx2n+1,UV x2n+2(t))+

h(GRx2n+2,UV x2n+2,ABPx2n(t)),h(GPPx2n,ABPx2n,CDx2n+1(t))+

h(GQx2n+1,UV x2n+2,ABPx2n(t))+h(GRx2n+2,UV x2n+2,ABPx2n(t))}].

Pesquisa Operacional, Vol. 43, 2023: e275711



RIA SHARMA, SURJEET SINGH CHAUHAN(GONDER) and VISHAL GUPTA 9

This implies that, as n → ∞

g(FABq,q,q(t))≤ φ [max{g(FABq,q,q(t))+g(Fq,ABq,q(t))+g(Fq,q,q(t))+

g(Fq,q,ABq(t)),g(Fq,ABq,q(t))+g(Fq,q,q(t))+g(Fq,ABq,q(t)),

g(Fq,q,q(t))+g(Fq,q,q(t))+g(Fq,q,ABq(t)),g(Fq,ABq,q(t))+

g(Fq,q,ABq(t))+g(Fq,q,ABq(t))}]
= φ{g(FABq,q,q(t))}

and

h(GABq,q,q(t))≥ ϕ[min{h(GABq,q,q(t))+h(Gq,ABq,q(t))+h(Gq,q,q(t))+

h(Gq,q,ABq(t)),h(Gq,ABq,q(t))+h(Gq,q,q(t))+h(Gq,ABq,q(t)),

h(Gq,q,q(t))+h(Gq,q,q(t))+h(Gq,q,ABq(t)),h(Gq,ABq,q(t))+

h(Gq,q,ABq(t))+h(Gq,q,ABq(t))}]
= ϕ{h(GABq,q,q(t))}.

Thus by lemma-2.2,
g(FABq,q,q(t)) = 0 and h(GABq,q,q(t)) = 1 for all t > 0 and it follows that q = ABq.

Step-3
By taking x = q,y = x2n+1,z = x2n+2, we have,

g(FPq,Qx2n+1,Rx2n+2(t))≤ φ [max{g(FABq,CDx2n+1,UV x2n+2(t))+

g(FPq,ABq,CDx2n+1(t))+g(FQx2n+1,CDx2n+1,UV x2n+2(t))+

g(FRx2n+2,UV x2n+2,ABq(t)),g(FPq,ABq,CDx2n+1(t))+

g(FQx2n+1,CDx2n+1,UV x2n+2(t))+g(FRx2n+2,ABq,CDx2n+1(t)),

g(FPq,CDx2n+1,UV x2n+2(t))+g(FQx2n+1,CDx2n+1,UV x2n+2(t))+

g(FRx2n+2,UV x2n+2,ABq(t)),g(FPq,ABq,CDx2n+1(t))+

g(FQx2n+1,UV x2n+2,ABq(t))+g(FRx2n+2,UV x2n+2,ABq(t))}].

Similarly,

h(GPq,Qx2n+1,Rx2n+2(t))≥ ϕ[min{h(GABq,CDx2n+1,UV x2n+2(t))+

h(GPq,ABq,CDx2n+1(t))+h(GQx2n+1,CDx2n+1,UV x2n+2(t))+

h(GRx2n+2,UV x2n+2,ABq(t)),h(GPq,ABq,CDx2n+1(t))+

h(GQx2n+1,CDx2n+1,UV x2n+2(t))+h(GRx2n+2,ABq,CDx2n+1(t)),

h(GPq,CDx2n+1,UV x2n+2(t))+h(GQx2n+1,CDx2n+1,UV x2n+2(t))+

h(GRx2n+2,UV x2n+2,ABq(t)),h(GPq,ABq,CDx2n+1(t))+

h(GQx2n+1,UV x2n+2,ABq(t))+h(GRx2n+2,UV x2n+2,ABq(t))}].

Pesquisa Operacional, Vol. 43, 2023: e275711



10 IDENTIFYING FIXED POINTS AND SOLUTION OF NONLINEAR FUNCTIONAL EQUATION

This implies that, as n → ∞

g(Fq,q,q(t))≤ φ [max{g(Fq,q,q(t))+g(Fq,q,q(t))+g(Fq,q,q(t))+g(Fq,q,q(t)),

g(Fq,q,q(t))+g(Fq,q,q(t))+g(Fq,q,q(t)),g(Fq,q,q(t))+g(Fq,q,q(t))+

g(Fq,q,q(t)),g(Fq,q,q(t))+g(Fq,q,q(t))+g(Fq,q,q(t))}]
= φ{g(Fq,q,q(t))}

and

h(Gq,q,q(t))≥ ϕ[min{h(Gq,q,q(t))+h(Gq,q,q(t))+h(Gq,q,q(t))+h(Gq,q,q(t)),

h(Gq,q,q(t))+h(Gq,q,q(t))+h(Gq,q,q(t)),h(Gq,q,q(t))+h(Gq,q,q(t))+

h(Gq,q,q(t)),h(Gq,q,q(t))+h(Gq,q,q(t))+h(Gq,q,q(t))}]
= ϕ{h(Gq,q,q(t))}.

this gives that q = Pq and therefore, q = ABq = Pq.

Step-4
By taking x = Bq,y = x2n+1,z = x2n+2,in (c) and (d) using (e) we have,

g(FPBq,Qx2n+1,Rx2n+2(t))≤ φ [max{g(FABBq,CDx2n+1,UV x2n+2(t))+

g(FPBq,ABBq,CDx2n+1(t))+g(FQx2n+1,CDx2n+1,UV x2n+2(t))+

g(FRx2n+2,UV x2n+2,ABBq(t)),g(FPBq,ABBq,CDx2n+1(t))+

g(FQx2n+1,CDx2n+1,UV x2n+2(t))+g(FRx2n+2,ABBq,CDx2n+1(t)),

g(FPBq,CDx2n+1,UV x2n+2(t))+g(FQx2n+1,CDx2n+1,UV x2n+2(t))+

g(FRx2n+2,UV x2n+2,ABBq(t)),g(FPBq,ABBq,CDx2n+1(t))+

g(FQx2n+1,UV x2n+2,ABBq(t))+g(FRx2n+2,UV x2n+2,ABBq(t))}].

Similarly,

h(GPBq,Qx2n+1,Rx2n+2(t))≥ ϕ[min{h(GABBq,CDx2n+1,UV x2n+2(t))+

h(GPBq,ABBq,CDx2n+1(t))+h(GQx2n+1,CDx2n+1,UV x2n+2(t))+

h(GRx2n+2,UV x2n+2,ABBq(t)),h(GPBq,ABBq,CDx2n+1(t))+

h(GQx2n+1,CDx2n+1,UV x2n+2(t))+h(GRx2n+2,ABBq,CDx2n+1(t)),

h(GPBq,CDx2n+1,UV x2n+2(t))+h(GQx2n+1,CDx2n+1,UV x2n+2(t))+

h(GRx2n+2,UV x2n+2,ABBq(t)),h(GPBq,ABBq,CDx2n+1(t))+

h(GQx2n+1,UV x2n+2,ABBq(t))+h(GRx2n+2,UV x2n+2,ABBq(t)).}]

This implies that, as n → ∞

g(FBq,q,q(t))≤ φ [max{g(FBq,q,q(t))+g(Fq,Bq,q(t))+g(Fq,q,q(t))+g(Fq,q,Bq(t)),

g(Fq,Bq,q(t))+g(Fq,q,q(t))+g(Fq,Bq,q(t)),g(Fq,q,q(t))+g(Fq,q,q(t))+

g(Fq,q,Bq(t)),g(Fq,Bq,q(t))+g(Fq,q,Bq(t))+g(Fq,q,Bq(t))}]
= φ{g(FBq,q,q(t))}
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and

h(GBq,q,q(t))≥ ϕ[min{h(GBq,q,q(t))+h(Gq,Bq,q(t))+h(Gq,q,q(t))+h(Gq,q,Bq(t)),

h(Gq,Bq,q(t))+h(Gq,q,q(t))+h(Gq,Bq,q(t)),h(Gq,q,q(t))+h(Gq,q,q(t))+

h(Gq,q,Bq(t)),h(Gq,Bq,q(t))+h(Gq,q,Bq(t))+h(Gq,q,Bq(t))}]
= ϕ{h(GBq,q,q(t))}.

gives, q = Bq. Since, q = ABq, we have q = Aq and therefore, q = Aq = Bq = Pq.

Step-5
Since, Q(X)⊆CD(X) such that q = Qq =Cdq.
By taking x = x2n,y = j,z = x2n+1in (c) and (d), we get

g(FPx2n,Q j,Rx2n+1(t))≤ φ [max{g(FABx2n,CD j,UV x2n+1(t))+

g(FPx2n,ABx2n,CD j(t))+g(FQ j,CD j,UV x2n+1(t))+

g(FRx2n+1,UV x2n+1,ABx2n(t)),g(FPx2n,ABx2n,CD j(t))+

g(FQ j,CD j,UV x2n+1(t))+g(FRx2n+1,ABx2n,CD j(t)),

g(FPx2n,CD j,UV x2n+1(t))+g(FQ j,CD j,UV x2n+1(t))+

g(FRx2n+1,UV x2n+1,ABx2n(t)),g(FPx2n,ABx2n,CD j(t))+

g(FQ j,UV x2n+1,ABx2n(t))+g(FRx2n+1,UV x2n+1,ABx2n(t))}].

Similarly,

h(GPx2n,Q j,Rx2n+1(t))≥ ϕ[min{h(GABx2n,CD j,UV x2n+1(t))+

h(GPx2n,ABx2n,CD j(t))+h(GQ j,CD j,UV x2n+1(t))+

h(GRx2n+1,UV x2n+1,ABx2n(t)),h(GPx2n,ABx2n,CD j(t))+

h(GQ j,CD j,UV x2n+1(t))+h(GRx2n+1,ABx2n,CD j(t)),

h(GPx2n,CD j,UV x2n+1(t))+h(GQ j,CD j,UV x2n+1(t))+

h(GRx2n+1,UV x2n+1,ABx2n(t)),h(GPx2n,ABx2n,CD j(t))+

h(GQ j,UV x2n+1,ABx2n(t))+h(GRx2n+1,UV x2n+1,ABx2n(t))}].

This implies that, as n → ∞

g(Fq,Q j,q(t))≤ φ [max{g(Fq,q,q(t))+g(Fq,q,q(t))+g(FQ j,q,q(t))+g(Fq,q,q(t)),

g(Fq,q,q(t))+g(FQ j,q,q(t))+g(Fq,q,q(t)),g(Fq,q,q(t))+g(FQ j,q,q(t))+

g(Fq,q,q(t)),g(Fq,q,q(t))+g(FQ j,q,q(t))+g(Fq,q,q(t))}]
= φ{g(Fq,Q j,q(t))}.
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Similarly,

h(Gq,Q j,q(t))≥ ϕ[min{h(Gq,q,q(t))+h(Gq,q,q(t))+h(GQ j,q,q(t))+h(Gq,q,q(t)),

h(Gq,q,q(t))+h(GQ j,q,q(t))+h(Gq,q,q(t)),h(Gq,q,q(t))+h(GQ j,q,q(t))+

h(Gq,q,q(t)),h(Gq,q,q(t))+h(GQ j,q,q(t))+h(Gq,q,q(t))}]
= ϕ{h(Gq,Q j,q(t))}.

This implies that q = Q j. Hence, CD j = q = Q j. Since, (Q,CD) is compatible of type (J-1), we
have Q(CD) j =CD(CD) j. Thus, CDq = Qq

Step-6
By taking x = x2n,y = q,z = x2n+1 in (c) and (d), we have

g(FPx2n,Qq,Rx2n+1(t))≤ φ [max{g(FABx2n,CDq,UV x2n+1(t))+

g(FPx2n,ABx2n,CDq(t))+g(FQq,CDq,UV x2n+1(t))+

g(FRx2n+1,UV x2n+1,ABx2n(t)),g(FPx2n,ABx2n,CDq(t))+

g(FQq,CDq,UV x2n+1(t))+g(FRx2n+1,ABx2n,CDq(t)),

g(FPx2n,CDq,UV x2n+1(t))+g(FQq,CDq,UV x2n+1(t))+

g(FRx2n+1,UV x2n+1,ABx2n(t)),g(FPx2n,ABx2n,CDq(t))+

g(FQq,UV x2n+1,ABx2n(t))+g(FRx2n+1,UV x2n+1,ABx2n(t))}].

Similarly,

h(GPx2n,Qq,Rx2n+1(t))≥ ϕ[min{h(GABx2n,CDq,UV x2n+1(t))+

h(GPx2n,ABx2n,CDq(t))+h(GQq,CDq,UV x2n+1(t))+

h(GRx2n+1,UV x2n+1,ABx2n(t)),h(GPx2n,ABx2n,CDq(t))+

h(GQq,CDq,UV x2n+1(t))+h(GRx2n+1,ABx2n,CDq(t)),

h(GPx2n,CDq,UV x2n+1(t))+h(GQq,CDq,UV x2n+1(t))+

h(GRx2n+1,UV x2n+1,ABx2n(t)),h(GPx2n,ABx2n,CDq(t))+

h(GQq,UV x2n+1,ABx2n(t))+h(GRx2n+1,UV x2n+1,ABx2n(t))}].

This implies that, as n → ∞

g(Fq,Qq,q(t))≤ φ [max{g(Fq,q,q(t))+g(Fq,q,q(t))+g(FQq,q,q(t))+g(Fq,q,q(t)),

g(Fq,q,q(t))+g(FQq,q,q(t))+g(Fq,q,q(t)),g(Fq,q,q(t))+g(FQq,q,q(t))+

g(Fq,q,q(t)),g(Fq,q,q(t))+g(FQq,q,q(t))+g(Fq,q,q(t))}]
= φ{g(Fq,Qq,q(t))}.
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Similarly,

h(Gq,Qq,q(t))≥ ϕ[min{h(Gq,q,q(t))+h(Gq,q,q(t))+h(GQq,q,q(t))+h(Gq,q,q(t)),

h(Gq,q,q(t))+h(GQq,q,q(t))+h(Gq,q,q(t)),h(Gq,q,q(t))+h(GQq,q,q(t))+

h(Gq,q,q(t)),h(Gq,q,q(t))+h(GQq,q,q(t))+h(Gq,q,q(t))}]
= ϕ{h(Gq,Qq,q(t))}.

This means that q = Qq. Hence, CD j = q = Qq. Since, CDq = Qq, we have q =CDq. Therefore,
q = Aq = Bq = Pq = Qq =CDq.

Step-7
By taking x = x2n,y = Dq,z = x2n+1 in (c) and (d), we have

g(FPx2n,QDq,Rx2n+1(t))≤ φ [max{g(FABx2n,CDDq,UV x2n+1(t))+

g(FPx2n,ABx2n,CDDq(t))+g(FQDq,CDDq,UV x2n+1(t))+

g(FRx2n+1,UV x2n+1,ABx2n(t)),g(FPx2n,ABx2n,CDDq(t))+

g(FQDq,CDDq,UV x2n+1(t))+g(FRx2n+1,ABx2n,CDDq(t)),

g(FPx2n,CDDq,UV x2n+1(t))+g(FQDq,CDDq,UV x2n+1(t))+

g(FRx2n+1,UV x2n+1,ABx2n(t)),g(FPx2n,ABx2n,CDDq(t))+

g(FQDq,UV x2n+1,ABx2n(t))+g(FRx2n+1,UV x2n+1,ABx2n(t))}].

Similarly,

h(GPx2n,QDq,Rx2n+1(t))≥ ϕ[min{h(GABx2n,CDDq,UV x2n+1(t))+

h(GPx2n,ABx2n,CDDq(t))+h(GQDq,CDDq,UV x2n+1(t))+

h(GRx2n+1,UV x2n+1,ABx2n(t)),h(GPx2n,ABx2n,CDDq(t))+

h(GQDq,CDDq,UV x2n+1(t))+h(GRx2n+1,ABx2n,CDDq(t)),

h(GPx2n,CDDq,UV x2n+1(t))+h(GQDq,CDDq,UV x2n+1(t))+

h(GRx2n+1,UV x2n+1,ABx2n(t)),h(GPx2n,ABx2n,CDDq(t))+

h(GQDq,UV x2n+1,ABx2n(t))+h(GRx2n+1,UV x2n+1,ABx2n(t))}].

This implies that, as n → ∞

g(Fq,Dq,q(t))≤ φ [max{g(Fq,q,q(t))+g(Fq,q,q(t))+g(FDq,q,q(t))+g(Fq,q,q(t)),

g(Fq,q,q(t))+g(FDq,q,q(t))+g(Fq,q,q(t)),g(Fq,q,q(t))+g(FDq,q,q(t))+

g(Fq,q,q(t)),g(Fq,q,q(t))+g(FDq,q,q(t))+g(Fq,q,q(t))}]
= φ{g(Fq,Dq,q(t))}.
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Similarly,

h(Gq,Dq,q(t))≥ ϕ[min{h(Gq,q,q(t))+h(Gq,q,q(t))+h(GDq,q,q(t))+h(Gq,q,q(t)),

h(Gq,q,q(t))+h(GDq,q,q(t))+h(Gq,q,q(t)),h(Gq,q,q(t))+h(GDq,q,q(t))+

h(Gq,q,q(t)),h(Gq,q,q(t))+h(GDq,q,q(t))+h(Gq,q,q(t))}]
= ϕ{h(Gq,Dq,q(t))}.

This gives, q = Dq. Since, q = CDq, we have q = Dq. Therefore, q = Aq = Bq = Cq = Dq =

Pq = Qq.

Step-8
Since, P(X)⊆UV (X), there exists w ∈ X such that q = Pq =UV w.
By taking x = x2n,y = x2n+1,z = w in (c) and (d), we have

g(FPx2n,Qx2n+1,Rw(t))≤ φ [max{g(FABx2n,CDx2n+1,UV w(t))+

g(FPx2n,ABx2n,CDx2n+1(t))+g(FQx2n+1,CDx2n+1,UV w(t))+

g(FRw,UV w,ABx2n(t)),g(FPx2n,ABx2n,CDx2n+1(t))+

g(FQx2n+1,CDx2n+1,UV w(t))+g(FRw,ABx2n,CDx2n+1(t)),

g(FPx2n,CDx2n+1,UV w(t))+g(FQx2n+1,CDx2n+1,UV w(t))+

g(FRw,UV w,ABx2n(t)),g(FPx2n,ABx2n,CDx2n+1(t))+

g(FQx2n+1,UV w,ABx2n(t))+g(FRw,UV w,ABx2n(t))}].

Similarly,

h(GPx2n,Qx2n+1,Rw(t))≥ ϕ[min{h(GABx2n,CDx2n+1,UV w(t))+

h(GPx2n,ABx2n,CDx2n+1(t))+h(GQx2n+1,CDx2n+1,UV w(t))+

h(GRw,UV w,ABx2n(t)),h(GPx2n,ABx2n,CDx2n+1(t))+

h(GQx2n+1,CDx2n+1,UV w(t))+h(GRw,ABx2n,CDx2n+1(t)),

h(GPx2n,CDx2n+1,UV w(t))+h(GQx2n+1,CDx2n+1,UV w(t))+

h(GRw,UV w,ABx2n(t)),h(GPx2n,ABx2n,CDx2n+1(t))+

h(GQx2n+1,UV w,ABx2n(t))+h(GRw,UV w,ABx2n(t))}].

This implies that, as n → ∞

g(Fq,q,Rw(t))≤ φ [max{g(Fq,q,q(t))+g(Fq,q,q(t))+g(Fq,q,q(t))+g(FRw,q,q(t)),

g(Fq,q,q(t))+g(Fq,q,q(t))+g(Fq,q,q(t)),g(Fq,q,q(t))+g(Fq,q,q(t))+

g(FRw,q,q(t)),g(Fq,q,q(t))+g(Fq,q,q(t))+g(FRw,q,q(t))}]
= φ{g(Fq,q,Rw(t))}
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Similarly,

h(Gq,q,Rw(t))≥ ϕ[min{h(Gq,q,q(t))+h(Gq,q,q(t))+h(Gq,q,q(t))+h(GRw,q,q(t)),

h(Gq,q,q(t))+h(Gq,q,q(t))+h(Gq,q,q(t)),h(Gq,q,q(t))+h(Gq,q,q(t))+

h(GRw,q,q(t)),h(Gq,q,q(t))+h(Gq,q,q(t))+h(GRw,q,q(t))}]
= ϕ{h(Gq,q,Rw(t))}.

This gives q = Rw. Hence, Uvw = q = Rw. Since, (R,ST ) is compatible of type (J-1), we have
R(UV )w =UV (UV )w. Thus, UV q = Rq.

Step-9
By taking x = x2n,y = x2n+1,z = q in (c), (d) and using (e), we have

g(FPx2n,Qx2n+1,Rq(t))≤ φ [max{g(FABx2n,CDx2n+1,UV q(t))+

g(FPx2n,ABx2n,CDx2n+1(t))+g(FQx2n+1,CDx2n+1,UV q(t))+

g(FRq,UV q,ABx2n(t)),g(FPx2n,ABx2n,CDx2n+1(t))+

g(FQx2n+1,CDx2n+1,UV q(t))+g(FRq,ABx2n,CDx2n+1(t)),

g(FPx2n,CDx2n+1,UV q(t))+g(FQx2n+1,CDx2n+1,UV q(t))+

g(FRq,UV q,ABx2n(t)),g(FPx2n,ABx2n,CDx2n+1(t))+

g(FQx2n+1,UV q,ABx2n(t))+g(FRq,UV q,ABx2n(t))}].

Similarly,

h(GPx2n,Qx2n+1,Rq(t))≥ ϕ[min{h(GABx2n,CDx2n+1,UV q(t))+

h(GPx2n,ABx2n,CDx2n+1(t))+h(GQx2n+1,CDx2n+1,UV q(t))+

h(GRq,UV q,ABx2n(t)),h(GPx2n,ABx2n,CDx2n+1(t))+

h(GQx2n+1,CDx2n+1,UV q(t))+h(GRq,ABx2n,CDx2n+1(t)),

h(GPx2n,CDx2n+1,UV q(t))+h(GQx2n+1,CDx2n+1,UV q(t))+

h(GRq,UV q,ABx2n(t)),h(GPx2n,ABx2n,CDx2n+1(t))+

h(GQx2n+1,UV q,ABx2n(t))+h(GRq,UV q,ABx2n(t))}].

This implies that, as n → ∞

g(Fq,q,Rq(t))≤ φ [max{g(Fq,q,q(t))+g(Fq,q,q(t))+g(Fq,q,q(t))+g(FRq,q,q(t)),

g(Fq,q,q(t))+g(Fq,q,q(t))+g(Fq,q,q(t)),g(Fq,q,q(t))+g(Fq,q,q(t))+

g(FRq,q,q(t)),g(Fq,q,q(t))+g(Fq,q,q(t))+g(FRq,q,q(t))}]
= φ{g(Fq,q,Rq(t))}
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Similarly,

h(Gq,q,Rq(t))≥ ϕ[min{h(Gq,q,q(t))+h(Gq,q,q(t))+h(Gq,q,q(t))+h(GRq,q,q(t)),

h(Gq,q,q(t))+h(Gq,q,q(t))+h(Gq,q,q(t)),h(Gq,q,q(t))+h(Gq,q,q(t))+

h(GRq,q,q(t)),h(Gq,q,q(t))+h(Gq,q,q(t))+h(GRq,q,q(t))}]
= ϕ{h(Gq,q,Rq(t))}.

This gives q = Rq. We have, q =UV q. Therefore, q = Aq = Bq =Cq = Dq = Pq = Qq = Rq =

UV q

Step-10
By taking x = x2n,y = x2n+1,z =V q in (c), (d) and using (e), we have

g(FPx2n,Qx2n+1,RV q(t))≤ φ [max{g(FABx2n,CDx2n+1,UVV q(t))+

g(FPx2n,ABx2n,CDx2n+1(t))+g(FV Qx2n+1,CDx2n+1,UVV q(t))+

g(FRV q,UVV q,ABx2n(t)),g(FPx2n,ABx2n,CDx2n+1(t))+

g(FV Qx2n+1,CDx2n+1,UVV q(t))+g(FRV q,ABx2n,CDx2n+1(t)),

g(FPx2n,CDx2n+1,UVV q(t))+g(FV Qx2n+1,CDx2n+1,UVV q(t))+

g(FRV q,UVV q,ABx2n(t)),g(FPx2n,ABx2n,CDx2n+1(t))+

g(FV Qx2n+1,UVV q,ABx2n(t))+g(FRV q,UVV q,ABx2n(t))}].

Similarly,

h(GPx2n,Qx2n+1,RV q(t))≥ ϕ[min{h(GABx2n,CDx2n+1,UVV q(t))+

h(GPx2n,ABx2n,CDx2n+1(t))+h(GV Qx2n+1,CDx2n+1,UVV q(t))+

h(GRV q,UVV q,ABx2n(t)),h(GPx2n,ABx2n,CDx2n+1(t))+

h(GV Qx2n+1,CDx2n+1,UVV q(t))+h(GRV q,ABx2n,CDx2n+1(t)),

h(GPx2n,CDx2n+1,UVV q(t))+h(GV Qx2n+1,CDx2n+1,UVV q(t))+

h(GRV q,UVV q,ABx2n(t)),h(GPx2n,ABx2n,CDx2n+1(t))+

h(GV Qx2n+1,UVV q,ABx2n(t))+h(GRV q,UVV q,ABx2n(t))}].

This implies that, as n → ∞

g(Fq,q,V q(t))≤ φ [max{g(Fq,q,q(t))+g(Fq,q,q(t))+g(Fq,q,q(t))+g(FV q,q,q(t)),

g(Fq,q,q(t))+g(Fq,q,q(t))+g(Fq,q,q(t)),g(Fq,q,q(t))+g(Fq,q,q(t))+

g(FV q,q,q(t)),g(Fq,q,q(t))+g(Fq,q,q(t))+g(FV q,q,q(t))}]
= φ{g(Fq,q,V q(t))}.
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Similarly,

h(Gq,q,V q(t))≥ ϕ[min{h(Gq,q,q(t))+h(Gq,q,q(t))+h(Gq,q,q(t))+h(GV q,q,q(t)),

h(Gq,q,q(t))+h(Gq,q,q(t))+h(Gq,q,q(t)),h(Gq,q,q(t))+h(Gq,q,q(t))+

h(GV q,q,q(t)),h(Gq,q,q(t))+

h(Gq,q,q(t))+h(GV q,q,q(t))}]
= ϕ{h(Gq,q,V q(t))}.

This implies q = V q. Since q = UV q, we get q = V q. Therefore, q = Aq = Bq = Cq = Dq =

Pq = Qq = Rq = Uq = V q , that is common fixed point of A,B,C,D,P,Q,R,U,V. Similarly, it is
clear that q is also the common fixed point of A,B,C,D,P,Q,R,U,V in the case AB is continuous
and (P,AB), (Q,CD), (R,UV) are compatible of type (J-2).

Case-2 AB is continuous and (P, AB),(Q, CD), (R, UV) are compatible of type (J-1). Since P is
continuous and (P,AB),(Q,CD),(R,UV ) are compatible of type (J-1).
As P is continuous, PPx2n → Pq and P(AB)x2n → Pq . Since, (P,AB) is compatible of type (J-1),
AB(AB)x2n → Pq.

Step-11
By taking x = ABx2n,y = x2n+1,z = x2n+2 in (c) and (d), we have

g(FP(AB)x2n,Qx2n+1,Rxn+2(t))≤ φ [max{g(FAB(AB)x2n,CDx2n+1,UV xn+2(t))+

g(FP(AB)x2n,AB(AB)x2n,CDx2n+1(t))+g(FV Qx2n+1,CDx2n+1,UV xn+2(t))+

g(FRxn+2,UV xn+2,AB(AB)x2n(t)),g(FP(AB)x2n,AB(AB)x2n,CDx2n+1(t))+

g(FV Qx2n+1,CDx2n+1,UV xn+2(t))+g(FRxn+2,AB(AB)x2n,CDx2n+1(t)),

g(FP(AB)x2n,CDx2n+1,UV xn+2(t))+g(FV Qx2n+1,CDx2n+1,UV xn+2(t))+

g(FRxn+2,UV xn+2,AB(AB)x2n(t)),g(FP(AB)x2n,AB(AB)x2n,CDx2n+1(t))+

g(FV Qx2n+1,UV xn+2,AB(AB)x2n(t))+g(FRxn+2,UV xn+2,AB(AB)x2n(t))}].

Similarly,

h(GP(AB)x2n,Qx2n+1,Rxn+2(t))≥ ϕ[min{h(GAB(AB)x2n,CDx2n+1,UV xn+2(t))+

h(GP(AB)x2n,AB(AB)x2n,CDx2n+1(t))+h(GV Qx2n+1,CDx2n+1,UV xn+2(t))+

h(GRxn+2,UV xn+2,AB(AB)x2n(t)),h(GP(AB)x2n,AB(AB)x2n,CDx2n+1(t))+

h(GV Qx2n+1,CDx2n+1,UV xn+2(t))+h(GRxn+2,AB(AB)x2n,CDx2n+1(t)),

h(GP(AB)x2n,CDx2n+1,UV xn+2(t))+h(GV Qx2n+1,CDx2n+1,UV xn+2(t))+

h(GRxn+2,UV xn+2,AB(AB)x2n(t)),h(GP(AB)x2n,AB(AB)x2n,CDx2n+1(t))+

h(GV Qx2n+1,UV xn+2,AB(AB)x2n(t))+h(GRxn+2,UV xn+2,AB(AB)x2n(t))}].
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This implies that, as n → ∞

g(FPq,q,q(t))≤ φ [max{g(Fq,q,q(t))+g(FPq,q,q(t))+g(Fq,q,q(t))+g(Fq,q,q(t)),

g(FPq,q,q(t))+g(Fq,q,q(t))+g(Fq,q,q(t)),g(FPq,q,q(t))+g(Fq,q,q(t))+

g(Fq,q,q(t)),g(FPq,q,q(t))+g(Fq,q,q(t))+g(Fq,q,q(t))}]
= φ{g(FPq,q,q(t))}.

Similarly,

h(GPq,q,q(t))≥ ϕ[min{h(Gq,q,q(t))+h(GPq,q,q(t))+h(Gq,q,q(t))+h(Gq,q,q(t)),

h(GPq,q,q(t))+h(Gq,q,q(t))+h(Gq,q,q(t)),h(GPq,q,q(t))+h(Gq,q,q(t))+

h(Gq,q,q(t)),h(GPq,q,q(t))+h(Gq,q,q(t))+h(Gq,q,q(t))}]
= ϕ{h(GPq,q,q(t))}.

This means that q = Pq. Now using the step (4-9), we have, q = Qq =CDq =Cq = Dq = Rq =

UV q =Uq =V q.

Step-12
Since R(X)⊆ AB(X) there exists l ∈ X such that q = Rq = ABl.
By taking x = l,y = x2n+1,z = x2n+2 in (c) and (d), we have

g(FPl,Qx2n+1,Rx2n+2(t))≤ φ [max{g(FABl,CDx2n+1,UV x2n+2(t))+

g(FPl,ABl,CDx2n+1(t))+g(FQx2n+1,CDx2n+1,UV x2n+2(t))+

g(FRx2n+2,UV x2n+2,ABl(t)),g(FPl,ABl,CDx2n+1(t))+

g(FQx2n+1,CDx2n+1,UV x2n+2(t))+g(FRx2n+2,ABl,CDx2n+1(t)),

g(FPl,CDx2n+1,UV x2n+2(t))+g(FQx2n+1,CDx2n+1,UV x2n+2(t))+

g(FRx2n+2,UV x2n+2,ABl(t)),g(FPl,ABl,CDx2n+1(t))+

g(FQx2n+1,UV x2n+2,ABl(t))+g(FRx2n+2,UV x2n+2,ABl(t))}].

Similarly,

h(GPl,Qx2n+1,Rx2n+2(t))≥ ϕ[min{h(GABl,CDx2n+1,UV x2n+2(t))+

h(GPl,ABl,CDx2n+1(t))+h(GQx2n+1,CDx2n+1,UV x2n+2(t))+

h(GRx2n+2,UV x2n+2,ABl(t)),h(GPl,ABl,CDx2n+1(t))+

h(GQx2n+1,CDx2n+1,UV x2n+2(t))+h(GRx2n+2,ABl,CDx2n+1(t)),

h(GPl,CDx2n+1,UV x2n+2(t))+h(GQx2n+1,CDx2n+1,UV x2n+2(t))+

h(GRx2n+2,UV x2n+2,ABl(t)),h(GPl,ABl,CDx2n+1(t))+

h(GQx2n+1,UV x2n+2,ABl(t))+h(GRx2n+2,UV x2n+2,ABl(t))}].
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This implies that, as n → ∞

g(FPl,q,q(t))≤ φ [max{g(FPl,q,q(t))+g(Fq,Pl,q(t))+g(Fq,q,q(t))+g(Fq,q,Pl(t)),

g(Fq,Pl,q(t))+g(Fq,q,q(t))+g(Fq,Pl,q(t)),g(Fq,q,q(t))+g(Fq,q,q(t))+

g(Fq,q,Pl(t)),g(Fq,Pl,q(t))+g(Fq,q,Pl(t))+g(Fq,q,Pl(t))}]
= φ{g(FPl,q,q(t))

and

h(GPl,q,q(t))≥ ϕ[min{h(GPl,q,q(t))+h(Gq,Pl,q(t))+h(Gq,q,q(t))+h(Gq,q,Pl(t)),

h(Gq,Pl,q(t))+h(Gq,q,q(t))+h(Gq,Pl,q(t)),h(Gq,q,q(t))+h(Gq,q,q(t))+

h(Gq,q,Pl(t)),h(Gq,Pl,q(t))+h(Gq,q,Pl(t))+h(Gq,q,Pl(t))}]
= ϕ{h(GPl,q,q(t))}.

This gives q = Rl. Since, q = Rq, we have q = Aq = ABl = Pl = ABl. Since P is continuous and
(P,AB),(Q,CD),(R,UV ) are compatible of type (J-1), we have, Pq = ABq . Also,q = Bq follows
from step-3. Thus, q = Aq = Bq = Pq. Hence, q is common fixed point of the nine maps in this
case also. Similarly, it is clear that q is also the common fixed point of A,B,C,D,P,Q,R,U,V in
the case P is continuous and (P,AB), (Q,CD), (R,UV) are compatible of type (J-2).

Step-13
For uniqueness, let u,v(u,v ̸= q) be another common fixed point of A,B,C,D,P,Q,R,U,V. Taking
x = q,y = u,z = v in (c) and (d), we have

g(FPq,Qu,Rv(t))≤ φ [max{g(FABq,CDu,UV v(t))+g(FPq,ABq,CDu(t))+

g(FQu,CDu,UV v(t))+g(FRv,UV v,ABq(t)),g(FPq,ABq,CDu(t))+

g(FQu,CDu,UV v(t))+g(FRv,ABq,CDu(t)),g(FPq,CDu,UV v(t))+

g(FQu,CDu,UV v(t))+g(FRv,UV v,ABq(t)),g(FPq,ABq,CDu(t))+

g(FQu,UV v,ABq(t))+g(FRv,UV v,ABq(t))}].

Similarly,

h(GPq,Qu,Rv(t))≥ ϕ[min{h(GABq,CDu,UV v(t))+h(GPq,ABq,CDu(t))+

h(GQu,CDu,UV v(t))+h(GRv,UV v,ABq(t)),h(GPq,ABq,CDu(t))+

h(GQu,CDu,UV v(t))+h(GRv,ABq,CDu(t)),h(GPq,CDu,UV v(t))+

h(GQu,CDu,UV v(t))+h(GRv,UV v,ABq(t)),h(GPq,ABq,CDu(t))+

h(GQu,UV v,ABq(t))+h(GRv,UV v,ABq(t))}].

This implies that, as n → ∞

g(Fq,u,v(t))≤ φ [max{g(Fq,u,v(t))+g(Fq,q,u(t))+g(Fu,u,v(t))+g(Fv,v,q(t)),

g(Fq,q,u(t))+g(Fu,u,v(t))+g(Fv,q,u(t)),g(Fq,u,v(t))+g(Fu,u,v(t))+

g(Fv,v,q(t)),g(Fq,q,u(t))+g(Fu,v,q(t))+g(Fv,v,q(t))}]
= φ{g(Fq,u,v(t))}.
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Similarly,

h(Gq,u,v(t))≥ ϕ[min{h(Gq,u,v(t))+h(Gq,q,u(t))+h(Gu,u,v(t))+h(Gv,v,q(t)),

h(Gq,q,u(t))+h(Gu,u,v(t))+h(Gv,q,u(t)),h(Gq,u,v(t))+h(Gu,u,v(t))+

h(Gv,v,q(t)),h(Gq,q,u(t))+h(Gu,v,q(t))+h(Gv,v,q(t))}
= ϕ{h(Gq,u,v(t))}.

So, we have, q = u = v. This completes the proof of the theorem.
If we take A = B = C = D = U = V = IX (the identity map on X) in Theorem-3.1, we have the
following results:

Corollary-3.2
Let P, Q, R are self maps on complete N-AIMPMS (X ,F,G,∗,♢). If g(FPx,Qy,Rz(t)) ≤
φ(g(Fx,y,z(t)) and h(GPx,Qy,Rz(t))≥ ϕ(h(Gx,y,z(t))
Therefore,

g(FPx,Qy,Rz(t))≤ φ [max{g(Fx,y,z(t))+g(Fx,x,y(t))+g(Fy,y,z(t))+g(Fz,z,x(t)),g(Fx,x,y(t))

+g(Fy,y,z(t))+g(Fz,x,y(t)),g(Fx,y,z(t))+g(Fy,y,z(t))+

g(Fz,z,x(t)),g(Fx,x,y(t))+g(Fy,z,x(t))+g(Fz,z,x(t))}]

and

h(GPx,Qy,Rz(t))≥ ϕ[min{h(Gx,y,z(t))+h(Gx,x,y(t))+h(Gy,y,z(t))+h(Gz,z,x(t)),h(Gx,x,y(t))

+h(Gy,y,z(t))+h(Gz,x,y(t)),h(Gx,y,z(t))+h(Gy,y,z(t))

+h(Gz,z,x(t)),h(Gx,x,y(t))+h(Gy,z,x(t))+h(Gz,z,x(t))}],

for all x,y,z ∈ X and t > 0, where functions φ ,ϕ : [0,∞)→ [0,∞) satisfies the condition (φ) and
(ϕ). Then, P,Q,R have a unique common fixed point. □

Example-3.3
Suppose X = [−1,1]⊂ R. Define F : X ×X → N by

g(FPx,Qy,Rz(t))≤ φ(g(FABx,CDy,UVz(t)))

=

{
( t

t+2 )
|x−y+z| t > 0,

0 t ≤ 0
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for x,y,z ∈ X . It is easy to verify that (X ,F,G,∗,♢) is a N-AIMPMS. Now assume
t,q, j,x,y,z,w, l ∈ X . Then we have,

φ(g(FABx,y,w(t),CDl,w,y(q),UVy,l,z
( j)))

= φ{max(
t

t +2
)|x−3y+w|(

q
q+2

)|l−w+y|(
j

j+2
)|y−l+z|}

≤ φ{ max(t,q, j)
max(t,q, j)+2

}|x−3y+w|+|l−w+y|+|y−l+z|

≤ φ{ max(t,q, j)
max(t,q, j)+2

}|x−3y+w+l−w+y+y−l+z|

≤ φ{ max(t,q, j)
max(t,q, j)+2

}|x−3y+w+l−w+y+y−l+z|

≤ φ{ max(t,q, j)
max(t,q, j)+2

}|x−y+z|

= g(FPx,Qy,Rz(max(t,q, j)).

4 APPLICATION TO FUNCTIONAL EQUATIONS

There are many types of nonlinear functional equations for which fixed point theorems have been
used to demonstrate their existence.

Let J and K be Banach spaces, L ⊆ J be a state space and N ⊆ K be a decision space. Now, by
using the fixed point results obtained in previous section, we have;

T (x) = sup
y,z∈N

{g(x,y,z)+K(x,y,z,T (τ(x,y,z)))},

where τ : L×N → T,g : L×N → R,K : L×N ×R→ R.
Let H(L) denote the space of all bounded real valued function on L. Clearly, this space endowed
with the metric given by

h(t,q, j) = sup
x∈L

| t(x)−q(x)+ j(x) |

for all t,q, j ∈ H(L), is a complete metric space.

Now, define

Gt,q, j(t) =

e−(
h(t,q, j)

t ) t > 0

0 t ≤ 0,

where t,q, j ∈ H(L), then (H(L),F,G,∗,♢) is a complete N-AIMPMS with

h(GPx,Qy,Rz ≥ ψ{h(GABx,CDy,UV z(t)}
= h(GPx,Qy,Rz(min(t,q, j)),

where t,q, j ∈ [−1,1]⊂ R.
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Functional equations is an essential tool for describing the nature of physical universe. It
has multiple real-world applications from sports to engineering to astronomy and space travel,
which can be solved by reducing them to equivalent fixed-point problems. Newton’s Laws of
motion and gravitational, astronomical science, Investment plans, global mappings, constructing
tracks, Relation of income and market prediction are based on Functional equations. One
example of a functional equation that may be used in the real world is the Euler-Lagrange
equation. The shortest path between two points on a manifold is one way to approach this
problem. The equation is a line when the two points are on a Cartesian plane. A great circle is
obtained if the two points lie on a sphere. Airlines don’t typically travel on straight paths due
to this, so the journey is in fact longer. Geographically, the shortest distance/path is called a
geodesic in both cases.

5 CONCLUSIONS

We obtained common fixed point theorems for nine maps by introducing three types of compat-
ible maps in N-AIMPMS and expanded the results of Devi et al. (2018) under certain conditions
using the concept of compatible maps of type (J-1) and (J-2). An example and application is
provided to stake the applicability of our results.
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