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A mathematical model describing the reduction of Hydrogen peroxide (H2O2) to water in a metal dispersed conducting polymer 
film is discussed. The model is based on a system of reaction-diffusion equations containing a non-linear term related to Michaelis–
Menten kinetics of the enzymatic reaction. The approximate analytical expressions corresponding to the concentration of substrate 
and product for steady and non-steady state conditions have been obtained using a new approach to homotopy perturbation method 
(HPM). Approximate analytical expressions of the electrochemical oxidation current are also presented for steady and non-steady 
state conditions. The numerical simulation (Matlab program) response for concentration profiles was carried out and compared with 
the analytical results of this work and are found to be in good agreement. The influence of initial substrate concentration, the thickness 
of the film as well as the diffusion layer and kinetic parameters on the current response were investigated. A graphical procedure for 
estimating the kinetic parameters from the expression of the current response is also proposed. 

Keywords: enzymatic biofuel cell; glucose oxidase; mathematical modeling; reaction-diffusion equation; homotopy perturbation 
method. 

INTRODUCTION

Enzyme-based fuel cells can produce higher energy than 
conventional batteries utilizing significantly all the naturally good 
materials. Enzymatic biofuel cells rely on the oxidation of substrates 
such as hydrogen or glucose and reduction of oxygen to harvest 
energy from complex media. In particular, glucose biofuel cells 
(BFCs) represent a promising alternative to supply energy from 
living organisms to implanted electronic devices. Oxidase enzymes 
are widely used in energy devices (biosensor, enzymatic biofuel 
cell, bioreactor, etc.). In glucose oxidation-reduction process, 
oxygen is diminished to water (H2O) or hydrogen peroxide (H2O2). 
Glucose oxidase is found in nectar and goes about as a common 
additive. Enzymatic glucose biosensors utilize an electrode rather 
than oxygen to take up the electrons required to oxidize glucose and 
produce current in the extent to glucose fixation.1 Glucose oxidase 
is broadly used for the determination of free glucose in body liquids 
(diagnostics), in crude botanic material, and the nourishment business. 
Toghill and Compton discussed non-enzymatic glucose sensors.2 It 
likewise has numerous applications in biotechnologies, commonly 
protein tests for natural chemistry incorporating biosensors in 
nanotechnologies.3 Besides, glucose oxidase has damage the cancer 
tissue and cells as a result of hydrogen peroxide formation.

In recent times, many kinds of literature focused on glucose/
hydrogen peroxide biofuel cell. Pizzariello et al. developed a glucose/
hydrogen peroxide biofuel cell using a composite bulk modified 
bioelectrode based on a solid binding matrix.4 Choudhury  et  al. 
discussed the effect of hydrogen peroxide as an oxidant in an alkaline 
direct borohydride fuel cell.5 Bessette et al. reported the performance 
of the microfiber carbon electrode in magnesium–hydrogen 

peroxide semi-fuel cell under optimum conditions and at a reduced 
concentration of H2O2.6 Yamanaka  et  al. developed a three-phase 
H2O2 fuel cell for the production of a concentrated aqueous solution 
of H2O2 in an electrochemical reduction of O2.7

Yang et al. investigated the influence of H2O2 concentration in the 
performance of magnesium-hydrogen peroxide fuel cell with palladium-
silver deposited cathode and silver-nickel deposited electrode.8 
Han et al. developed a hydrogen peroxide fuel cell with TiO2 nanotube 
photoanode to increase the performance of the cell by make use of 
light and biomass.9 Also, Kjeang et al. demonstrated a microfluidic 
fuel cell incorporating hydrogen peroxide as oxidant.10 Adams et al. 
reported an electrochemical reduction of hydrogen peroxide using 
highly active palladium platinum catalysts.11 Do  et al. developed a 
mathematical model which describes the bioelectrochemical reduction 
of hydrogen peroxide with direct electron transfer mechanism.12 
Benfeitas et al. investigated hydrogen peroxide metabolism in human 
erythrocytes.13 The first example of glucose or hydrogen peroxide-based 
biofuel cell functioning under physiological conditions was reported 
in Agnès et al.14 An et al. developed and tested the performance of an 
alkaline direct ethanol fuel cell with hydrogen peroxide as oxidant.15 
Also studied by An and coauthors, a one-dimensional mathematical 
model of the mixed potential in hydrogen peroxide fuel cell.16

Somasundaram et al. developed a kinetic model for the reduction 
of hydrogen peroxide to water in a metal-dispersed conducting 
polymer film.17 This model is based on a system of the non-linear 
reaction-diffusion equation. Somasundaram  et  al. obtained the 
steady-state concentration and current for limiting cases (low and 
high substrate concentration) only.17 In solving reaction-diffusion 
problems, there are mainly three types of methods: experimental, 
analytical, and numerical. Experiments are expensive, time-
consuming, and usually, do not allow much flexibility in parameter 
variation. Numerical methods are popular for its computing 
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capabilities, although it provides only a long list of numbers, not an 
equation. Analytical methods are the most difficult ones, providing 
solutions with parameters. In this paper, we will consider the last two 
techniques to solve the coupled non-linear reaction-diffusion equation 
describing the reduction of hydrogen peroxide to water. The purpose 
of this communication is to derive the analytical expressions for the 
concentration of glucose (substrate), hydrogen peroxide (product) 
and current for non-steady state condition.

MATHEMATICAL FORMULATION 

Figure 1 represents the schematic diagram for the reduction of 
hydrogen peroxide to water. 

The reactions scheme occurring within the polymer film and in 
the bulk solution can be written as follows: 18

	 	 (1)

	 	 (2)

	 	 (3)

Eqn. (1) represents the oxidation of substrate (Glucose) S to 
product P (Hydrogen peroxide). Here E1 and E2 are the oxidized and 
reduced forms of the enzyme (oxidase) respectively. The reduction-
oxidation process of the enzyme during the reduction of oxygen (A) 
to hydrogen peroxide (B) is shown in Eqn. (2). And the hydrogen 
peroxide which in turn reacts with microparticle in the presence 
of a pseudo first order rate constant k to produce water (C). Using 
Michaelis-Menten rate expression, the mass balance one dimensional 
equations for substrate and product within the polymer film can be 
written as follows: 18

	 	 (4)

	 	 (5)

where s(x,t) and b(x,t) are the concentrations of substrate and 
product respectively. DS and DB are the diffusion coefficients, kcat 
is the catalytic reaction rate constant and KM = (kcat + k–1)/k1 is the 

Michaelis-Menten rate constant. The initial and boundary conditions 
for the above equations are given by

	 	 (6)

	 	 (7)

	 	 (8)

Here s∞ and b∞ is the concentration of substrate and product in 
the bulk solution. ks and kb is the reaction rate constant for substrate 
and product respectively. L is the thickness of the polymer film. The 
current I of the product b at the electrode surface is given by

	 	 (9)

where jb is the flux of the hydrogen peroxide at the electrode surface. 
Eqns. (4) and (5) can be written in dimensionless form using the 
following dimensionless parameters:

	 (10)

Using Eqn. (10), equations (4) and (5) reduce to the following 
non-dimensional form:

	 	 (11)

	 	 (12)

where u(c,t) and n(c,t) represents the dimensionless concentration 
of substrate and product respectively; c is a normalized distance; t is 
a dimensionless time; x is the ratio of the diffusion coefficient. a, b, 
and g are the saturation parameters. j is the Thiele modulus depends 
upon the enzyme concentration, diffusion coefficient of substrate 
DS and the Michaelis-Menten constant KM. The corresponding 
dimensionless initial and boundary conditions for equations (11) 
and (12) are as follows:

	 	 (13)

	 	 (14)

	 	 (15)

The dimensionless current for hydrogen peroxide is

	 	 (16)

ANALYTICAL EXPRESSIONS FOR THE 
CONCENTRATION OF SUBSTRATE AND PRODUCT FOR 
GENERAL CASE UNDER NON STEADY CONDITION

Non-linear phenomena play a vital role in various zones of the 
sciences and engineering. Because of the expanding enthusiasm 
towards finding exact solutions for those problems, a variety of 
analytical methods are proposed. Recently Adomian decomposition 

Figure 1. Schematic diagram for the reduction of hydrogen peroxide to water.
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method,19 homotopy analysis method,20 variational iteration 
method,21,22 homotopy perturbation method,23-26 are used to solve 
the non-linear problems. Among such methods, a new approach of 
homotopy perturbation method is applied to solve the non-linear 
differential equations Eqns. (11) and (12). The focal point of this 
method is that it resulted in a simple approximate solution in the zeroth 
iteration itself.27 This technique is appropriate for problems where 
transient effects, reaction-diffusion phenomena, and nonlinearity 
play important roles. The analytical expressions of concentrations 
of substrate and product can be obtained as follows (Appendix-A):

	 (17)

	 (18)

Using Eqns. (16) and (18), the dimensionless current is given by

	 (19)

where 

	 A = j /(1 + a)	 (20)

	 (21)

When t  ∞, equation (19) becomes

	 (22)

The above equation (Eqn. (22)) represents the new analytical 
expression of steady state current.

Limiting case

The consequences for the limiting situations of zero order kinetics 
(S >> KM) and first order kinetics (S << KM) arising from Eqns. (4) 
and (5) or (11) and (12) are reported below.

Case 1: Saturated (zero order) catalytic kinetics (High substrate)

In this case, the situation where the substrate concentration S is 
greater than the Michaelis-Menten constant KM is considered. When 
S >> KM or au >> 1, the non-linear Eqns. (11) and (12) reduces to 
the following dimensionless linear form:

	 	 (23)

	 	 (24)

Solving the above Eqns. (23) and (24), the concentrations of 
substrate and product can be obtained as follows:

	 (25)

	 (26)

The expression for the current, in this case, is given by

	 (27)

From the above equation, the steady state (t  ∞) current can 
be obtained as follows:

	 (28)

Case 2: Unsaturated (first order) catalytic kinetics (Low 
substrate)

The situation where the substrate concentration S is less than the 
rate constant KM is considered. In this case S << KM or au << 1, the 
Eqns. (11) and (12) reduces to the following forms:

	 	 (29)

	 	 (30)

The solutions for Eqns. (29) and (30) are given by

	 (31)

	 (32)

The current expression for this case is given by

	 (33)

where

	 (34)

When t  ∞, equation (33) becomes

	 (35)

The analytical expressions of concentration of substrate, product 
and current for steady and non-steady state condition when x = 1 for 
all the limiting cases are given in Table 1 and Table 2

NUMERICAL SIMULATION

To examine the accuracy of the solution obtained using 
the HPM method with a finite number of terms, the system of 
differential equations was solved numerically. Analytical solutions 
of equations  (11) and (12) are challenging problems and can be 
obtained numerically with the help of Matlab software. The function 
pdex4 (Euler’s method) in Matlab software,28 which is a function 
for solving boundary value problems is used to solve Eqns. (11) and 
(12) numerically. Our results are compared with numerical results 
graphically in Figs. 2 and 3. The comparison confirmed that our 
obtained analytical results fitted very well with the numerical results. 
The maximum average relative error between the analytical and 
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numerical results for substrate and product are 1.40% and 0.80%, 
respectively (Refer to Tables 3 and 4).

RESULTS AND DISCUSSION 

Eqns. (17) to (19) represents the new analytical expressions for 
the dimensionless concentration of substrate, product and current 
respectively. Fig. 2 represents the dimensionless concentration of 

substrate u(c,t) versus dimensionless distance from the electrode 
c for different values of Thiele modulus j, saturation parameter 
a and time t. Thiele modulus is the ratio of the reaction rate to the 
rate of diffusion. From Fig. 2(a), it is inferred that the concentration 
of substrate decreases when Thiele modulus j increases. When 
Thiele modulus j < 0.1, the diffusion resistance is insufficient to 
limit the rate of reaction and the concentration remains the same 
within the film. The concentration of substrate reaches zero inside 

Table 1. Summary of analytical expressions of concentrations of substrate, product and current for non-steady state condition when x = 1

Conditions This work Previous work 18

Non steady state 
(HPM)

 
-----------

 
-----------

 
-----------

High substrate

 
-----------

 
-----------

 
-----------

Low substrate

 
-----------

 
-----------

 
-----------

Table 2. Summary of analytical expressions of concentration of substrate, product and current for steady state condition when x = 1

Conditions This work Previous work18

Steady state 
(HPM)

 
-----------

 
-----------

 
-----------

High substrate

 
-----------

 
-----------

 
-----------

Low substrate
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the enzyme layer when the diffusion modulus i.e. Thiele module 
j ≥ 100 which is observed at high film thickness L or enzymatic 
rate kcateT or for low reaction rate constant KM or diffusion Ds. This 
is because when j is large, a significant diffusion modulus prevents 
a constant concentration of substrate within the film and thus lowers 
the concentration. The influence of the saturation parameter a can be 
analyzed from Fig. 2(b), where it is shown that the concentration of 
substrate increases when the saturation parameter a increases. This 
is because as the initial substrate concentration s∞ increases obviously 
the concentration of substrate s increases. From Fig. 2(c), it is evident 
that the substrate concentration increases when time t decreases. For 
t ≤ 0.01, the concentration remains the same.

The change in product concentration with respect to dimensionless 
distance from the electrode for various values of parameters is shown in 
Figs. 3(a) – (f) respectively. Fig. 3(a) illustrates that for high catalytic 
activity, the concentration of substrate increases. By increasing the 
initial concentration of substrate a or high catalytic activity, the product 
concentration increases as shown in Figs. 3(a) and 3(b). From Figs. 3(c) 
and 3(d), it is observed that, the concentration of product increases 
when the saturation parameters b and g decreases. Compared to other 
parameters, time t has less influence over product concentration. Higher 
product concentration is obtained for steady- state time.

Differential sensitive analysis of kinetic parameters

Eqn. (19) represents the new approximate analytical expression 
for the non-steady state current y in terms of the parameters a, b, 
g, j and x. By differentiating the current partially with respect to 
these parameters, the impact of the parameters over current can be 
determined.29 The percentages of change in current with respect to 
g, b, j, x and a are 46%, 35%, 14%, 3% and 2%, respectively. From 

this, it is evident that parameters g and b have more impact on current. 
These parameters are highly sensitive parameters. This implies that 
when the thickness of the film L or the concentration of product in the 
bulk b∞ increases, the current increases. The parameter j is called as 
moderately sensitive parameter as it has 14% of influence over current. 
The remaining two parameters x (ratio of diffusion coefficient) and a 
(saturation parameter) are less sensitive. The spread sheet analysis of 
these results is described in Figure. 4. These results are also confirmed 
in Figures 5, 6(a) – 6(e). 

From Fig. 5, it is observed that the current initially increases with 
thickness and then decreases. After L ≥ 2 mm, the current reaches 
the steady state value. An interesting as well as important fact can be 
concluded from Figs. 6(a) – 6(e) regarding the influence of the kinetic 
parameters over current y(t) along time t. The current considerably 
depends on either the enzymatic rate within the film or the electron 
transport outside the film. From Fig. 6(a), it is confirmed that the 
current increases when the Thiele module j increases. With increased 
initial concentration of substrate in bulk solution S∞, the corresponding 
current increases. This result is confirmed by Fig. 6(b). The influence 
of the saturation parameters b and g on the current was shown in 
Figs. 6(c) and 6(d). Both parameters are inversely proportional to the 
current. Compared to g, b shows much deviation over current. From 
Fig. 6(e), it was found that the sharp decrease in the current with the 
increase of the ratio of diffusion coefficient x. And when x is small, 
the current decreases slowly. From this figure, it is observed that for 
high current, the diffusion coefficient of product should be less than 
the diffusion coefficient of substrate i. e. DS < DP. 

Estimation of kinetic parameters k, kcateT and KM

Numerous enzyme kinetics papers are dedicated for estimating 

Table 3. Comparison of our analytical results of dimensionless substrate u(c,t) with numerical simulations for various values of t and c using Eqn. (17) when 
j = 1 and a = 0.5

c
t = 0.1 t = 0.5 t = 1 t = 100

Analytical 
Eqn. (17)

Numerical
% of 

deviation
Analytical 
Eqn. (17)

Numerical
% of 

deviation
Analytical 
Eqn. (17)

Numerical
% of 

deviation
Analytical 
Eqn. (17)

Numerical
% of 

deviation

0 0.9365 0.9358 0.07 0.7961 0.7885 0.96 0.7513 0.7373 1.89 0.7394 0.7221 2.39

0.2 0.9372 0.9366 0.06 0.8032 0.7959 0.91 0.7606 0.7472 1.79 0.7493 0.7327 2.26

0.4 0.9401 0.9397 0.04 0.8251 0.8187 0.78 0.7888 0.7773 1.47 0.7792 0.7650 1.85

0.6 0.9478 0.9475 0.03 0.8633 0.8585 0.55 0.8369 0.8284 1.02 0.8300 0.8194 1.29

0.8 0.9653 0.9652 0.01 0.9204 0.9178 0.28 0.9066 0.902 0.50 0.9029 0.8973 0.62

1 1.0001 1 0.01 1 1 0 1 1 0 1 1 0

Average % of deviation 0.04 Average % of deviation 0.58 Average % of deviation 1.11 Average % of deviation 1.40

Table 4. Comparison of our analytical results of dimensionless product n(c,t) with numerical simulations for various values of t and c using Eqn. (18) when 
j = 0.1, a = 0.5, b = 0.05, g = 0.01 and x = 1

c
t = 0.7 t = 1 t = 2 t = 10

Analytical 
Eqn. (18)

Numerical
% of 

deviation
Analytical 
Eqn. (18)

Numerical
% of 

deviation
Analytical 
Eqn. (18)

Numerical
% of 

deviation
Analytical 
Eqn. (18)

Numerical
% of 

deviation

0 1.0237 1.037 1.28 1.1783 1.185 0.56 1.3063 1.309 0.20 1.3179 1.321 0.23

0.2 1.0251 1.038 1.24 1.1725 1.179 0.55 1.2943 1.297 0.20 1.3053 1.308 0.20

0.4 1.0289 1.04 1.06 1.1543 1.160 0.49 1.2579 1.260 0.16 1.2673 1.270 0.21

0.6 1.0307 1.039 0.79 1.1218 1.126 0.37 1.1971 1.199 0.15 1.2039 1.206 0.17

0.8 1.0237 1.028 0.41 1.0717 1.074 0.21 1.1113 1.112 0.06 1.1149 1.116 0.09

1 0.9997 1 0.03 0.9998 1 0.02 0.9999 1 0.01 1 1 0

Average % of deviation 0.80 Average % of deviation 0.36 Average % of deviation 0.13 Average % of deviation 0.15
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Figure 2. Plot of dimensionless concentration of substrate u(c,t) versus dimensionless thickness c calculated using Eqn. (17) for different values of (a) Thiele 
modulus j, (b) saturation parameter a and (c) time t. The key to the graph: (scattered line) represents the Eq. (17) and (dotted line) represents the numerical 
simulation.

Figure 3. Plot of dimensionless concentration of product n(c,t) versus dimensionless thickness c calculated using Eqn. (18) for different values of (a) Thiele 
modulus j, saturation parameters (b) a, (c) b, (d) g, (e) diffusion parameter x and (f) time t. The key to the graph: (scattered line) represents the Eq. (18) and 
(dotted line) represents the numerical simulation.
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the kinetics parameters and distinguishing between reaction 
mechanisms. 29-31 Pseudo first order constant k, helps us to quantify 
the rate of the chemical reaction. The Michaelis-Menten rate 
constant KM, determines the relationship between the steady-state 
concentrations rather the equilibrium concentrations. The maximum 
velocity of the enzyme depends upon the catalytic rate constant 
kcat and the total enzyme concentration eT. The parameter kcat is a 
very useful parameter that is employed for the breakdown of the 
enzyme substrate complex ES to product P when the enzyme is fully 
saturated with substrate. These kinetic parameters can be obtained 
from our analytical expression of current (Eqn. (28)). For small 
value of g /x,  and hence Eqn. (28) reduces to 
the following form: 

	 	 (36)

Figure 4. Sensitive analysis of parameters: Percentage change in current.

Figure 5. Plot of steady state current versus thickness of the film L.

Using Eqn. (10), the above equation can be rearranged as 

	 	 (37)

As in Fig. 7(a), plot of I/nFAkbb∞L versus 1/kbb∞ gives the 
slope = k, intercept = kcateT. When the diffusion coefficient of substrate 
and product are equal i.e. x = 1, and g is small, the current (Eqn. 22) 
becomes

	 	 (38)

Figure 6. Plot of dimensionless current ψ(t) versus dimensionless time t calculated using Eqn. (19) for different values of (a) Thiele modulus j, saturation 
parameters (b) a, (c) b, (d) g, and (e) diffusion parameter x.
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By substituting the value of yss, g, a, b and j from the Eqn. (10) 
and k, kcateT from Eqn. (37), the parameter KM can be obtained. Hence, 
we can obtain pseudo first order rate constant k, enzymatic rate kcateT 
and Michaelis-Menten rate constant KM from Eqns. (22) and (28).

CONCLUSIONS

A simple mathematical analysis of reaction and diffusion of 
glucose and hydrogen peroxide within the conducting film containing 
metal microparticles have been presented. Using a new approach 
to the Homotopy perturbation method, an approximate analytical 
expressions for the concentrations of substrate and product are 
obtained. Approximate analytical expressions for the steady and non-
steady state current response produced during the reduction of H2O2 
to water at the electrode surface are derived. The differential sensitive 
analysis for the steady-state current response for the controllable 
parameters: the thickness of the film, bulk substrate, and product 
concentration and enzymatic rate are analyzed. Also, the estimation 
of kinetic parameters is reported graphically.

SUPPLEMENTARY MATERIAL

The supplementary data associated with this article are available 
on http://quimicanova.sbq.org.br in the form of a PDF file, with free 
access.
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Figure 7. Estimation of kinetic parameter: pseudo first order rate constant k 
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