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In this article we present a mathematical solution that extends and explores the solution found in chapter 11
of the book “Quantum Mechanics”, from “The Feynman Lectures on Physics”, about the neutral Kaon. The
extension is built within the context of the C'P symmetry for the two neutral Kaon decays considered in this
chapter: (i) In two Pions, starting in the |K;) state; (ii) In three Pions, from the |K3) state. We found two
mathematical expressions that allow to accommodate, separately, each one of the mean lifetime for these decays,
unlike the solution given by Feynman that allows to accommodate only one of these mean lifetime. The extended
solution is approximate because a small break in C'PT symmetry is assumed in these decays; however, it has the
advantage of avoiding the colloquially commented situation by Feynman of remaining “forever” from the neutral
Kaon in the |K32) state in the situation in which the only possible decay channel was in two Pions.
keywords: Neutral K meson, CP and CPT symmetry, Decay of the neutral Kaon into three Pions.

1. Introduction

Until the mid-1960s, many physicists accepted that
the so-called C'P symmetry [I] was preserved in the
processes in which unstable quantum particles (and
their antiparticles) decay by the action of weak nuclear
interaction [2]. This situation had as one of its suste-
nance the notorious validity of the C'P symmetry in
processes conducted by other fundamental interactions:
Strong nuclear and Electromagnetic [3| [4]. That this
was believed can be seen, for example, in the book
“Quantum Mechanics” (QM) by Feynman [5], where
it is discussed in accessible terms, both conceptuallyEI
and mathematically, the neutral Meson K (or Kaon).
In Ref. [5], the C'P symmetry figure is noted when the
author colloquially affirms that the neutral Kaon would
remain “forever” in the |K3) stateﬂ in the event that
the only decay channel available is in two Pions. It was
known that the neutral Kaon, when it was initially in
the |K3) state, could decay in three Pions preserving
CP symmetry.

The situation described in the paragraph above under-
goes a change from the year 1964 with the experimental
discovery of the breaking of C'P symmetry in the decay
of the neutral Kaon into two Pions [7HI], a fact that
Feynman’s famous book does not incorporate because it
was written before it. The partial outdating of Ref. [5]
was even more evident after the discoveries, in 2001 and
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1 Whereby, following [6], the neutral Kaon can be treated as a
system of two quantum states, and thus corresponding to a two-
dimensional Hilbert space.

2 Of which it was obtained at time ¢t = 0.
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2019, of new cases of breach of CP symmetry in the
decay of Mesons B? and D, respectively, [TOHI2].

On the other hand, it appears that the development
presented in that chapter of Ref. [5] did not allow its
author to determine a mathematical expression that
could accommodate the mean lifetime for the “long”
decay of the neutral Kaon into three Pions from |K5)
state. However, even in the context of C'P symmetry, it
is possible to accommodate this second mean lifetime as
long as a small break in C PT symmetry is assumed.

1.1. Important and relevant aspects
to be considered

In this subsection we make a very small and simple
review of some mathematical aspects related to the
treatment of neutral Kaon and some comments regard-
ing the development presented in Ref. [5], which will
be useful in the following section. Let us start with the
relevant vector basis for this description, here called Bg,
Bep and By, as follows,

Bs = {|Ko),|Ko)} (1)

formed by the eigenvectors of the so-called strangeness
operatorﬂ S [14]. These vectors do not correspond to
stationary states, as those studied in ordinary MQ), since
the weak interaction makes the neutral Kaon to be
unstable [I5]. In addition to this base, we have,

Bop = {[K1), |K2)} (2)

3 For particles sensitive to strong nuclear interactions containing
in their internal structure the strange quark (s), the difference
between the number of antiquarks “s” and the number of quarks

“s” determines the so-called “strangeness quantum number” [13].
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which has the operator’s eigenvectors CP product as
its elements [I4]. Nor do these vectors correspond to
stationary states due to the weak interaction [I5]. It is
important to say, within the context of validity of the C'P
symmetry, that the | K) state is not compatible with the
decay of the neutral Kaon into two Pions and the |K7)
state is incompatible with the decay of the same into
three Pions. Finally, let’s look at the base,

Bw = {|Ks),|KL)} (3)

which incorporates the eigenvectors of the so-called Mass
operatoﬁW [14], suitable for describing the states in the
situation of breaking C'P symmetry in the decay of the
neutral Kaon into two Pions.

Now let’s look at the relationships between the ele-
ments of those bases, those that allow the passage from
one to another [I5],

1 _
|K1) = ﬁ(|KO>+IKO>) (4)
1 _
|K2) = ﬁﬂKO)*IKO» (5)
and,
|Ks) = K1) + €| K>) (6)
|KL) = |K2) + €| K1) (7)

€ being a parameter that characterizes the breaking of
CP symmetry.

Next, we should pay attention to the expression
(11.44) of Ref. [5], which we copied below,

(K°WIK") = (K°WIK?) (8)

that Feynman presented under the argument that
“matter and antimatter have exactlyﬂ the same behav-
ior”. With the expression , the calculation related to
the neutral Kaon decay time begins, in that reference.
The mathematical relation , stated in concrete terms,
results from: (i) the null value of the element Wiy of
the matrix of Mass W [14], and (ii) the acceptance of
CPT theoren’| [I4]. However, as in Ref. [5] these terms
were not used during the presentation of its expression
(11.44), it will be convenient to justify the wording in
(i) and (ii).

4 In the non-relativistic MQ, in which stable quantum particles
are considered, the inclusion of any “Mass matrix” would be
inconsistent, since the state of the particle, if expressed on the basis
of the corresponding eigenvectors, would generally be written as
a linear combination of the elements of this base, and thus would
not have a defined mass, although the value of the mass of the
particle would appear included in the Schrodinger equation.

5 Interpretation currently being reevaluated based on recent
discoveries [16].

6 Of which the description of physical processes is considered
invariant in relationship to the joint performance of C, P and
T symmetry operations [I].
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To begin, it is advisable to rewrite the W matrix on
the Bg base. Thus, it is found, in particular, that the
element Wi, is given by the expression,

Wia =< Ko WIKs) = L (K] + (RP)W(K°) — |K?))
)

or,

Wiz = = ((K°WIK®) — (K°|W|K?)

N | =

+(KWIK®) — (K°WIK®))  (10)

On the other hand, for the neutral Kaon system the
following relationship [I4], is correct,

w
e=—22 (11)
mrp —ms
mg e my being the eigenvalues associated with the
eigenvectors of the By base. Thus, in the context in
which the CP symmetry is in effect (e = 0), we have,

Wiz =0 (12)
which, together with , it follow&ﬂ that,

(K°IWIK®) — (K°WIK®) = (K°WIK®) — (K°|W|K°)
(13)
Subsequently, as a consequence of the assumed CPT

invariance for the considered decay processes, it must
be fulfilled that [14],

(K°WIK®) = (K°|W|K®) (14)

Thus, from expressions and the following is
obtained,

(K°WIK®) = (K°|WIK?) (15)

which is the very expression (11.44) of Ref. [5]. There-
fore, is a consequence of the rule of C'P symmetry
in the decay processes considered in Ref. [5].

In relation to the mathematical development pre-
sented in Ref. [5], we can see the intention to keep it
simple and note that, in solving equations (11.47) in
Ref. [0], keep the terms EyC; and EzC_, redeﬁnedﬂ
(as was done) or joining them with the complex terms
AC, and AC_, respectively, would result in the same
expression. Considering the physical context and math-
ematical development established in Ref. [5], the author
was unable to generate an expression to accommodate
the mean lifetime (with finite value) for the neutral Kaon
in the situation in which, being in ¢ = 0 in the | K3) state,
decays into three Pions.

Note that, in the context of the MQ, that colloquial
comment by Feynman of the permanence “forever” of

7 Note that the validity of C P symmetry does not imply null values
for both members in .

8 Through a displacement of the origin on the energy scale.
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the neutral Kaon in the |K3) state means, if taken “to
the letter”, that it would behave as a steady state; which
would only make sense if it were possible to “turn off”
the weak interaction to “deactivate” the decay channeﬂ
into three Pions. This is the danger of this comment: it
creates confusion among some readers.

In this article, considering only the neutral Kaon
decays that preserve CP symmetry and partially tak-
ing into account what was developed in Ref. [5], we
have built a complementary solution to this develop-
ment, “reasonably” simplﬂ consistent with finite decay
times.

2. Variant to the Feynman solution

We start here trying to understand why the equa-
tions (11.47) of Ref. [B] do not generate mathematical
expressions that allow to fit decay times for the neutral
Kaon with finite values. Let’s look at these equationd']
which we copied below, as in a “mathematical tests”
laboratory. We have,

ih (%) = EyC, + AC_ + AC, (16)
ih (‘f{) = EyC_ + AC, + AC_ (17)

When we keep EgCy and EyC_ in the above equations,
joining them with the complex terms AC, and AC_,
respectively, we have these two complex numbers, As
and A4, with,

As=A, e Ay=(Ey+ Re(A))+iIm(A)

Note that A3 and A4 have the same imaginary part,
and, precisely, this is the problem. It is simple to see
that the two equations above, and (17)), include
two parameters: the real and the imaginary part of the
complex number A, so that they describe, in Ref. [5],
the probability amplitude that the neutral Kaon, when
it was in the |K7) state at ¢t = 0, remains in that state for
any t > 0, leaving no free parameters that can describe
the situation in which the neutral Kaon, being in the
|K2) state for t = 0, it decays into three Pions. It seems
clear that we need two more parameters.

The previous one leads us to pay attention to the
following situation: In the case of having, instead of

equations and , two of the following type,

in (f}j) — A\C_ + ACy (18)
Zﬁ(%) = A10+ + Ay O (19)

9 Explicitly disregarded in Ref. [5].

10 The complete and exact solution can be seen, for example,
in [I7].

11 The meaning of each of the symbols that appears on them can
be found in Ref. [5].
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being A; and A complex numbers that do not have
any of the four equal parts, then we would no longer
have two, but four real parameters available and we
would possibly find the type of solution sought. Let’s
look at this. It can be easily shown that, following the
procedure presented in Ref. [5], starting with equations
(11.47), but now replaced by our equations and ,
until arriving at equations (11.51) of that reference, now
modified, the corresponding solutions are,

Cy(t) = C1(0)exp{—i(A; + Ag)t} (20)
with €1 = 1/v2(C4 + C_) and Oy = 1/v/2(Cy — C_),

Ref. [5]. Now we see clearly, and not just in a qualitative
way, why it was not possible to find in Ref. [5] a second
solution that can be linked with a finite mean lifetime:
In the mathematical expression (2I)), when C5(0) = 1
and Ay = Aa, we get Co(t) = 1, as in Ref. [5]; but, in
the case of terms: Al # A2, then the amplitude Cs(t)
decays exponentially with time, as expected.

After discovering which of the mathematical charac-
teristic is absent in equations and , that would
allow us to arrive at the expressions that could be
linked with the finite mean lifetime corresponding to the
decay of the neutral Kaon, let’s see if there are physical
arguments that could bring us equations of type (L8]
and .

It is evident that some important changes will have
to be made in relationship to the physical context
assumed in Ref. [5], as it is not possible to find two
distinct complex numbers A; and As, as we wish,
from the expression (11.44) of Ref. [5], here copied in
expression , which, as already mentioned, is the
starting point to the calculation linked to the mean
lifetime of the neutral Kaon decay of this reference.

Going back to our subsection [[.I] we see that, within
the context of the C'P symmetry and assuming a small
break{ﬂ in the CPT symmetry, so that we can write,
instead of , the following expression,

(K WIK") ~ (K°|W|K?) (22)

we would have a mathematically favorable condition to
accommodate two finite mean lifetime, and not just one,
because, as a consequence of and (|13)), the following
expression would result, instead of ([15)),

(K WIK®) ~ (K°|WIK®) (23)

CP symmetry being effectively preserved, since the
above expressions are such that they do not alter the
equality . If we now write,

(K°WIK®) = Ay (24)
(K°WIK?) = A, (25)

12 Subject that was analyzed, in 1965, by Bell and Steinberger [5].
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the complex numbers A; and As being necessarily
different, but “neighborﬁ’, since we are assuming a
small break in the C'PT symmetry. When we incorporate
these numbers in the development given in Ref. [5],
replacing the parameter A considered there by them,
and making the necessary adaptations, it is simple to
show, following the same sequence of steps given in
Ref. [5], beginning by its expression (11.44), which will
then have the aspect of our expressions and ,
which obtain modifications to the equations (11.47) as
given here in and , where the terms FyC, and
EyC_ can be disregarded or combined with the complex
terms ACy and AC_, respectively. For what follows, it
is advisable to explicitly write the complex numbers A;
and Ao,

Al = 1 — iﬂl (26)
A2 = Qg — iﬁg (27)

Now, considering that the two initial conditions (¢ = 0)
considered for the neutral Kaon in Ref. [5] were: (i) that
it is in the |K7) state, that is, C1(0) = 1 and C5(0) =0,
or, (i1) that is in the |K3) state, that is, C1(0) = 0 and
C3(0) = 1. In particular, for the probability amplitude
that the neutral Kaon is, in an instant ¢ > 0, in the same
| K1) state, we have the expression,

Ci(t) = exp{—(B1 + Ba2)t}exp{—i(a1 + a2)t}  (28)

and for the corresponding probability,
Pi(t) = |CL(t)* = exp{-2(61 + B2)t}  (29)

and the mean lifetime is equal to,

1 =1/(2(B1 + B2)) (30)

In addition, contrary to the result found in Ref. [5], for
the decay of the neutral Kaon in the situation where it is
at the moment ¢ = 0 in the | K5) state, we have, for ¢t > 0
and according to equations and , the following
probability amplitude

Ci(t) =0,
Cy(t) = exp{—(B2 — B1)t}exp{—i(az — a1)t}  (31)

and, in particular, the corresponding probability of
finding the neutral Kaon in the same |K5) state, at time
t > 0, is equal to,

Py(t) = |Ca(t)* = exp{=2(82 — Bt} (32)

and the mean lifetime is equal to,

= 1/(2(82 — p1)) (33)

13 We can imagine them as two very close vectors, but not parallel,
in the complex plane.

14 1, that the neutral Kaon is found in an instant ¢ > 0 in the
|K1) state and, Co, that it is found in the |K2) state.
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Instead, according to Ref. [5], the probability of finding
the neutral Kaon in the | K3) state, for any instant ¢ > 0,
does not depend on time and is equal to Pa(t) = 1; that
is, in the context considered, the Kaon “does not decay”.

To conclude this section, let’s look at some rela-
tionships between the parameters. Considering that the
decay with an mean lifetime 75 occurs A times more
slowly than the first one (with an mean lifetime 7 ), we
have that 7 = (1/\)79, from which we write,

1
B2— B = X(ﬂl + B2) (34)
or equivalently,
A+1
B = 516 (35)
Also, like 71 = 10710 5, Ref. [5], and from , we have,
B1+ B2 = 0.5 x 10'%. (36)

Hence, from and , it follows that,

A—1
B1 = 0,25 (A) X 10'0 ~0,2495 x 10 (37)

A+1
Bs =0,25 (i) x 101% =~ 0,2504 x 10'°  (38)

using the approximate value A\ = 600, consistent with
the experimental data [5].

Note that the solution considered here excludes the
possibility of having any information regarding the
parameters a1 and as as well as their relationship
with the other parameters; in this sense, our solution
is approximatﬂ In order to have some information
about these parameters, we would have to consider an
additional condition to the approach made; for example,
that the complex numbers A; and A,, although distinct,
have the same module. In that case,

a1+ B = ax® + B
And using we obtain,

A+1
ot + = a3 + (5B (39)
4
2
ad —a3 = 1% 1020 (41)

In the expression above, the limit A — oo implies oy =
g, which in turn implies, using , that 8y = f,
consistently with the context presented in Ref. [5]. As
might be expected, the transition from our solution to
that in Ref. [5] is controlled only by the value of the
parameter .

15 Tt is characteristic of any approximate solution to carry
less information than that contained in the exact corresponding
solution.
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3. Conclusion

In this article, a complementary solution to the one given
in Ref. [B] was constructed for the problem of determin-
ing expressions that can accommodate the mean lifetime
of the neutral Kaon in its decay through two independent
channels that preserve the C'P symmetry. Unlike the
absence of an expression that allows to accommodate
the mean lifetime for the decay of the neutral Kaon when
it was initially at (¢ = 0) in the |K3) state in Ref. [5],
here we build it. It was shown that this complementary
solution is compatible with a physical context in which
the CPT symmetry is affected by a “small” break, in
the sense that the relationship is valid, and the
CP symmetry is in effect. Finally, in addition to the
reason already mentioned in the previous section for
considering our solution as an approximate one, there
is a second argument for such consideration: so far
everything indicates that CPT symmetry is preserved
in the processes conducted by fundamental physical
interactions.
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