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Motivated by electrodynamics we discuss a derivation of the Stokes theorem which is based on the variations of
the fluxes and line integrals of vector fields. We show how this procedure can be extended to higher rank tensors
in the context of the explicitly Lorentz invariant equations of electromagnetism and finally we present a general

derivation of the Stokes theorem for differential forms.
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1. Introduction

The laws of electrodynamics as they were first formu-
lated are based on the Faraday’s idea of lines of field and
their fluxes through spatial surfaces and circuitations
along curves. The understanding of these laws in terms
of vector fields in R?, namely, the electric and magnetic
fields, was later introduced by Maxwell, as well as
the complete set of linear partial differential equations
describing a huge variety of electromagnetic phenomena.

The Stokes theorem provides the natural bridge
between the integral equations and the Maxwell equa-
tions; in fact, given the integral equations one can see the
corresponding differential equations as local consistency
conditions on the fields required by the Stokes’ theorem,
which is a mathematical identity.

In many occasions, the process of derivation of a given
mathematical relation can itself bring more insight into
its understanding. In physics text-books [1I, 2] the dis-
cussion of the Stokes theorem is based on the projection
of R3 vector fields on plaquettes and pill-boxes. In basic
calculus text-books [3] the Stokes theorem is generally
verified directly and discussed through examples and in
more advanced texts in mathematics [4], the approach
is probably too dense for undergraduate students to
appreciate its content.

The main idea of this paper is to present a simple way
to derive the Stokes theorem based on an interesting
approach using the concept that is intrinsic to the so
called integral equations of electromagnetism: that the
behaviour or the eletric and magnetic fields is given by
the changes of their fluxes. Thus, we used the context
of electrodynamics as a motivation since this is where
generally this theorem and its applications first appear
for physics students.

The discussion of the derivation of the Stokes theorem
can be understood in three different levels: starting in
section [3} we derive the curl and divergence theorems
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for vector fields in R® in a way that is reachable
for students with vector calculus knowledge; then, in
section [l we apply the scheme of derivation for tensors in
Minkowski space-time and present the argument using
the Lorentz invariant integral equations of electromag-
netism. Finally, in section [5| we give a more general
derivation of the Stokes theorem for differential forms
and some final considerations are given in section [f]

2. Stokes: The Connection Between
Faraday and Maxwell

The Maxwell equations of electromagnetism are a set
of linear partial differential equations which define the
dynamics of the electric and magnetic vector ﬁeldsE| E
and B. These equations are in fact equations for the curl
and divergence of these fields and in the Gaussian system
of units they read

8-E — 4mp (1)
dxB- 1oE = Ty )
c c
and
8-B =0 3)

3><E+%3tB:O 4)
where p and j are respectively the electric charge and
current densities and @ and 0; stand for the gradient
operator and the partial derivative in time respectively.

The Faraday idea of lines of fields was crucial in the
development of the mathematical formalism known as
field theories, on which is based the construction of
the fundamental theories of Nature and several models
describing physical phenomena. With the concept of

1 In free 3-dimensional Euclidean space R3.
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field, the problem of action-at-a-distance in electrody-
namics, namely, the fact that electrically charged bodies
will attract or repel each other when separated in space
by a finite distance can be eliminated as the interaction
happens from one point to another, infinitesimally near,
obeying the differential Maxwell equations.

On the other hand, originally the laws of electrody-
namics were given in their integral form, namely, as
equations for the flux and circulation of the electric and
magnetic fields, obtained from empirical investigations.

The flux of a vector field v in R? is defined by its
projection on a 2-dimensional orientable surface ¥ as

o(v,X) = /Ev - dS, (5)

with dS standing for the surface’s area element; the line
integral of this vector field is defined by its projection
along a 1-dimensional orientable curve v as

fviy) = / v-de, (6)

with d€ giving the curve’s line element.
With these definitions, the integral equations of elec-
tromagnetism read

O(E,09) = 470Q, (7)
r@.ow) - TSI ey )

and
®(B,00) = 0, 9)
f(E,@E)+%@ ~ 0. (10)

with Q and ¥ a 3-dimensional spatial volume and a 2-
dimensional spatial surface respectively and

Q= [ pav. (1)

the total electric charge in the volume 2.

While the differential Maxwell equations define local
relations between the fields, the integral equations deal
with globally defined quantities. Moreover, these integral
equations establish relations between fields on the border
of volumes and surfaces with fields inside them. It is
through the divergence and curl theorems, which here
are referred to as the Stokes theorem, that one can
move from the integral laws to the differential Maxwell
equations since this theorem defines relations between
fields on borders with fields inside volumes and surfaces.

3. A Derivation of the Curl and
Divergence Theorems

In the context of the integral equations of electromag-
netism we deal with the flux and circulation of the
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electric and magnetic fields and how these quantities
change due to the presence of electrically charged matter
sources. Let us take, for instance, the Ampere-Maxwell
law : it relates the circulation of the magnetic field
around the border of the surface ¥ with the flux of
electric current and the variation in time of the flux of
electric field inside this surface. So, in order to establish a
local equation between these fields it is necessary to find
how the circulation of the magnetic field can be written
in terms of something evaluated also in the surface 3,
for instance. Let us now see how this can be done.

Consider the line integral of the field v (generically
the electric or magnetic fields) along the path ~o with
coordinates x?, i = 1,2,3, which we will parameterize
with o conveniently chosen to vary from 0 to 27
corresponding to the initial and final points of the path,
zo = (0 = 0) and 72, = ¥ (0 = 27) respectively}

2 d i
f(v,v)E/0 Uiﬁda (12)

Let us then consider a smooth infinitesimal transfor-
mation of vy given by x* — x% + %, such that its end-
points are kept unchanged, i.e., 0z#|z, 2,, = 0.

As we vary the path so does the line integral of the
vector field change and its infinitesimal variation can be
calculated as follows

27 7 27 7
5f = / m-didaju/ 0. 207 s
0 0

do do
2m 7
= djv;ibx! dido
0 dU
2 J . 127
; 8]»1}1-%5961(10 + (viémz) .

27 i
dz*
05— 00;) b0 do,
/0 (0jv; — Oyvy) 15 0% do

where we have used that at first order, dv; = v;(z+dz)—
vi(z) with v;(z +6x) = v;(x) + d;v;(x)dx? and 9; = 627.,.
Defining C;; = 0;v; — 0;v; we have

27 i

=— AT s 1
of ; Cij T dx’ do. (13)

The above relation defines how the line integral
changes infinitesimally under a respective infinitesimal
change of the curve. There are two independent ways of
deforming the curve g at a given point: along its tangent
direction and perpendicular to it.

The variations along the tangent direction will simply
define a reparameterization of the curve and conse-
quently will not contribute to any change of the line
integral. So, we consider only variations along the
perpendicular direction at each point of v and we
conveniently parameterize them by 7 € [0,27] such

2 We adopt Einstein’s summation convention for indices.
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Figure 1: The variation of the path 7o along its normal direction
will be parameterized by 7 € [0, 2] and the path v; ' 0 y2~ will
define the border of the surface 3.

that 7 = 0 will label the points of the curve ~y while
7 = 27, those of a curve ~9,, obtained from ~y, sharing
its borders zo and xo, (see Fig. [1). Then, we have that
dzt = %QCT Ot and 6f = df Lo so the relation will
define a differential equatlon for the line mtegral with
respect to the deformations of the curve:

df T Qat fad
= 14
dr 0 Cii 5y do Ot do. (14)

For a finite transformation taking o to y2r we can
obtain the variation of the flux from one curve to another
by directly integrating this equation in 7 which gives

Af = f(v,v2x) (v,%)
2 27r i i
ox* 0x?
/ / Cij B 5 do dr. (15)

Rewriting the l.h.s using the definition of the line
integral given in we get

Af:/ v.dzf/ v de (16)
Yo Yo

and reversing the direction of the normal vector to the
curve g it becomes

Af:j(v-de, (17)
Y

where v = 70_1 0 Yor-
Next, for the r.h.s we can use the identity 0;v;
€ijk€kimO1Um = €i5k (0 X V), and therefore

27 27
/O /0

Where the area
€ijk 9o 80 87’ do dr.
Finally, the relation given in can be written as

7( v~d£:—/6><v-dS, (19)
(o)} >
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which is the Stokes theorem or the curl theorem, relating
the evaluation of the line integral of the vector field v
along the (closed) border of the 2-dimensional surface ¥
with its curl inside it.

The sign on the r.h.s. expresses the convention on
the basis orientation. While the vector d—; is along the
tangent direction of the path, the Vector > points along
its normal direction. The orientation of these vectors
agrees with the choice where the tangent direction
is defined counter-clockwise along the curve and the
normal direction is opposite to the direction defined by
the path variation. Thereby, a positively oriented surface
is obtained when its normal is given by Z—;‘ X %. On the
other hand, in the case of ¥ on r.h.s. of equation ,
the normal direction of the surface follows this basis
convention but its border 9% has the opposite direction
because its orientation is clockwise.

Now the Ampere-Maxwell law and also the Faraday
induction law can be rearranged as

3@ x B — %&E,E) - 4?”@ G,2) (20)

and
1
PO xE+ -0,B,%) =0, (21)
c

from where the local differential Maxwell equations
follow directly.

Now, the Gauss law for the electric and magnetic fields
and @[) define relations between the flux of these
fields through the border of a volume and the charges
inside this volume (which vanishes for the magnetic
case). In order to connect the flux of these vector fields
with something inside the volume so that this can be
associated locally with the charge density we use the
relation established by the Stokes theorem which is now
derived.

We start by considering the flux of a generic vector
field v through the 2-dimensional surface ¥y whose
coordinates x! are conveniently parameterized by o €
[0,27] and T € [0, 27]:

27 27 i 7
O(v, %) = /2 V'dS:/O /0 vkekij%% do dr
Ozt 0z’
= / H;;— % or do dr, (22)

where we have defined the antisymmetric tensor H;; =
€, Vk for simplicity.

Our aim is to understand how this flux on the border
of a 3-dimensional volume can be related to something
inside it, so, we construct such a closed surface corre-
sponding to this volume from the given surface ¥ by
continuously deforming it.

At each point of Xy we take the deformation z* —
" + dx* changing this surface everywhere except for
its border 9%, which is kept fixed. Because tangent
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variations to the surface will simply reparameterize the
integral which defines the flux in , we shall only
regard variations along the normal direction at each
point of ¥y. Then, the infinitesimal change of the flux
can be determined by considering the flux as a functional
in parameters ¢ and 7 as follows:

J
50 = | oty a; 8;

J
/ H, Oz 96z dodr
3o

06z OxI

dodt + i e Br

790 o1
Ox' OxI
OpH;;
5o 00 a1

d o
_/Eod<H,Ja
d o
/zodT(Hwa

Ox' OxI
- Otii 55

Oa* Oa? —= b5z dodr

—— 62" dodr

) Szt dodr

> 527 dodr

== 5z dodr

— | opHy
se 00 o1

ot dz*

- OLH;s 62’ dodr,

o 90 or

where in the second line we have integrated by parts
the second and third terms and we have dropped all the
terms which are evaluated on the border since they will
vanish. Finally, using the antisymmetry of H;; we can
rewrite the above expression as

27 27
Z/ / (0;Hj), + 0jHy; + O H;;)

8:1: Oxd
o0 Or

——6z" dodr. (23)

The equation above gives the infinitesimal variation
of the flux of v through a 2-dimensional surface as this
surface is deformed while its border remains fixed.

We may then parameterize these deformations with
¢ € [0,27] such that the points on the surface Xy are
labeled by ¢ = 0 and those on ¥a, by ¢ = 27 (see
Fig.[2)). in this case, equation becomes a differential
equation for the change of the flux due to smooth
changes of the surface:

AP 2m 27
dfé_ = / / (0iH i + 0jHy; + Ok Hyj)

——— dodr. (24)

Now, for a finite variation of the surface, the change
of the flux can be obtained from the integration of this
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20

Figure 2: The variation of the surface ¥y along its normal
direction will result in a change of the flux of the vector field v
through it. This change will be related to the divergence of this
field inside the volume bounded by X5 "' U Yo

differential equation in (, giving

AD = O(v,Xo,) — B(v, %)
2T 2m 27
= / / / 8ij+aHk:z+akHzg>
835 0z 0z
2
"o o aC dodTdC. (25)

Using the definition of the flux to rewrite the Lh.s of the
equation above we have

A<I>:/ V~dS—/ v -dS (26)
Yon o
and reversing the orientation of ¥y it becomes
AD = / v-dS, 27)
b

where ¥ = Zal U Yo
For the r.h.s of we can use

2w 27 2w
/ / / 8Hk+8H;ﬂ+8kH”)

. Ox' xd dxk
do Ot 0OC

g

1
= (6 H]k+6 H/ﬂ—FakHU)G”kd x

/8vzdx—/3 v dV,

where {2 is the 3-dimensional volume enclosed by 3.
Finally, we arrive at the relation

j'{ v~dS:/6-vdV, (28)
o0 Q

which is more commonly known as the divergence
theorem relating the flux of a vector field across a 2-
dimensional closed surface with its divergence inside if?}

With this identity it is direct to obtain the differential
Gauss law for the electric and magnetic fields from their

3 The Gauss’ theorem in 2 dimensions is given in the appendix.
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integral equations by replacing the flux of these fields
by their corresponding divergences integrated over the
spatial volume:

<I>(E78(2):/6-EdV:47r/pdV (29)
Q Q
and

(B, 59) :/a-dezo. (30)
Q

4. The Lorentz Invariant integral
Equations of Electromagnetism:
The Stokes Theorem in Minkowski
Space-Time

The reconciliation of the Maxwell equations of elec-
tromagnetism with the principle of relativity has in
its core the observation that the electric and magnetic
fields in R? are not vectors (i.e., they do not transform
covariantly) under Lorentz transformations. Instead,
these quantities appear as components of a more funda-
mental field, the electromagnetic field: an antisymmetric
rank-2 Lorentz covariant tensor F,,, p,v = 0,1,2,3 in
Minkowski 4-dimensional space-time with metric 7,, =
diag(1,—1,—1,—1). So, what we read as the electric or
magnetic fields E and B depends on our choice of inertial
frame of reference since the components Fy; = FE; and
Fij = —¢€;;x By, can be mixed from one frame to another
after a Lorentz transformation.

If, on one hand, the direct substitution of the electric
and magnetic fields in terms of the electromagnetic
field components into Maxwell equations leads us to an
explicit Lorentz covariant form of these equations, on the
other hand, it is not that direct to obtain the Lorentz
invariant integral equations in this way, the reason being
that these integral equations are defined in terms of
fluxes and circulation of fields over specific surfaces and
curves, namely, with a specific splitting of space-time
into space and time.

Nevertheless, let us discuss how the straightforward
application of the Stokes theorem derivation as proposed
in the previous section defines the differential covariant
Maxwell equations from a proposed set of integral equa-
tions for the electromagnetic field, which can therefore
be recognized as the desired Lorentz invariant integral
equations of electromagnetism [6] [7].

In 4-dimensional Minkowski space-time, one can natu-
rally define a flux over a 2-dimensional surface ¥ given in
terms of the electromagnetic field and its Hodge dual [5]

F,, = %EMBFQB (31)
as

o
O(F,,,%) = / FWa;U 6’;;_ do dt and

m
O(F,,,3) = /FW v 3:” Sododr. (32)
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Then, we postulate the integral equations of electro-
magnetism to be given by the following relationaﬂ

B(F,00) = 0, (33)

B(F00) = ~ 70, (34)

where  is a 3-dimensional volume in the 4-dimensional
space-time and

0= / JrV,, (35)
Q

with dV,, = €y %2 92 92 dodrd( the 3-dimensional
volume element and J* = (cp,j) the electric 4-current
thus defining Q as the electric charge and/or current.

The differential Maxwell equations can then be
obtained as local relations for the fields which give the
consistency of the above integral equations with the
Stokes theorem.

In order to see this we take the flux of the field strength
and of its Hodge dual over a 2-dimensional surface X
parameterized by o € [0,2n] and 7 € [0,27] as given
above and then consider continuous deformations of this
surface keeping its border fixed, as done before. Writing
B,, for either F),, or F,,, a completely analogous
calculation to the case where we derived the divergence
theorem leads us to

5o — /5BW81‘ ox¥
» T

do

oL ialokind
dodr +/BW do Ot

oxt 0dx”
B,,——— dod
+/ "9  Or oer

/8ABW8iai5x dodt
d oz
_ | = ar I
/Edo (BW 87)(5:10 dodrt
d Oz y
_/d7_<BW60> sa” dodr
= /(%\Bm,ax Ox” —— 2> dodr

8:5)‘ ox¥
L ==

/(%\Bwax Oz —d0x" dodt

dodr

where in the second line we have integrated by parts
the second and third terms and we have dropped all the

4 The generalization of these integral equations to electrodynamics
in 24+ 1 and 1 + 1 dimensional space-times is straightforward:
while the equation of the field strength states that the flux of
a rank-2 tensor over a closed 2-dimensional surface vanishes, the
equation for the Hodge dual field defines that the flux of a D — 1
rank tensor over a closed (D — 1)-dimensional hypersurface in a
(D + 1)-dimensional space-time equals to the electric charge inside
its hypervolume.
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terms which are evaluated on the border since they will
vanish. Then we can rewrite the above expression as

ozt ox”

A
% O —z” dodr.

(36)

Next, parameterizing the variations of the surface with

¢ € [0,27] such that the points on the surface %, are

labeled by ¢ = 0 and those on s, by ( = 27, the above

relation becomes a differential equation for the change
of the flux due to smooth changes of the surface:

0P = /(8)\B/Al/ + 8/LB1/)\ + aVB)\/L)

do

dC / (8,\BMV + auBl,,\ + 0 B/\M)

(37)
So finally, integrating over ¢ we get the change of the
flux from the initial to the final surface:

A = O(B,Ss,) —
/ (0xBu + 8,B,x + 0,By,)
Q

ax“ oz dz*
" Jo O ¢

Using the definition of the flux to rewrite the lLh.s
and reversing the orientation of ¥, the above equation
becomes

®(B,Y%))

dodrdc. (38)

oxt dx”
Bl“’ 90 Or —dodr = /(6ABW+8#BU,\+8,,BM)
837” oz dz*
"B o 34 dodrd¢. (39)

where ) is the 3-dimensional volume enclosed by the
closed surface 92 = Zal UXor.

So, we have now that the integral equations can be
rewritten as

/ (a)\FuV + a;LFu)\ + &JFAM)
Q

8:5” dx” dz*

9o Or oC =0 (40)
/(8,\FW+6MF,,,\+8V13,\H)
Q

83:“ oz oz

B0 o ac dodrds

47r vax“ oz” Oz

QEWMJ 9% D7 3Cd odrd¢, (41)

from where we derive the local conditions. The first
equation gives immediately the Bianchi identity, corre-
sponding to the Faraday law of induction and the Gauss
law for the magnetic field:

a)\F;u/ —+ aﬂF”A + ayF)\M = 0 (42)

For the second equation we have

~ ~ ~ 4
8)\FMV+8MFV)\+8VF,\H = ?EMV)\,YJ’Y, (43)
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from where taking the contraction with e***# and usindﬂ
e“”o‘AeWW = —2(53‘63‘ — 625?) and e’“”\o‘ew,\v = —645
we get
4
9 =2 gv (44)
c
corresponding to the Gauss law for the electric field and

the Ampere-Maxwell law.

5. A general Proof of Stokes Theorem

One of the consequences of the principle of equivalence
is that physical equations must be tensorial equations
so that each of the terms transforms covariantly under
the respective symmetry group. Besides tensors, the
differential forms [B, [§] are a very elegant language
to describe physical laws and in particular, for gauge
theories such as electrodynamics, it becomes a powerful
tool.

A differential form [9) [I0] may be seen as something
which is naturally integrated over a curve or a surface
or a volume or anything else with more dimensions. We
shall refer to these geometrical structures in a generic
way as hyper-surfaces. So, a 0-form is nothing but a
function f(x) which can be evaluated at each point
of space—timeﬂ A 1-form can be defined as something
which is ready to be integrated over a 1-dimensional

hyper-surface: w = wpdz". Next, a 2-form will be
naturally integrated over a 2-dimensional hyper-surface,
w = %w,wdx“ A dx¥, where dx* N dx¥ = —dz¥ A dxt

and therefore the components of the 2-form, the tensor
wy, is antisymmetric. Generally speaking, a p-form is
defined by

1

W= Wiy

dzht A
p!

< Adatr (45)
which is something that is integrated over a p-
dimensional hyper-surface.

In particular, the electromagnetic field is defined by
the components of a 2-form [11], F = $ F,, dz" Adz” and
therefore, its flux, and analogously the flux of its Hodge
dual is nothing but the integration of a 2-form over a
2-dimensional hyper-surface; the most natural thing one
can think of doing with a 2-form.

The scheme we have used to obtain the relation known
as the Stokes theorem for the case of a 2-form can be
generalized in a straightforward manner to a p-form and
that is what we are going to show in what follows.

We consider an orientable hyper-surface ¥ of dimen-
sion p to be immersed in space-time M of dimension
D > p, with local coordinates x#*,. .., z#P. The flux of
the p-form w is defined as the integration of that form
over X:

5 We use 0123 =1,

6 In particular, the Stokes theorem for a O-form, which is the
Fundamental Theorem of Calculus, is derived explicitly in the
appendix.
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1
b= —w de"* AN - Ndztr = [ w —_..
/Zp! H1--fp /ZJ H1.--pp 80’1 ao-p
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axﬂl 8x“l’

doy...dop. (46)

Under an infinitesimal “orthogonal deformation” of this hyper-surface, x — = + dx, keeping its border fixed, the

flux will change by

A axﬂl ax/“}?

0d = ) ... ——doy ...
/Ea)‘w“"'“’ v 0o do, a1

Oxt2 OxHr

doy

d
— - - M1
/zdm (wm---up o5 | 8Up)5x doy...dop + ...+

B / i " oxHt QxHn—1 QpHn+i oxHr S2hn do dor 4.+
s do, \ " 00y T 001 Oopya T 0oy Lo B8 e
d oxh=2 Oxtr—1
- — _—.. oxtrdoy ... d A7
/2 dCTp (wulmuy 802 80'p_1 ) . a1 Ip ( )

where we have integrated by parts the derivatives of the hyper-volume element, throwing away the terms which
vanish at the border, where dx = 0.
Now the derivatives of the remaining terms will be as follows

d axul axﬂnfl axun+1 amup
N 00,1 O00pi1 doy,
P OxH1 OxHn—1 8.’E>‘ OxHn+1 OxH»

= NP . —_— ..
= fi=bie \ 9oy 00,1 0oy O0pi1 Oop
anu'l 8$U1n71 axﬂ7z+1 8xﬂp

+ Wy ... - -
s\t 90,00 0op_1 00pi1 do,
axul agxﬂn—l axﬂwl+1 axup

+ /Z (wul..~ﬂp 30'1 .”aa'nO'n_l 30n+1 aap

) dxtrdoy ... dop

> dz'"doy .. .doy,

) dxt"doy...dop + ...

) dxtrdoy ... .dop + ...

+/ w gur Outnr Ot Oul's oxtrdo dop, +
s\ 90y T B0y 00,005,411 Doy, Lo B0p e
Oxht Oxhn—1 HrHn+1 02 xtr
i
+ /2 (wmm,ip oy " dony down "'80n60p>5x doy ...dop.

So that relabelling all the indices and using the anti-symmetry of the tensor wy, .. ,,, all terms involving second
derivatives in the r.h.s of will cancel and what remains is

Oxt Oxt»
= (—=1)P - A
60 = (-1) /2 (Orwpyoopy +---) oy " B0, dzdoy ... dop. (48)

We notice that the rearrangement of the indices involves permutations leading to an anti-symmetric tensor

(9)\001“0_”17 + ...

which will be later recognized as the components of a (p 4+ 1)-form in a given basis.

This variation can be parameterized by s € [0, 27] so that we obtain a differential equation for the flux as

d®

(p+ 1)

which can be directly integrated and the 1.h.s will give
the difference of the flux calculated at the hyper-surface
at s =0 and at s = 27.

Changing the orientation of the hyper-surface at
s =0, the border shared by these two hyper-surfaces
will disappear as they can be merged as a closed
oriented hyper-surface 0f2, enclosing the hyper-volume
Q of dimension p + 1. Then, we get the Stokes theorem
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ds (_1)1[)/Z (CINEP
- /2 ﬂ (8)‘wﬂl«-'ﬂp =z

ozt OxHr 9z
do o, O0s doy ... doy (49)
D) daz Adztt A A da?, (50)

for a p-form:

]gﬂw: (fl)p/de. (51)

The minus sign appearing for the odd differential
forms can be changed by a redefinition of the orientation
of the closed hyper-surface 0f2.
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6. Conclusions

The development of the ideas of physics depends upon
and, at the same time, boosts the construction of new
mathematical knowledge and techniques. The Stokes
theorem finds in the study of electrodynamics a per-
fect “pedagogical match” concerning its applications: in
many important physical situations for which symmetry
arguments can be used, this theorem makes the task of
finding solutions to the Maxwell equations much simpler
than solving them directly. In the present discussion we
have explored the natural insights one can obtain by
looking at the fact that electrodynamics deals exactly
with fluxes and circuitations in order to propose a
derivations of the Stokes’ theorem which defines math-
ematical identities exactly for the variations of fluxes
and circuitations. Thus, we have found a quite simple
way to determine these identities by analysing how the
fluxes and circuitations change when we change the cor-
responding surfaces and curves where they are defined.
We believe that this method of deriving Stokes theorem
fills an important gap for undergraduate and graduate
students concerning their learning of this important
theorem.

Supplementary material

The following online material is available for this article:
Appendix
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