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Influence of inverted-v-braced 
system on the stability and 
strength of multi-story steel frames
Abstract

Population growth in urban centers, together with the lack of physical space, 
has led to the construction of increasingly tall and slender buildings. Multiple-story 
structures present substantial challenges to civil engineering because they have specific 
requirements for their design, construction, and use. The increased number of floors 
leads to more lateral displacements resulting from horizontal actions. Under these 
conditions, to ensure system stability, structural bracing components are commonly 
adopted. In addition, along with the use of more resistant materials and new construc-
tion techniques, it is necessary to improve the methodologies adopted in the structural 
analysis to offer professionals in the area the conditions to undertake safer and more 
economical projects with better speed and efficiency. Thus, in this study, numerical 
analyses were applied to steel planar reticulated structures to evaluate their stability 
and strength when inserting bracing systems. The study compared the arrangement of 
the bars and analyzed the influence of the parameters of the bracing systems, such as 
the properties of the cross-section and the position of the inverted-V-braced system. 
The MASTAN2 program was used to perform nonlinear static assessments using re-
ticulated finite elements that considered both geometrical and physical nonlinearities. 
It was observed that the inverted-V-braced system had a substantial impact on all of 
the structures that were analyzed, providing increased stiffness and, as a result, signifi-
cantly reducing the frame’s lateral displacement.

Keywords: reticulated frame structures, inverted-V-braced system, numerical analysis, 
finite element method, physical nonlinearity, geometric nonlinearity, stability.
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Steel structures are increasingly 
used in civil construction because they 
are lighter, reach large spans, and facili-
tate the execution and organization of 
the construction. In addition, they ex-
hibit high productivity when compared 
to reinforced concrete structures. Struc-
tural steel elements have high ductility, 
which refers to the ability to undergo 
large deformations before failure. The 
steel ductility also favors energy absorp-
tion, which is extremely important in 
structures subjected to seismic excita-
tions (Lui, 1999).

For the design of steel structures 
to be efficient, economical, and safe, 

the analysis must portray the members 
and frame behavior as close to reality 
as possible. Thus, it is fundamental to 
consider nonlinear effects when devel-
oping structural projects. Such effects 
are associated with the structure’s large 
displacement and the nonlinear constitu-
tive relationship of the material used in 
the structural components.

Buildings are composed of the in-
tersection of many structural elements, 
such as columns, beams, arches, slabs, 
and bracing systems (Chaves, 2009). 
Braces are substructures made up of bars 
that prevent or reduce lateral displace-
ments or vibrations in the structure. 

Their primary function is to provide 
stability to the structure when it is af-
fected by strong winds or other powerful 
lateral forces. Thus, these substructures 
contribute to the reinforcement of the 
structure’s stability (Azevedo, 2021).

This study will evaluate the be-
havior of vertical and horizontal brac-
ings, which are used to lock beams and 
columns, with a focus on the inverted-
V-braced system. This article also in-
cludes a comparison with other types of 
bracing, such as the knee brace, which 
is a type of eccentric bracing, and the 
diagonal and X types of concentric brac-
ing. According to Smith & Coull (1991) 

1. Introduction
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2. Nonlinear numerical methodology

A structural system is defined as con-
servative when the work done by internal 
and external forces is independent of the 
path taken by the structure when passing 
from the initial or reference equilibrium 
condition to any other configuration. This 
new configuration must meet the system’s 

compatibility relationships and funda-
mental boundary criteria to be accepted 
(Silva, 2009).

It is possible to reach the condition 
of structural equilibrium by applying the 
Finite Element Method (FEM), that is, di-
viding the continuous medium into subdo-

mains that are interconnected through the 
nodal points where the degrees of freedom 
to be determined are defined, evaluating the 
total potential energy, and adding the con-
tributions of each finite element. According 
to this method, such a condition can be 
expressed in a generalized way as follows:

where Fint is the vector of internal forces, 
which is a nonlinear function of the nodal 
displacements, U, of the internal forces in 
the members, P, and of the effects of mate-
rial inelasticity, G (the gradient vector of 
the interaction surface); Fext is the vector of 
external forces, which can be expressed as 
the product between the load parameter λ 
and the reference external force vector, Fr, 

which defines the direction of the acting 
external forces (Fext = λ Fr).

For the structural system discretiza-
tion, a finite element with two nodal points 
is considered, whose inelastic behavior is 
restricted to the ends of the element that 
would simulate the formation of plastic 
hinges. The deformation of the element at 
the end of the structural element is consti-

tuted only by inelastic rotation. Once the 
plastic hinge is formed, the internal forces 
in the cross-section must stay on its plastic 
resistance surface.

The numerical strategy adopted here 
to solve Eq. (1) is based on the incremental-
iterative approach. Therefore, it is more 
convenient to rewrite the above equation 
as follows:

where the superscript “t” defines the last 
system equilibrium configuration; Du is the 
incremental nodal displacement vector of 
the element “e”; K1

e is the element elastic lin-
ear stiffness matrix; Kg

e  is the element’s geo-
metric stiffness matrix; Km

e  is the element’s 

matrix that considers the degradation of 
material strength; Dλ is the load parameter 
increment. Note that for the second-order 
inelastic analysis, both geometric and mate-
rial nonlinearities are considered to define 
the equilibrium equation.

The matrices in Eq. (2) can be 
obtained by applying the principle of vir-
tual work, where the internal energy is a 
function of the axial strain and rotations 
of the finite element and the modulus of 
elasticity. Consequently, we can write:

where Le is the finite element length, N 
refers to the interpolation functions vec-
tor, D represents the material constitutive 
relationship matrix, and P is the axial 
force acting on the finite element. The 
interpolation function vectors Nu and Nv 
are associated with the axial and lateral 

displacements, respectively.
The effect of the degradation of the 

finite element material in the finite element 
analyses is considered in the matrix Km

e    
(Eq. 2). Following the Plasticity Theory, 
it is necessary to include the concept of 
a yield surface resulting from the applied 

resultant stress. For the adopted finite 
element, this yield surface is considered 
to be a continuous convex flow function 
between the axial force P and the bending 
moment M in the element cross-section. 
Symbolically, this function can be repre-
sented as follows:

where Py and My are the yielding axial load 
and bending moment of the cross-section, 
respectively. Figure 1 shows the interaction 

curve of the flow surface function Φ. The 
cross-section is in the elastic regime if the 
force points are inside the surface, and it is 

in the plastic regime if the force points are 
on the surface. Points outside the surface 
are not admissible.

Fint (U, P, G) ≅ Fext (1)

(2)

(3)

(4)

(5)

and Azevedo (2021), the most efficient 
vertical bracing systems are those whose 
members form trusses with “total” 
triangles enclosing the entire structure.

In this context, the objective of this 
study is to carry out advanced numerical 

analyses of plane reticulated steel struc-
tures to evaluate the influence of some 
parameters of the bracing systems on 
the system’s global elastic and inelastic 
stability. The study will also evaluate 
the properties of the cross-section and 

the position and arrangement of these 
additional bars (braced system). The 
MASTAN2 computational program 
will be used to perform the numerical 
analyses (McGuire, Gallagher, and 
Ziemian, 2014).
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Figure 1 - Cross-section yield surface (Mcguire, Gallagher, and Ziemian, 2014).

The resulting incremental dis-
placement at a yielded finite element 

node, Du, can be treated as the sum of 
the elastic contribution, Due, and the 

plastic, Dup, as presented below:

The non-zero components in matrix G 
are at the plasticized element nodes. At these 
points, the axial and flexural stiffnesses 
reduce. In addition, the elastic deformation 

contribution is tangent to the yield surface.
The incremental effort vector is 

derived using the prior relations and con-
sidering the orthogonality of the plastic 

deformations. If ω is arbitrary, it is pos-
sible to obtain the finite element plastic 
reduction matrix, Km

e , represented by 
the equation:

Therefore, the first step in solving 
Eq. (2) involves evaluating the so-called 
incremental predicted solution (Dλ0 and 
Du0) for each load step. For this, the 
initial load parameter increment, Dλ0, 
is determined through the strategies 
available in MASNTAN2, following 

the determination of the initial displace-
ment increment vector Du0. However, 
the predicted solution hardly defines 
a system equilibrium configuration in 
a nonlinear structural problem. Thus, 
the second step involves correcting this 
predicted solution. These corrections 

are made using the Newton-Raphson 
method and continuity numerical tech-
niques to obtain the complete tracing of 
the equilibrium path. Azevedo (2021) 
provides more details of the numerical 
strategy adopted here for solving the 
nonlinear structural problems.

This section aims to study the ef-
fects of the adoption of bracing systems 
on the stability of structures. For this, 
static analyses are performed on three 
different structural systems. As already 
highlighted, the numerical analyses, 
which consider the effects of geometric 
and material nonlinearities, are car-
ried out via the MASTAN2 computer 
program (McGuire, Gallagher, and 
Ziemian, 2014).

The first structure examined 
in the study, a two-story frame, is 

illustrated in Figure 2, along with 
the members’ properties. The major-
inertia direction was considered while 
modeling the profiles. Vertical loads 
of variable intensity P were applied at 
the top of the columns, and horizontal 
forces of small intensity were used to 
simulate geometric imperfections. This 
structure was studied by Chan & Chui 
(2000) and Silva (2009), who evaluated 
its load capacity while considering the 
semi-rigid connections between the 
beams and the columns.

In order to improve the structural 
performance, bracing bars arranged 
in an inverted-V shape were added to 
the system. The connection of these 
bars with the other members was 
articulated. The purpose of the study 
was to evaluate the influence of the 
various geometric properties of the 
sections used in these bars. Three dif-
ferent steel profiles for the locks were 
used: L89x89x12.5, L76x76x12.5, and 
L64x64x12.5. The properties of each 
of them are indicated in Table 1.

If the normality criterion is considered and applied, we can write:

where G is the gradient of the interac-
tion surface and ω is the magnitude 

of the plastic deformation of the ana-
lyzed node.

3. Computational modeling

Du = Due + Dup

Dup = ω G

(6)

(7)

(8)

(9)
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The lateral displacement of the 
section at the top of the column on the 
left was regulated for each load intensity 
during the nonlinear static analysis using 
the MASTAN2 program, which offers in-
creased structural behavior for each load. 
The beams and columns were discretized 
with two and one finite elements, respec-
tively, and the bracing bars were modeled 
with one element. For the load increment 
intensity, the maximum number of incre-
ments and the maximum load rate applied 
in the elastic and inelastic analysis were 
considered, with the values of 10, 10000, 

and 100000, respectively. The material 
used had a modulus of elasticity equal 
to 200000 MPa and a yield strength of 
235MPa.

Using the bracing bars with the 
profile, L89x89x12.5, resulted in the 
structure becoming more rigid, able to 
carry a heavier load, and experiencing 
less displacement, as shown by the elastic 
analysis (Figure 3(a)). This performance 
was followed by those rendered using the 
profiles L76x76x12.5 and L64x64x12.5, 
respectively. When considering the non-
linear behavior of the material (Fig. 3(b)), 

regardless of the profile used, the limit load 
reached was the same — equal to 2160kN 
— as shown in Table 2. It is worth noting 
that, for nonlinear effects, the limit load 
supported by the structure was lower than 
that considered by the elastic analysis. 
However, for small load increments at 
the same load level, the structure suffered 
less lateral displacement when adopting 
the L89x89x12.5 profile, followed by the 
L76x76x12.5 and L64x64x12.5 profiles, 
respectively. Therefore, it can be concluded 
that the bracing profile area directly af-
fects the system’s stiffness.

Profile Area (cm²) Inertia (cm4) Plastic module (cm³)

L 64x64x12.5 14.52 51.20 21.14

L 76x76x12.5 17.58 92.40 31.30

L 89x89x12.5 21.00 151.50 43.59

Table 1 – Properties of the profiles used in bracing.

Figure 2 - Two-story steel frame, geometry, and loading.

Figure 3 - Two-story steel frame.

(a) (b)
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The second structure analyzed is 
the four-story frame presented in Figure 
4 Kassimali (1983), Yoo & Choi (2008), 
and Silva (2009) analyzed this structure 
to validate nonlinear formulations. The 
profiles of the beams and columns are also 
indicated in this figure. The elastic modu-
lus and yield stress were assumed to be 
201000 MPa and 236 MPa, respectively.

Referring to the load, as shown 
in Figure 4, variable vertical loads were 
applied to the beams at the center of the 
span and the ends, with the applied force 
P equal to 133.4 kN. The columns were 
also subjected to horizontal loads by tak-
ing the force as the variable αP. In this 

study, we set the value of α equal to 0.5. 
In the analyses, these loads were increased 
through the parameter λ until the collapse 
load was reached. For the discretization 
of the columns and beams, one and two 
finite elements, respectively, were used. 
This was consistent with a previous mesh 
study made by Azevedo (2021). The inten-
sity of the load increment, the maximum 
number of increments, and the maximum 
load rate were set to 0.01, 100000 and 
100000, respectively, to perform the in-
elastic analysis.

The effects of different bracing 
systems were investigated to improve 
the structural behavior of the frame The 

bracing was added using diagonally ar-
ranged bars, inverted-V and X bracings, 
and knee bracings, where the bars were 
positioned with their ends in the middle 
of the beams and columns. These bars 
were formed by the L76x76x12.5 profile 
and articulated with the other members 
of the structure. The significance of these 
bracing systems is demonstrated by the 
equilibrium paths shown in Figure 5, 
where the displacement of the top of the 
frame column for the different bracing 
systems is controlled. It can also be seen 
that the structure supports a greater load 
intensity by adopting the arrangement of 
the bars in an inverted-V.

Figure 6 shows the deformed configura-
tions of the structure without bracing, with 
diagonal bracing, and in inverted-V. Thus, it is 
evident from Figure 6(a) that hinges occurred 
more frequently in the beams as axial com-
pression forces increased on these members. 

Introducing diagonal bracing bars decreased 
the lateral displacement and produced hinges 
with a higher load intensity, as shown in 
Figure 6(b). However, the occurrence sites 
remained predominantly in the horizontally 
arranged structural members. In contrast, 

when bars were inserted in an inverted-V 
position, only four hinges were located in the 
beams (Figure 6(c)). It is important to note 
that the frame collapsed with the formation 
of plastic hinges in the beams or columns, not 
with the hinges formed in the bracing bars.

Profile Elastic analysis Inelastic analysis

L 64x64x12.5 39720 kN 2160 kN

L 76x76x12.5 44080 kN 2160 kN

L 89x89x12.5 46820 kN 2160 kN

Table 2 – Frame limit load with different bracing bars profiles.

Figure 4 - Four-story steel frame. Figure 5 - Comparison between the different bracing systems.

Figure 6 - Deformed configurations of the four-story steel frame.

(a) (b) (c)
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Finally, Figure 7 illustrates the 
six-story frame, also known as Vogel’s 
double frame, which was evaluated in the 
study (Vogel, 1985). In the evaluation, 

an initial imperfection (a slight slope of 
the columns) was considered, as shown 
in Figure 7(a). It also displays the profiles 
of the beams and columns. The material 

adopted had a modulus of elasticity equal 
to 205000 MPa and a yield strength of 
235 MPa. The load submitted to the 
structure is shown in Figure 7(b).

Through inelastic analysis, the effects 
of the position of bracing systems on the 
response were investigated. Bars arranged 
in an inverted-V were then introduced and 
articulated with the other members. The 

bars were made of the L76x76x12.5 steel 
profile and placed in five different positions, 
as shown in Figure 8. The frame was dis-
cretized in each span of the beams, columns, 
and bracings with seven, two, and one finite 

elements, respectively. The values of the in-
tensity of the load increment, the maximum 
number of increments, and the maximum 
applied load rate were considered to be 0.01, 
100000 and 100000, respectively.

Analyzing the equilibrium paths 
shown in Fig. 9 reveals that all the 

adopted configurations considerably 
reduced the lateral displacement of 

the structure. It is worth noting that, 
depending on the load to which the 

Figure 7 – Six-story steel frame, geometry and loading.

Figure 8 – Characteristics of the bracing system in the six-story steel frame.

(a) (b)

(a) (b) (c)

(e)(d)
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structure will be subjected, arranging 
the bracing systems only in the left 
spans (Case 4) may facilitate a more 

optimized and cost-effective behavior 
than the one using the provisions of 
Cases 1, 2, 3, and 5. It is observed that 

the bars arranged as in Case 4 prevent 
the top of the frame from experiencing 
further lateral displacement.

Figure 9 - Inelastic analysis for the six-story braced steel frame.
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