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equation: closed-form solution from its Fourier sine series
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It is presented a way to obtain the closed form for Green’s function related to the nonhomogeneous one-
dimensional Helmholtz equation with homogeneous Dirichlet conditions on the boundary of the domain from its
Fourier sine series representation. A closed form for the sum of the series

∑∞
k=1 sin kx sin ky/(k2 − α2) is found

in the process.
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Green’s function method applied to differential equa-
tions is a topic crystallized in mathematical physics
textbooks (see, e.g. [1–4]) and has also appeared in some
well-written didactic papers (see, e.g. [5–9]). Green’s
function method is a tool suitable to solve nonhomoge-
neous differential equations, or homogeneous differential
equations with nonhomogeneous initial or boundary-
value conditions. Green’s function satisfies a similar
problem with the Dirac delta function taking place
of the nonhomogeneous term. Green’s function can be
obtained from the linearly independent solutions of
the corresponding homogeneous differential equation,
and in some special circumstances its closed form can
be obtained. Another way to obtain the Green func-
tion, specially useful when the homogeneous differential
equation can not be solved by elementary methods, is
by its expansion in a series of orthogonal functions.
Green’s function corresponding to the nonhomogeneous
one-dimensional Helmholtz equation with homogeneous
Dirichlet conditions prescribed on the boundary of the
domain is an example of Green’s function expressible
in terms of elementary functions. Here, we review the
Fourier series representation for this problem. Next we
seek a closed form for such an infinite summation and
show the equivalence with the closed-form Green’s func-
tion obtained directly from the homogeneous equation.

The nonhomogeneous one-dimensional Helmholtz
equation with homogeneous Dirichlet conditions on the
boundary of the interval (0, L) reads

d2ψ (z)
dz2 + κ2ψ (z) = f(z),

ψ(0) = ψ(L) = 0, (1)

This boundary-condition problem might describe the
motion of a string with mass uniformly distributed along
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its length, stretched along the z axis from z = 0 to z = L,
and caused to vibrate by a harmonic force proportional
to f (z) cosκct. The small transverse displacement from
its straight-line equilibrium position, u (z, t), is governed
by

∂2u (z, t)
∂z2 − 1

c2
∂2u (z, t)
∂t2

= f (z) cosκct,

u (0, t) = u (L, t) = 0. (2)

The constant c (wave velocity) is equal to
√
T/λ, where

T and λ are the tension and the linear uniform mass
density of the string, respectively. The steady-state
solution is written as u (z, t) = ψ (z) cosκct, where ψ (z)
satisfies Eq. (1). The solution of Eq. (1) can be expressed
as

ψ (z) =
L∫

0

G(z, ζ)f(ζ)dζ, (3)

where the Green function, G(z, ζ), satisfies

∂2G(z, ζ)
∂z2 + κ2G(z, ζ) = δ(z − ζ),

G(0, ζ) = G(L, ζ) = 0. (4)

Note that the solutions of the homogeneous one-
dimensional Helmholtz equation with homogeneous
Dirichlet conditions are solutions of an eigenvalue prob-
lem of the self-adjoint operator d2/dz2:

d2φn(z)
dz2 = −κ2

nφn(z),

φn(0) = φn(L) = 0, (5)

with characteristic pair (κn, φn) equal to (nπ/L,
sinnπz/L). These eigenfunctions form a complete set of
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orthogonal functions over the interval 0 ≤ z ≤ L in such
a way that is possible to represent G(z, ζ) by means of
a series of these eigenfunctions:

G(z, ζ) =
∞∑
n=1

gn (ζ) sin nπz
L

. (6)

Nevertheless, we have to determinate the unknowns
Fourier coefficients gn (ζ) to complete the specification
of the Fourier sine series. Substitution of the series into
Eq. (4) furnishes

∞∑
n=1

(
−n

2π2

L2 + κ2
)
gn (ζ) sin nπz

L
= δ (z − ζ). (7)

Multiplying this series by sin ñπz/L, with ñ =
1, 2, 3, . . . , integrating term by term over 0 ≤ z ≤ L,
and taking advantage of the orthogonality relation

L∫
0

dz sin ñπz
L

sin nπz
L

= L

2 δnñ, (8)

we find
∞∑
n=1

(
−n

2π2

L2 + κ2
)
gn (ζ) δ

nñ
= 2
L

sin ñπζ
L

, (9)

in such a way that the Kronecker delta symbol δnñ kills
every term in the sum except the one for which n = ñ.
Then, we have

gn (ζ) = −2L
π2

1
n2 − κ2L2/π2 sin nπζ

L
,

[κ 6= nπ/L]. (10)

It follows that

G(z, ζ)

=−2L
π2

∞∑
n=1

1
n2 − κ2L2/π2 sin nπζ

L
sin nπz

L
,

[κ 6= nπ/L]. (11)

To obtain the closed-form Green’s function we use the
trigonometric identity

− cos z1 + cos z2 = 2 sin z1 + z2

2 sin z1 − z2

2 , (12)

and the closed-form formula (see 1.445(6) in Ref. [10])
∞∑
k=1

cos kx
k2 − α2

= 1
2α2 −

π

2
cosα [(2m+ 1)π − x]

α sinαπ ,

[(2m)π ≤ x ≤ (2m+ 2)π,

α is not an integer].
(13)

Then, we can write
∞∑
k=1

sin kx sin ky
k2 − α2

= π

4α sinαπ {− cosα[(2m+ 1)π ∓ (x− y)]

+ cosα[(2m+ 1)π − (x+ y)]},

[(2m)π ≤ x+ y ≤ (2m+ 2)π,

(2m)π ≤ ± (x− y) ≤ (2m+ 2)π, (14)

α is not an integer],

where, for the sake of simplicity, we have taken the
arbitrary real parameter m appearing in Eq. (13) the
same as that one appearing in the second and third
lines of Eq. (14). Note that the different signs in front
of (x− y) guarantee the invariance under a permutation
of x and y on the right-hand side of Eq. (14), and the
range of feasible values for x and y are determined by
two different systems of inequalities depending on the
sign in front of (x− y). For convenience we isolate the
variable y in one of the systems of inequalities appearing
in Eq. (14), viz.

(2m)π ≤ x± y ≤ (2m+ 2)π, (15)

in such a way that

−x+ (2m)π ≤ y ≤ −x+ (2m+ 2)π,

x− (2m+ 2)π ≤ y ≤ x− (2m)π. (16)

The determination of the range of feasible values for x
and y can be better understood by observing Fig. 1,
where the two lines of Eq. (16) are plotted on the same
grid. The feasible values are represented by the shaded
region where the plots overlap. It follows from such a
plot that

|y| ≤ π, |y|+ (2m)π ≤ x ≤ |y|+ (2m+ 2)π. (17)

Similarly, the system

(2m)π ≤ y ± x ≤ (2m+ 2)π, (18)

gives rise to

|x| ≤ π, |x|+ (2m)π ≤ y ≤ |x|+ (2m+ 2)π. (19)

Therefore, using Eq. (12) again, the novel closed-form
summation takes the form
∞∑
k=1

sin kx sin ky
k2 − α2

= π

2
sinα [(2m+ 1)π − y] sinαx

α sinαπ ,

[|x| ≤ π, (2m)π + |x| ≤ y ≤ (2m+ 2)π − |x| ,

α is not an integer, (20)

similar formula is obtained by permuting x and y].
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Figure 1: Solution to the system expressed by Eq. (16).
The abscissas A, B and C stand for (2m)π, (2m + 1)π
and (2m + 2)π, respectively. The lines L1, L2, L3 and L4
represent the functions y = x − (2m)π, y = x − (2m + 2)π,
y = −x + (2m + 2)π and y = −x + (2m)π, respectively. The
shaded area represents the feasibile values of x and y.

After the precedent digression into relevant details
leading to Eq. (20), we are ready to obtain the closed-
form Green’s function. In particular, with m = 0, the
substitutions k → n, α → κL/π, x → πz/L and
y → πζ/L are sufficient to guarantee that |z| ≤ L with
|z| ≤ ζ ≤ 2L − |z|, and |ζ| ≤ L with |ζ| ≤ z ≤ 2L − |ζ|
after permuting. Finally, remembering that the original
problem is defined in the interval 0 ≤ z ≤ L, with
0 ≤ ζ ≤ L, the closed form for the Green function
expressed by Eq. (11) can be written as

G(z, ζ) =


sinκ(ζ−L) sinκz

κ sinκL , 0 ≤ z ≤ ζ,
sinκ(z−L) sinκζ

κ sinκL , ζ ≤ z ≤ L,

[κ 6= nπ/L]. (21)

This result is in agreement with that one that follows in
a well-known way from the knowledge of the exact solu-
tions of the homogeneous one-dimensional Helmholtz
equation. As a matter of fact, there is no need for
a series expansion in this simple problem because the
closed-form solution can be found in terms of elementary
functions. Indeed, Eq. (21) is equivalent to Eq. (11).
It is easy to verify that the Fourier sine series expansion
of Eq. (21) leads to Eq. (11). Although one can not
always expect to find a closed-form expression of a
series expansion, this task is greatly facilitated in the
present problem by the never seen before, to the best
of author’s knowledge, closed-form summation expressed
by Eq. (20).
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