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Leonhard Euler derived equations of motion for both (in modern terminology) point mass mechanics and
analytic mechanics. In order to derive the equations, some dynamic premise has to be introduced; this is the
“principle of mechanics”. It stems from the recognition that infinitesimal motions are uniformly accelerated. Then,
using Galileo Galilei’s theorem on the fall, mathematical relations among differentials acquire physical meaning,

and become the “principle of mechanics”.
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1. Introduction

This paper is broadly speaking a search for the argu-
ments on which the categories of dynamic are founded;
for instance: why is mechanics written in the language
of mathematics? why are the laws expressed by diffe-
rential equations? why are these second order in time?
what is the physical meaning of the energy T'— V (the
meaning must be very important, because from it the
equations are obtained)? The list is huge. The history of
physics provides elements for an analysis of the foundati-
ons of physics: it discloses arguments (whether logical or
empirical), questions for whose solution some category
is proposed, clarify concepts, showing the “whys and
wherefores” and the “hows”. This is better done in case
studies, by analyzing arguments rather than pertinence
to general contextsﬂ tackling foundations questions “at
large” risks to conflate approaches that are conceptually
distinct, and to neglect mathematical calculations that
not only clarify, but in many cases give meaning to ideas.
In this paper, a case study is used to investigate the
foundations of the laws of motion. The case study is Leo-
nhard Euler’s “principle of mechanics”: in the absence of
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IMany (if not all) questions about the foundations of physics require
conceptual analysis, i.e., discussion of the necessity of a concept in
a given context of categories, of the meaning of concepts, of the way
a problem is stated and its relation to available mathematical tools,
etc. But there is no conceptual analysis without an archive of facts,
which sets a context that defines the background or arena where
scientists and science dwell. However, the fashion among historians
is the historiography of science: relations among scientists — as
expressed in citations, similarity of methods and research, and
their social interaction — are searched for, therefrom writing a
description “at large” of the flux and transformation of ideas;
as necessary as it may be, the mere description of facts cannot
account for those specific arguments that make an idea appealing
to a particular individual, and for it being fruitful.
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a general dynamic, some premise has to play a dynamic
role; the paper is a search for the dynamic premise in
the “principle of mechanics”.

In Recherches and in Découverte [1,|2], Euler derives
three differential equations (one for each coordinate) to
describe the motion of a (modern terminology) point
mass; in modern notation, this is the equation F= m%f .
In Réflexions and in Harmonde [3l4], Euler derives equati-
ons for (modern terminology) analytical mechanics. In all
these papers, the equations follow from the same dynamic
premise; in Harmonie [4] Euler calls it the “principle of
mechanics”. This principle is first deduced in the earlier
Mechanica [5], starting from properties of differentials;
in later papers, Euler inverts the reasoning, deducing
equations of motion from the “principle of mechanics”.
It is claimed:

1. Properties of some differentials disclose the “prin-
ciple of mechanics” (sections 2, 3 and 4): it is the
law of the uniformly accelerated motion stated by
Galileo [6/9] ] as Euler recognizes in §135 in the
Mechanica.

2. The mathematical relation that issues from the
properties of differentials becomes the “principle

2In the Two New Sciences [6], Galileo deduces expressions for an
uniformly accelerated, straight line motion. He invokes the medieval
“theorem of the mean speed” to prove that (in modern notation)
s o t2, and as a corollary that s o v2, where s is the distance
moved in time ¢, and v is the speed at t (if the body is released
from rest). The medieval theorem states that the distance moved
in an uniformly accelerated motion is equal to the distance moved
in an uniform motion with a speed equal to the mean speed in the
accelerated motion; it was formulated in the fourteenth century, in
a different context, the problem of the increase and remission of
qualities (7], p-199-241; [g8|, p.185-200). However the application of
the medieval theorem to find mathematical expressions for the fall
on the surface of the Earth was done two hundred years later by
Galileo (|9], p.203).


www.scielo.br/rbef
mailto:penha@if.ufrj.br

e4601-2

of mechanics”, only when the terms that enter the
relation are interpreted according to the terms in
Galileo’s theorem (section 5).

3. In section 6, the import of the “principle of mecha-
nics” to the foundations of physics is discussed. Any
‘force’, whatever its origin, not only is measured by
a weight, but has the nature of a WeightEI

By the time Euler wrote his Mechanica, other authors
had already produced the differential form of Isaac New-
ton’s axiom II: in his 1716 Phoronomia, Jacob Her-
mann stated a lemma to the effect that (his notation)
“G =MV :T” then he generalized it into a differential
expression; Joseph-Louis Lagrange considered that Colin
MacLaurin was “...the first to employ [the equations]
in his Traité des Fluzions” |10]E| Euler himself proposes
the analytical method, after criticizing Isaac Newton’s
“old synthetic [geometric] method” ([5], p.8):

[...] as with all writings composed without analysis,
and that mainly falls to be the lot of Mechanics,
[-..], an examination of these propositions cannot
be followed with sufficient clarity and distinction
[...]. Thus, I always have the same trouble, when I
might chance to glance through Newton’s Principia
or Hermann’s Phoronomia, [...] that whenever the
solutions of problems seem to be sufficiently well
understood by me, that yet by making only a small
change, I might not be able to solve the new problem
using this method. Thus I have endeavored [flor a long
time now, to use the old synthetic method to elicit
the same propositions that are more readily handled
by my own analytical method, and so by working
with this latter method I have gained a perceptible

increase in my understanding.

Years later, in 1747, Euler proposes to apply to the
motion of the planets (|1], p.100) “some new discoveries
in Analysis”; then he deduces from the “principle of
mechanics” the “general and fundamental principle of
the entire mechanics”, as he calls the equation.

3This is curious, because the legend in physics departments is that
the “inertial mass” and the “gravitational mass” are united only in
the early twentieth-century, by the “principle of equivalence”. My
guess is that instrumentalism must have had an influence in the
supposition of two different kind of masses.

4However, to what use was the differential form of the axiom
put? According to Bernard Cohen (|11], p.158), axiom II is better
understood as a definition. Writing axiom II in the language of the
leibnizian calculus is not enough to change its status from that of
a definition into that of an equation of motion. MacLaurin states
the differential form very late in his book (§884, volume 2, p.298).
Clifford A. Truesdell ([12], p.251) claims that the publication in
1746 of the partial differential equation of the string (wave equation)
by Jean Le-Rond D’Alembert, and Johann Bernoulli’s Hydraulica
(1739) “must have had a sensational effect” on Euler; the “effect”
was the Recherches.
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2. The “principle of mechanics” in the
“Réflexions” and in the “Harmonie”

In 1740, Pierre-Louis-Moreau de Maupertuis founded
statics on the “principle of rest”, and in 1744 he founded
dynamics on the “principle of least action”. In Réflexions
and in Harmonie [3,/4], Euler put the two principles in
“harmony”, from which the principles of analytical me-
chanics followed. Simplifying a lengthy discussion Euler
states “harmony” as |13|E|

(action) = C't — (effort) (1)

where C' is a constant, and:

action = —|—/dtT where 6T = MU.6U
1 2
and T = in

effort = —/dtV where 0V = —F.65

and V:—/F_".&?: —work

Eq. (1) follows from the “principle of mechanics” [4] which
is (p.156, already correcting factors and modernizing the
notation):

Mv.6v = —F .65 or

)

§T = 6V. (2)

Euler calls 6V = —F.63 “the height due to the speed”.
Then the “principle of mechanics”, Eq. (2), means [13]
the motion on an infinitesimal segment (ds) of the tra-
jectory is an uniformly accelerated “fall”; so that after a
time interval dt, the “available height” (§V) is entirely
converted into “motion” (6T). The principle holds in dt
only, so that all the dts are taken into account by an
integration: [dt § (T —V)=6 [dt (T —V)=0.

3. The “principle of mechanics” in the
“Recherches” and in the “Découverte”

Euler introduces the three coordinates representation of
the differential equation F = m% in §18 of Recherches,
and again in Découverte |1,/2]. He proposes to find the

solution to the following problem ([1], p.102):

18. LEMMA. If a body at M is acted on by any
forces, find the instantaneous change on the motion

of the body produced by these forces.

5“Harmony” is found in physics books [14]. Calling Fj4 the ap-
plied force on the particle A, and the constraint force f4, then
on the principle that the work done by the constraint forces is
zero, the total work done on or by the system of N point masses
is: ZA (ﬁA —mA% Oy = ZA fA.(SFA = 0. Transforming
cartesian coordinates into configuration and momentum coordi-
nates, one obtains: 6T = +0V + % ZA (padga), which is (1)

(qa )ﬁnal
CIf
(@A) initial (pA(SqA)

(09)i 50101 = (9@ g = 0, as done in the d-variation, then C' = 0.

after integration in t and §; also C' = ZA
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The solution is (|1, p.103):

SOLUTION. [...] taking the element of time dt as
constant, the instantaneous change of motion of the
body is expressed by the three equations:

dd. X dd, Y dd A
L2 2 o 1 ot 2

dt? M dt? M dt? M
It is possible to find from them the values z, y, z, for
any elapsed time t, consequently the place where the

body is.

where: X, Y and Z are the components of the “absolute
or motive force” on the three coordinates axes; M is the
mass.

The solution demands justification. It is Signiﬁcant

that instead of the correct equation (%«f L), Euler

proposes (in modern notation) 2 x % = L. The factor
2 in front of the equation hints to the justification of
the equationﬁ in fact, the corollary that follows §18
leaves no doubt as to the origin of the factor, and to the

interpretation of the paragraph ([1], p.103):

19. COROLLARY 1. The speed of the body along

the direction [z] is fli—f, along [y], % and along [z],
dz .
qat?

(%)2, (%)2 and (%)2 are the heights correspon-

ding to these speeds. Because of these relations, the

it is then the squares of these formula, that is,
[derivatives| are multiplied by the number 2.

The corollary makes a unambiguous reference to an

uniformly accelerated motion, in the form v? o x or

v? = Gz, that is to say, to the “principle of mechanics”;
it also indicates the following calculation:

2
(&) - o
2
first derivative: 2 (ﬁ) <Ccllt§) =
d2x
2(&) =9

. This needs justification;

principle of mechanics:

cancelling terms:

force

Then Euler makes G =

mass
instead, Euler includes a paragraph to the effect that G
has units of acceleration (|1, p.104)ﬂ

6The factor 2 is cumbersome: sometimes it correctly divides v?
(as in Réflexions, p.55), in other occasions it multiplies v (as
in Recherches and in Découverte), or it is simply absent (as in
Harmonie, p.158).

"In Mechanica, Euler uses p for “force”, but the p in §22 is better
understood as acceleration: u is speed, s is distance, and in §18,
when Euler refers to the force, he uses the words “absolute or
motive”, not “accelerative power”, as he calls p in §22. However, it

may be argued that Euler is invoking the expression for accelerated
. - . d F d? F
motions on straight lines dit) =n (ﬁ), or ﬁ =n (ﬁ)’ formerly

derived in the Mechanica, in which case it can be considered known
that acceleration is measured in units of n% But in the second
half of the quote, Euler warns that “it is necessary some thought to

realize that this principle extends equally to every partial motion
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22. SCHOLIUM. This lemma is founded on nothing
else than the principle known in mechanics, du = pdt,
where p denotes the accelerative power and u the

%, and if ds is the element of
2
the distance [moved by the body], then it is 3—? = ZtQS

2
and then ‘; t25 = p. But it is necessary some thought

to realize that this principle extends equally to every

speed; because, if u =

partial motion into which the real motion [can be]
reduced in thought; otherwise this lemma contains at
the same time all the principles that are commonly

used to find curved motions.

Euler stills owes an argument to the effect that accelera-

. . . force
tion can be measured in units of .

mass
The argument first stated in the Mechanica (section
5) is repeated in the later Découverte ([2], p.89):

21. In order to understand the strength of this formula
[M d?z = 4P dt?], it is necessary to explain to what
units the various quantities M, P, x and t, refer. To
start with, it has to be noted that insofar M denotes
the mass of the body, it also expresses at the same
time the weight of the body on the surface of the
Earth; the force P being reduced to the weight, the
letters M and P contain homogeneous quantities.

Then: the speed of the body in its motion [...] is

d

Ti?

the speed] a heavy body acquires when it falls from
2

the height [z], it is necessary to take [(%) =z] or

[dt = %]; from the latter, the relation between the

and if we suppose that this speed is equal [to

time ¢ and the distance = is known [after integration).

That is, in an infinitesimal time interval the force is
constant, and can be measured by the weight, W = Mg,
of the moving body; then there must exist a “local and
instantaneous constant” A = X (7,t) such that at each
point on the trajectory:

measure of F = X(Ft) x W
w
measure of M = ?
F . -
measure of il A t) x g =G (1),

The above derivation of the law can be interpreted:
the accelerated infinitesimal motion along a coordinate
axis can be considered as a “fall” due to the “weight”
F = AW, with acceleration due to the “gravity” G =
Ag. Anticipating results in section 5, the “principle of
mechanics” is best understood as:

d (v* (7, t)) = 2gA (7, t) ds

into which the real motion [can be] reduced in thought”; that is
to say, the purpose of §18 is to deduce an equation true for any
accelerated motion on any curve, not only for the infinitesimal
straight line motion (to which v? = Gz applies) “into which the real
motion [can be] reduced in thought”. The mentioned “necessary
thought” is developed in the earlier Mechanica, but is not presented
in the Recherches.
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where ds is the infinitesimal distance moved on the trajec-
tory; making G = g\ (7, t), the “principle of mechanics” is
d (vg) = 2@ dv, where dv = ds is measured in dimension
of “height”.

It should be mentioned that on the historical point of
view, W = Mg is an assumption weaker than F' = MG:
in fact, the gravitational fall had been known to be acce-
lerated since old [7},8]; furthermore that the acceleration
is constant and that it independs of the “body” is contai-
ned in Galileo’s theorem, which is recognized by Euler
in the Mechanica (|5], p.52):

141. [...] [F]rom the weight of each body it is usual
to investigate the mass, and it is agreed that the
weight and the quantity of matter are in proportion.
Moreover it is agreed by experiment that all bodies
in an empty space fall equally, and therefore all are

accelerated equally by the force of gravity.

4. The “principle of mechanics” in the
“Mechanica”

In the Mechanica, Euler derives the law for accelerated
motions on straight lines, and then uses it to obtain the
law for accelerated motions on any line.

He starts by considering that “as in geometry the
elements of curved lines are considered to be the elements
of small straight lines” [5], so that motions on curved
lines are formed by a succession of infinitesimal straight
line motions; on each of these, the speed is uniform, i.e.,
ds = (constant) x dt = vdt (|5], p.20; p.21):

33. In motion with any non-uniformity, the smallest
elements of the distance are considered to be traversed

by uniform motions.

34.[...] all the change of the speed of the non-uniform
motion is considered to occur upon entering the indi-
vidual elements, since the whole elements are placed

to be traversed with a uniform motion.

In the modern way of saying it, in first order approxima-
tion, if j is the order of the segment: s;.1 = s; +v; di;
and vjy1 = v; + F} dt;, where the force I} is constant in
dt; (and acts all at once at the start of dt).

Second order differentials are then introduced (§130).
If the motion were uniform, the mass would move v dt in
dt; due to the acceleration, it moves an extra §. According
to §34, § = dv dt, as in the uniform motion; clearly, § =
d?s. While the infinitesimal motion is always uniformly
accelerated, it need not be so in the finite motion (5],
p.50):

134. [...] that the increments of the speed are in
proportion with the increments of time in which they
are generated [dv = constant X dt] is also in agreement
with finite quantities, as long as the force acting on
the point stays the same, and always retains the same

direction as the motion of the point itself.
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Euler then shows that dv o« (£) dt: (i) it is proved
that F' o Mﬁ (ii) it is proved that § < F' (Appendix
A)P (iii) then F o< M or F oc M dv (because in a fixed
interval dt, § oc dv) or dv o 47; (iv) also dv o dt (§134),
so that dv % dt. Finally, this is transformed into an
equality by introducing a constant n ([5], p.57):

M
which the point [M] is lead by the force [F] in the

element of time d¢ will be equal to [n (%) dt?]. This
distance is indeed the product of [dv] by dt. For by
saying that this distance is [6], then [dv = %] (§128)
and thus [ = dvdt =n (%) dt?).

159. Since [dv = n (E) dt], the distance through

Or in any straight line motion:

o (E)a wa e | (B

. . _ d. .
equivalently, making dt = <*:

vdv =n (ﬁ) ds. (4)

Euler is now ready to deduce the general differential
relation in accelerated motions on any line. An arbitrary
infinitesimal motion is illustrated in Fig.1.

The acceleration is along AC, so that, from Eq. (3),

left, (making dv = %), the straight line infinitesimal
distance moved in the direction of the force is given by
AC =n (%) dt?. This result is used to prove that in

first order (Appendix B):

dv=n (LY dt cos (BD 5
() #es(BDD) )

Then the general law of motion is stated ([5], p.58):

A

Figura 1: “The effect of an oblique force”. AB = vdt is
the distance moved with an uniform motion along the tangent
to the curve. AC is the distance moved due to a force acting
along AC'. The resulting motion is AD. Bb L AD.

8 Paraphrasing §136 (|5], p.57), if the force F acts on M, then the
force ﬁ X F = % acts on each of the parts of M, “for they
will always remain united if they were indeed connected together
initially” ([5], p.51).

9The proof does not involve any law of physics, which reinforces
the point that so far the relations are entirely mathematical.
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161. The distance AD is called ds [Fig.1], and the ele-
ment of time [...] dt = %, then with [%] in place of
dt above there is produced [dv = n (%) %m]
The perpendicular DF is drawn from D to the direc-
tion of the force AF; let AF = dy and DF = dz, then

[...]ds? = dz?+dy? andk——and[\/lfk2 dy].
Hence |[...] [dv—n( ) dy] or [Mvdv = nF dy].

Or:

F 5 F
vdv=n (M> dy or dv® =2n (M> dy (6)

5. The fall on the Earth and the
“principle of mechanics”

The general law, Eq. (6), is deduced from mathematical
relations among differentials; it is best taken as a kine-
matic relation, since no physical dynamic principle has
been invoked, except for the existence of some F', which
so far is just a name for the cause of acceleration. In
this section, it is argued that Eq. (6) becomes a general
dynamic principle, when its terms are interpreted accor-
ding to Galileo’s theorem; the nature of F' and n, and of
their associations with physical entities are obtained by
comparison with Galileo’s theorem.

The basis of the interpretation of Eq. (6) is found
in §134 (section 4 above): infinitesimal motions, whate-
ver the force, are uniformly accelerated. So is the finite
motion of a falling weight ([5], p.50):

135. Galileo was the first person to use [the propor-
tionality of the speed and the time, dv « dt] in the
investigation of a falling weight, for the solution of

the problem [...].

Then the strategy is to use the solution in the case of
the gravitational fall to find n.

Accelerated motions on straight lines are treated in
chapter 3 in the Mechanica. The solution of Eq. (3) for
a constant F' is ([5], p.67):

2 _ op (ﬁ) ., (M)

if the initial conditions are = 0 and v = 0. This solution
also holds for the gravitational fall ([5], p.68):

196. This case agrees above all with the fall of bodies
on the [Elarth: for the force of gravity, which in
turn takes the place of the force, is uniform for not
too great distances from the surface of the earth.
Therefore in the free fall of weights the speeds are as
the square roots of the distances traversed. This is
the proposal of Galileo himself, that he discovered

first from experiment and then by reasoning. [...].

The constant acceleration of the fall on the surface of
the Earth is g = ¥ ([5], p.68):
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197. In an empty space, which can be effected with the
help of pneumatic pumps, it has been shown by many
experiments that any bodies fall equally. From which
it follows, if there should be no air, all bodies that fall
from equal heights gain equal speeds. On account of
this, if [W] designates the force of gravity, by which
any body [M] is moved, then [%] is always the same
constant. Hence the force of gravity is proportional
to the quantity of matter in the body on which it
acts. But that force is none other than the weight of
the body; [...].

Then in the case of the gravitational fall, Eq. (7) can be

written: -
2
= 2 _— = 2 N
v n (M) T ngw;

making n = 2—19, this expression becomes v* = z{*"| Then
in a gravitational fall ([5], §199, p.68) “[...] it will be
possible for the height to denote the square of the speed”.
Likewise, the “height due to (or corresponding to) the
speed” is (5], p.69):

2

200. Hereafter we will call the height corresponding to
the speed that height, from which a weight falling to
the surface of the [E]arth, acquires that same speed.

201. This height must therefore be as the square
of the speed, to which it refers. With the speed [v]
arising and with the due height [v], [v] shall be as

[v?).

Having found that n =
straight line motions, Whatever the force, Eq. (4), beco-
mes

1 (F 1/F
vdv = @ (M) dy or d(vZ) = 5 (M> dy;

(8)

, the general equation for

making g = %:

analogy with the relation v? = x that holds in the gra-
vitational fall implies that dv = ) dy must be a true
height, so that F' has dimensions of W, i.e., F = AW,
where A is a constant.

Finally, the result is generalized to the case of a curved
trajectory, Eq. (6) ([5], p.70):

) dy;
By

208. In a like manner, indeed the equations set out
in (161 [Mvdv = nF dy]) and (163 [the centripetal
force]) [...
in place of n, are transformed into [gMdv = Fdy|

[..].

i -1 _ 1M
Making n = 5- = 57,

g
F F
~ Ndy=(=—) ay.
9M>y <W)y

10 Actually, Euler makes Y ar = lorg=1,sothat n= %

], substituting [v] in place of [v?] and [%}

the general law, Eq. (6), is:

dv? =

/A
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Again, because the infinitesimal motion is uniformly ac-
celerated, dv = (%) dy has the dimension of height,
and F' = AW, the proportionality holds only infini-
tesimally, although it holds at any one point P (7,t),
then the proportionality factor is a function A (7,t), i.e.,
F = X\ (7,t) W. The general infinitesimal law is the “prin-
ciple of mechanics”:

dv?® = dv dv = \(7t) dy (9)

Euler chose units so that v was a true height; this
was possible by making n = i. But actually, n = 1; to
change to modern units, ¥ must be multiplied by 2g, so
that Euler’s “principle of mechanics” becomes:

dv? = dv dv = 2g (7, t) dy; (10)

where v does not have the dimension of height (length).
For the modern reader, it is better to make in Eq. (6)
n =1 and F = A(F,t) W, so that the “principle of
mechanics” is stated as:

dv? =2 (g\ (7, 1)) dy = 2G dy. (11)

The idea of measuring a force by a weight that cancels a
motion was not a novelty, when Euler wrote his papers on
the dynamic equations. Christiaan Huygens had already
used the weight as a measure of the centrifugal force
at the onset of motion[T] And so did Galileo in order
to find the “impelling force” (Galileo’s words) down an
incline [15]: the force is equal to a weight that hangs
vertically from a pulley at the top of the incline, which
keeps the body at rest on the incline.

6. The meaning of the equation

As late as 1744, Jean Le-Rond D’Alembert was criticizing
both the concept of force and Newton’s axiom II |16HE|
accordingly, a relation of the form “cause = effect” is an
axiom ([16], p.25) “vague and obscure”, and the force in
the expression F' = Ma is not a separate entity, but a
name for Ma (|16], p.x). But even if the association of
a cause with its effect by means of an equation had not
been contentious, there remained other problems.

The first problem is the meaning of ‘force’. Although
Galileo uses a weight to find the force down an incline
|17, 18”E| he so expresses on its nature (|19], p.234):

111n the De Vi Centrifuga, Huygens contrives the following physical
system: a person stands at the top of a rotating vertical wheel,
holding a thread with a stone hanging from its bottom. At the
beginning of the motion, when the person is at the top of the wheel,
the tendency of the stone to move away from the center is balanced
by its weight, and goes through the center of the circle. This holds
at any point of the circle taken individually, as if at each instant
the motion starts anew.

12D’ Alembert recognizes that the law of inertia requires a “cause’
for motion to begin; however ([16], p.xi) “...causes can only be
known by their effects, and we entirely ignore the nature [of these
causes] ..."

13Historians have recognized in Galileo’s calculation of the force
down an incline an attempt to formulate a dynamics. To Max
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[w]hat I am asking you is not the name of the thing
[“gravity”], but its essence [...]. But we do not really
understand what principle or what force it is that

moves stones downward [...].

In the seventeenth century, the law of inertia did not
necessarily imply the existence of an independent entity
(the force) in accelerated motions. According to René
Descartes, circular motion results, when the tendency
to move away from the center of a circle is cancelled by
some obstacleE Although Huygens used the weight to
measure the force in circular motions, he studied circular
motions as an approach to the pendulum [20]; according
to H.M. Bos ([21], p.607) “[f]orce in the Newtonian sense,
could never count as a fundamental principle [...]”, and
(|121], p.609) “there is no mechanistic philosophy in the
Horollogium Oscillatorium [where Huygens first stated
the theorems leading to the centrifugal force]” . In Euler’s
approach, any force has the nature of a weight; then
the mass that enters in the expression of the weight
is ontologically equivalent to the mass that enters the
equation of motion. Nowadays, this is called “equivalence
principle”.

The second problem is that the choice of a specific
equation needs separate justification. The law at most
states that the acceleration, @, is a function of the force,
but it does not state what function it is, for example
it could be F = ma3a. Similar criticism was raised
by Daniel Bernoulli; in D. Speiser’s account of Daniel
Bernoulli’s Ezamen principiorum [22]:

[...] a priori nothing seems to prevent a law of the
form dv = p2dt or dv = p3dt .. .or even dv = y/pdt or
dv = f (p) dt, etc. Incidentally, this way of reasoning
makes clear that Bernoulli would never have accepted
the doctrine according to which dv = pdt is merely a
definition, for then it would not matter whether one
writes p, p2 or VD, etc. (Ref.35, p.4-5).

Euler seems to be directly addressing to Daniel Bernoulli
(pis F) (5], p-56):

Jammer, it is (|17], p.101) “[...] perhaps the first statement of a
unified concept of static and dynamic forces”. Richard Westfall
calls attention to Galileo’s conviction that ([18|, p.23) “the natu-
ral tendency of heavy bodies to fall can provide the standard of
measurement for a quantitative dynamics”; he recognizes that the
calculation (|18|, p.26) “[...] embodied a dynamic equivalent of
the commensurability of impressed force and weight in [Galileo’s]
De motu”.

4When a stone rotates in a sling, describing a circle, and leaves
the sling, it moves uniformly along a line tangent to the circle
(disregarding gravity). Choosing as center of coordinates the center
of the circle described by the sling, the uniform velocity along the
tangent line has two components, the component perpendicular to
the radius vector, and the component along the radius vector; at
the point where the stone leaves the circle (the onset of the inertial
motion), the radius vector is the radius of the circle. The circular
motion of the stone while it is in the sling happens, because the
radial component is cancelled by some obstacle (the sling itself),
i.e., by cancelling an already existing motion — the tendency to
fly away from the center — and need not an external entity.
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152. Therefore it is apparent that not only is this
theorem [dv o pdt] true, but also it is true by ne-
cessity, as thus it would involve a contradiction to
put [dv « p?dt] or [dv o p3dt] or another function
in place of [p]. All of which and equally commenda-
ble are considered by the most distinguished Daniel
Bernoulli in Comment. Tom.I, and I have been grea-
tly influenced with the rigor of the demonstration of

these propositions.

Euler indeed produces Eq. (3) (or Eq. (4)) and Eq. (6).
But it is doubtfull that he can rightfully claim that “not
only is this theorem true, but also it is true by necessity”;
for one thing, taking D’Alembert at his own word, he
would certainly not agree with Euler. Other difficulties
can be added: there is no guarantee that Eq. (4) and
Eq. (6) contain all the elements necessary to describe
point mass dynamics; furthermore, there is nothing in
the calculations that points to the nature of F'. However,
once Euler makes an analogy with the galilean law, the
equations acquire dynamic content.

The crucial point in the “principle of mechanics” is
to treat a trajectory as a succession of uniformly ac-
celerated infinitesimal motions. Analytically it means
that the differential equations are second order in timeﬂ
geometrically, it means ([23], p.69):

66. For a body to move with a given speed in a circle,
it must continuously be driven towards the [center]

of the circle [...].

It should be emphasized that it is driven towards the
center with an uniformly accelerated motionm Derek
Whiteside recognizes the import of second order diffe-

rentials to the shaping of Isaac Newton’s dynamic ideas
([24], p-108):

[-..] the continuous growth during the period 1664-84
of Newton’s expertise with the various orders of the
infinitely small was a significant conditioning factor
on the effective expression and forceful pursuance of

his dynamical research.

Finally, Euler states a recipe: “it is possible to find
from [the equations] the values z, y, z, for any elapsed
time ¢, consequently the place where the body is”.

Supplementary material

The following online material is available for this article:
Appendix A
Appendix B

I5Tf the equation contained the first order derivative, the “instanta-
neously constant” quantity would be ¥ = ‘;—’: ; if it contained the
da _ &% and so on

?odt dt3’ !

16The geometric content is best seen in the synthetic approaches
of Huygens’s and Newton’s. If segments on the tangent are of
first order in time, then segments between the tangent and the
osculating circle, or between the tangent and the orbit are second

order in time.

third order derivative
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