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Deformed exponential function for complex argument:
writing roots of polynomial equations with complex
coefficients
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The generalization of the logarithm and exponential functions proposed by Tsallis in 1988 has brought
contributions in several areas in the last decades. Recently, we introduced a deformed exponential function
that may assume negative or even complex values, but with the constrain of admitting only real arguments.
We also showed the possibility of writing the roots of polynomial equations with real coefficients by using our
generalization. Here, we present an extension of our deformed exponential function that admits complex argument.
We show that our new generalization can address all the roots of polynomial equations up to the third degree
even with complex coefficients.

Keywords: Complex systems, Generalized functions, Family of functions, Analyticity in the complex plane,
Polynomial roots.

A generalizagdo das fungdes exponencial e logaritmica proposta por Tsallis em 1988 tem trazido contribuigoes
em varias dreas nas ultimas décadas. Recentemente, introduzimos uma fungido exponencial deformada que pode
assumir valores negativos ou mesmo complexos, mas com a restri¢cio de admitir apenas argumentos reais. Também
demonstramos a possibilidade de escrever as raizes de equacdes polinomiais com coeficientes reais usando nossa
generalizacdo. Aqui, apresentamos uma extensdo de nossa funcido exponencial deformada que admite argumento
complexo. Mostramos que nossa nova generalizacdo pode abordar todas as raizes de equagdes polinomiais até o
terceiro grau, mesmo com coeficientes complexos.

Palavras-chave: Sistemas complexos, Fungbes generalizadas, Familias de fungdes, Analiticidade no plano

complexo, Raizes de polinémios.

1. Introduction

Generalization of mathematical functions creates fam-
ilies of functions capable of capturing characteristics
of systems that would not be possible by using the
original ones. In 1988, for example, Tsallis introduce
an interesting generalization of the entropy within the
framework of nonadditive thermodynamics [I]. The aim
was to broaden the applications of Boltzmann-Gibbs sta-
tistical mechanics to complex systems. Few years later,
he also presented the generalized logarithmic function
and its inverse, the generalized exponential function [2].
The applicability of these generalized functions has
been recognized in different areas, such as population
dynamics [3] 4], econophysics [5], and optimization and
inverse problems [6], [7].

The generalization of the exponential function pro-
posed by Tsallis [2] maintains the most prominent
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properties of the standard exponential function: it is
real, it has nonnegative values and it increases monoton-
ically. Nevertheless, unlike the traditional exponential
function, it may diverge for finite values of the argument,
which can be efficiently used to describe population
dynamics models [g].

Recently, we expanded this generalization to the real
domain region where it would vanish, allowing the
function to assume negative or even complex values and
to present loss of monotonicity [9, [I0]. Although one
of the main properties of the exponential function is
missed, one can write this generalization as a deformed
exponential function with real arguments, which is
analytical in the complex plane. Also, we can write the
roots of algebraic equations with real coefficients using
this function with real arguments.

Notwithstanding, not all polynomial equations can
have their roots written with our deformed exponential.
For example, to write the roots of cubic equations
with three real roots, our formulation would have to
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admit complex arguments, which is not possible with
the current proposal. Furthermore, algebraic equations
with complex coefficients cannot also be solved. In this
context, we present here an expansion of our deformed
exponential function that makes it capable of admitting
complex arguments. We also show its potential applica-
bility in writing the roots of polynomial equations with
complex coefficients.

Our paper is organized as follows. In Sec. [2| we review
previous generalizations of the exponential function and
introduce our new deformed exponential function for
complex arguments. In Sec. [ we discuss the application
of our new proposal in solving polynomial equations
with complex coefficients up to third degree. In Sec. [4]
we present our final remarks and point out avenues
of further investigations. Finally, in the Appendix we
present codes in Python for solving the cubic equations
discussed in this study by applying the deformed expo-
nential function for complex arguments.

2. Deformed Exponential Function for
Complex Argument

In this section, we initially present the definitions and
discuss some characteristics and properties of the Tsal-
lis’s generalized exponential function, ey(z), and our
deformed exponential function for real argument, € (x).
Next, we present our new deformed exponential for
complex argument, Fy(z).

2.1. Generalized exponential function ey (z) and
deformed exponential function for real
argument éy(z)

The generalization of the exponential function proposed
by Tsallis [2] is
/N

ex(z) = lim (14+XNz)’" 01+ Na), (1)
N A

with 6(1 + MNx) being the Heaviside function. This
function is very well defined for real arguments and
vanishes for 1 + Az < 0. This is a true generalization
of the exponential function, since it maintains the
most prominent properties of the standard exponential
function: it is real, it has nonnegative values, and it is
monotonically increasing. Unlike the usual exponential
function, the generalized function ey (x) diverges at a
finite value of the domain, as shown in Fig. (1). This
feature can be useful in several applications [I1], it
can be thought of an order parameter[d], such as the
dynamical population model [g].

The vanishing of the Tsallis’s generalized exponential
in some regions of the domain also presents drawbacks,
such as limitations in its application in integral trans-
forms [9, [12]. This characteristic also brings issues in
its invertibility, which is an important property of the
usual exponential function. One way to overcome these
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Figure 1: Graphical representation of the generalized expo-
nential function ex(xz) for A = —3. In the interval z <
1/3, the function has properties similar to those of the usual
exponential function, such as being equal to 1 for z = 0, being
positive and strictly increasing, but unlike the usual function,
lim,_,1/3— ex(x) = 400, that is, it diverges at a finite value of
the domain. For > 1/3, the function ey (z) takes null values.

limitations is to assign values to the domain region
where the Tsallis’s exponential vanishes. To address
these issues, we have proposed a deformed version of
the Tsallis’s exponential function, given by [9] [10]

é)\(x) — lim |1 _|_)\/x|1/)\'61'77/)\'[170(1+)\':v)]’ (2)
PG
which we rather not to call it as “exponential” since it
loses many of the properties of the standard exponential
function. For instance, assigning values to 1 + Az < 0,
the function may have negative or complex values, lose
monotonicity, become null or present inflection points,
as shown in Fig. .

Although these contrasts with the standard exponen-
tial function may seem like a handicap, there are silver
linings in considering this deformed function. It may be
mapped to a standard exponential with a complex argu-
ment, proving that it is analytical in the complex plane,
since é,\(il?) = lim>\/_>>\ eln|1+/\/w‘1/)\/+7‘%[170(1+>‘/w)] = e”.
Besides having an inverse in the whole domain, it can
be used to write the roots of polynomial equations with
real coefficients [10].

The benefit of the formulation provided by Eq. is
also observable in the generalization of other structures
such as integral transforms and trigonometric, hyper-
bolic, and log-periodic functions [9]. However, despite
the consistency and applicability of this deformed func-
tion, it does not admit complex arguments.

2.2. Deformed exponential function for complex
argument F)(z)

We now introduce a new deformed exponential func-
tion that admits complex arguments, E)(z + yi). Using
the generalized product a @y b = (a* + b* — 1)/},
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Figure 2: Graphical representations for the deformed exponential function éx(z), where the real part (Re) is represented by the
solid line and the imaginary part (Im) by the dashed line. In (a), for A = —2, unlike the Tsallis function, the deformed exponential
admits nonzero values in the interval of x > 1/2, assuming complex values. For values of x < 1/2 the function only admits
real values, behaves like the Tsallis function. It can be seen that the function diverges at a finite value of the domain, that is,
lim,_,1/2— €_2(x) = +oo. In (b), for X = 1, the function behaves like a linear function, assuming negative values for x < —1.
For A = 1/5, Fig. (c) highlights the existence of an inflection point at # = —5 and the fact that lim.,_, o €1/5(x) = —o0. Such
characteristics are not observed in the usual exponential function. In (d), for A = 10 the loss of monotonicity can be observed.

proposed by Nivanen et al. [I3] and Borges [14], and
considering e?t¥ = e%e¥t — Ey(x + yi) = éx(z) ®x

’

. Y
lim [|1 + Nyi|etarctan( y)} , we have
NA
E)\(.Q? + yz)
) / /N
= lim [\1 + Na|e™1=00+N D] g 4wy — 1}
A=A
im[1—6 (14N LA
= lim [\1 + N|emL-0A+X2)] Xyz} : (3)
N

which assure that Ey(z) = Eo(z + yi) = e*t¥ = ¢?,
¥V z € C,and E\(0) =1, for V A € R.

This new proposal preserves the characteristics of the
previous generalization [9] for y = 0. It can also be noted
that Ex(0) = 1, VA € R, and Ey(yi) = e¥*, for A = 0.
Since the function E,\(z) admits complex arguments,
it may be applied to write the roots of polynomial
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equations with complex coefficients, as we show in the
next section.

3. Solving Polynomial Equations with
the New Deformed Exponential
Function for Complex Arguments

In this section, we apply our new deformed exponential
function, given by Eq. , to write the roots of complex
coefficient polynomial equations. With our new formu-
lation, it becomes possible to find complex roots.

3.1. First-degree polynomial equations

Consider a polynomial equation of the first degree in
the variable x, ax + b = 0, with a,b € C and a # 0. Its
root is given by & = —b/a. Rewriting & conveniently and
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considering v = —b/a — 1, we have

5&:1+<—Z—1):1+~y=E1(y). (4)

Thus, the solution of a first-degree polynomial equa-
tion with complex coefficients can be written from the
deformed exponential function for complex argument
with A = 1.

In fact, since the complex z; = —b/a, we have & =
Re(z1)+Im(z1)i. Asy = —b/a—1 = z; —1, we can verify
this same solution by applying the deformed exponential
function for the complex argument given by Eq. . So,

Ei(7) = |1+ [Re(z1) — 1]| et =00HRGO I 4 T (2,
_ |Re(zl)‘eiw{170[Re(Z1)]} + Im(zl)z
= Re(z1) + Im(z)i = Z. (5)

3.2. Second-degree polynomial equations

For a quadratic equation, az? + bx + ¢ = 0, with
a,b # 0 and a,b,c € C, its roots are given by Ty =
(=b £ Vb? — 4ac) /2a. Rewriting Z- in a convenient way
and setting a = —b/2a and 8 = —2ac/b?, we have

:a(li 1+2B) :a[1i(1+25)1/2
= afl + Re(z+) + Im(24 )], (6)

where 21 are the square roots of (14 23). Applying the
definition of deformed exponential function to complex
argument, we also have

Fy=a [1i(1+26)1/2} = a1+ B (B)]
= o {E1[+Ex(8)]} - (7)

Note that 8 and £F5(f) may assume imaginary values.
It would not be possible to completely find the roots of
the equation if the generalized exponential function did
not admit complex arguments. In this way, the deformed
exponential function for complex arguments expands
the possibilities for writing the roots of polynomial
equations.

Similarly to what we did in the study of first-degree
polynomial equations, we can writte the roots T4 of the
quadratic equation, given by Eq. @, by applying the
definition of the deformed exponential function given by
Eq. . So, we have

Ea(B) = [1 4 2Re(B) + 2Im(B)i]*/?
:(1+25)1/2=zi. (8)

It can also be verified that

E1[E5(B)] = 1+ Re(z4) + Im(z4)i. 9)
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From there, we can conclude that
o{F1[Ey(B)]} = a[l + Re(zx) + Im(21)i] = 4. (10)

To validate our analytic approach, we provide a
Python code for solving polynomial equations in the
Appendix.

3.3. Third-degree polynomial equations

The method presented by Adami et al. [I0] guarantees
at least one correct root for third-degree polynomial
equations. However, with our new approach we can
write all roots, including the case where the polynomial
equation coefficients are complex or when all three
roots are real, which implies necessarily using complex
numbers as arguments for the generalized exponential
function. These cases are only possible by applying the
new proposal to generalize the exponential function for
complex arguments.

Consider a cubic equation, az® + bz% + cx +d = 0,
a# 0. Setting v = b/3a, p = c/a — 372, ¢ = 2y —
ve/a + dfa and ¢ = 2p®/(27¢%), we note that the
roots (Z1, &g, Z3) of the cubic equation can be found by
applying the function Ejy(z) for A\ =1, A =2 and A\ = 3,
from the expressions

and finally, the roots are given by

571 :*’Y+A++A_,
=7+ x+A4 +x-A, (12)
Tz =—v+Xx_Ar +x+A_.

RN
N
|

Additional information about determining the roots of
the equation can be found in Refs. [10] [15].

When we calculate the cube root of a complex number
with the help of a computer algebra system, the provided
root is one of the three possible ones. Therefore, we need
to adjust, in the code provided in the Appendix, the ways
to obtain the results given by Eq. .

4. Conclusion

We present a new deformed exponential function that
admits complex arguments, E(z), given by Eq. [3l With
this new generalization with complex arguments it is
possible to write the roots of polynomial equations that
were not possible with the previous generalizations with
real arguments. We show the solutions of polynomial
equations from the first to the third degree, applying
our generalization proposal, and we note their efficiency
in this sense.

Our next step is to investigate the implications of
this new deformed exponential function for complex
arguments in the generalization of other structures, such
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as trigonometric functions. Thus, we hope to analyze the
log-periodic behavior of these generalized trigonometric
functions and associate them with new possible general-
izations of integral transforms and Fourier series.
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The following online material is available for this article:
Appendix: Solving polynomial equations of the first
degree.
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