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1. Introduction

The analytical solution to most
problems of the Theory of Elasticity is
difficult due to the complexity of the
equations. Therefore, the resolutions are
typically designed for reduced systems,
usually symmetrical or two-dimensional
(Saad, 2005).

In this way, the computational
analysis has considerable relevance in
the solution of these problems. The most
known methods of numerical analysis
are the Finite Differences Method and
the Finite Element Method (FEM), the
latter being the most used. However,
it includes limitations, mainly in mesh
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generation and adaptation. In this man-
ner, Meshless Methods appear as a
significant alternative to these options
(Liu, 2010).

In the previous two decades, Mesh-
less Methods have been used in several
engineering areas. Silva (2012) explored
the application of the Element Free
Galerkin (EFG) Method in physically
non-linear static structures of reinforced
concrete. Asprone et al. (2014) investi-
gate the Modified Finite Particle Method
(MFPM) and propose modifications to
it in the static and dynamic problems,
both in the elastic range. Hu et al. (2014)

developed a technique to condense the
degrees of freedom to increase the com-
putational efficiency of the meshless
methods in dynamic linear elastic analy-
sis. The equations of the Plane Theory
of Elasticity can be applied to two cases
of practical interest: plane stress and
strain of thin plates under forces applied
to their boundaries and acting in their
planes. An important fact to be observed
in the structure is the effect of loading in
regions close to the point of application.

This effect is called the Saint-
Venant's Principle. It enunciates that two
statically equivalent force systems acting
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over a small portion Ps of the surface
of a body produce (approximately) the
same stress and displacement at a point
sufficiently far from Ps in the body where
the force systems act.

Relevant researches have been
published about Saint-Venant's Theory.
Genoese et al. (2014) examined a geo-
metrically nonlinear model for homo-
geneous and isotropic beams including
non-uniform warping due to torsion and
shear derived from the Saint-Venant's
rod. Genoese et al. (2013) also presented
an alternative linear model for thin-

walled section beams, whose formula-
tion is based on the Hellinger—Reissner
Principle. Zhao et al. (2012) proposed
an approach to investigate the Saint-
Venant's problem in graded beams with
Young's Modulus varying exponentially
in the axial direction and constant Pois-
son Ratio. Fatmi and Ghazouani (2011)
suggested a higher-order composite
beam theory, which can be viewed as an
extension of the Saint-Venant's Theory.
Petrolo and Casciaro (2004) investigated
the use of the Saint-Venant's general rod
theory for deriving the stiffness matrix in

2. Two-dimensional beams in rectangular coordinates

2.1 Solution based on fourier series theory
The biharmonic equation for the stress functions in two-dimensional problems is given by:

where ¢@’=¢@(xy) is the Airy Stress Func-
tion. A general solution may be found by

Vig'

ox* 8x28y2 8y4

Separation of Variables with Fourier Series
(Saad, 2005). In cartesian coordinates:

P'(x,y)=X(x)Y ()

InEq. (2),X(x)=e™and Y(y)=e?. Replacing in Eq. (1):

(a* + 202 B+ pHe™e™ = 0

4 4 4 4 4 4
=0:>8¢+2 09 +6¢:0

three-dimensional beam elements with a
general cross-section.

The proposed research aims to
demonstrate the Saint-Venant Principle
for two-dimensional beams using the
Radial Point Interpolation Method
(RPIM). The formulations for RPIM
and the analytical solution provided by
the Fourier Series are presented. Two ex-
amples are demonstrated to validate the
RPIM. The results are compared with
the analytical solution and numerical
solution of the Finite Element Method
utilizing the SAP2000° software.

M

(2)

©)

The term in parentheses must be zero, leading to the following characteristic equation:

The general solution includes
zero root and general roots. In the

#0o=Cry+Csy’ +Coy’ +Coxy + Cex’y + Cyxy”

The Egs. (6) and (7) satisfy the
Eq. (1). Therefore:

(a*+p*)=0

o==if

case of zero root with =0, there are
3 additional roots (Eq. 6). For the

$'5.0=Co+Cox+Cox” +Cyx°

(4)
()

case with a=0, the solution is given
by Eq. (7):

(6)
()

P'(x,y)= eiﬁX[A1eﬁy + A+ Ay + A4ye_ﬁy] +e_'A/5X[A‘1 e” + ALe™ + AL e + A ye _ﬁy] (8)

where Ci, Ai, and A% are arbitrary constants
determined by boundary conditions. The

complete solution is given by the superpo-
sition of Egs. (6), (7) and (8). Substituting

exponentials for equivalent trigonometric
and hyperbolic forms:

#'(x,y) = sin Bx[(A 1+ A By)sinh By + (A, + A, By)cosh By ] +

cos fx [(A'1 +A'5 By)sinh By + (A',+A', By)cosh By ]+
sin 0{)/[(A5 +Asax)sinhax+ (Ag +A8ax)coshax] +

cos ay[(A'5 +A' ax)sinhax + (A'g+A's ax)coshax ] +¢' 0 t9 50
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The stresses can then be obtained from differential relations:

The applications of the Fourier
solution method usually incorporate the

These expressions can be simplified
in some cases. If f(x) is an even function,

2 4
o = 0 ¢§x,y)
9y
9%p'(x,
o, = ¢gxy)
0°x
_0%p'(x,y)
e oxdy

Fourier series theory (Saad, 2005). A
periodic function f{x) with period 2L can

f(x)=-f(x) and Eq. (13) reduces to the Fourier
cosine series (Egs. 16 and 17). If f(x) is an

——a0+Ea cosn—ﬂx
2" na&
=_ff(§)cos—d§ n=0,12,...
L

Flx)= Eb sin 17X

2" . na& B
b, =I{f(§)sde§ n=1,23,...

2.2 Solution based on Radial Point Interpolation Method (RPIM)

The use of polynomials to create
basis functions is advantageous for two
reasons: simplicity and good numerical
precision. Besides, shape functions of any

where R is the Radial Basis Function (RBF),
ais a vector of unknown constants and n is

order can be reproduced by increasing
the number of interpolation points (field
nodes). Among these advantages, the
RPIM method of obtaining form functions

u(x)= i

i=1

R;(x)a; = RT(x)a

)

the number of nodes in a support domain.
The distance r between points x and x is

"=
a =14, d, d,

William Luiz Fernandes et al.

(10)

(1)

(12)

be represented on the interval (-L,L) by the
Fourier trigonometric series:

1 - nix . nJIXx
f(x)=§ao+;(an COST"‘bn smT) (13)
1" n&
a, =fo(§)COSTd§ n=0,7,2,... (14)
)
1 7
" fo(f)sm—df =7,2,3,... (15)

odd function, f(x)=-f(x) and Eq. (13) reduces

to the Fourier sine series (Egs. 18 and 19):

(16)

(17)

(18)

(19)

avoids the occurrence of singularities in the
moment matrix (Liu and Gu, 2005). The
displacement approximation u" at a point
of interest x"={x,y} is given by (Liu, 2010):

(20)

(21)

obtained by:
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The vector of Radial Basis Functions

R7(x)={R,(x) Ry(x) Ryx)

Table 1 presents the four most
often used forms of radial functions

Two-dimensional beams in rectangular coordinates using the radial point interpolation method

r=c=x) +(y-y.)

R has the following form:

R. (x). The parameters can be tuned for
better performance.

R,(x)}

Table 1 - Radial Basis Functions and dimensionless shape parameters.

Function Type

Expression

Shape Parameter

Multiquadrics (MQ)

R by)=(r*+(ad )* ¥

az0,q

Gaussian (EXP)

R (o) = exp (- er)= exp {-e[ (xx)+(y-y)*]}

C

Thin plate spline (TPS)

R, ()S)’) = r-i'7= [(X'Xi)2+(y'yi )2 ]”

H

Logarithmic RBF

R, (r)=r"log(r)

H

Misra and Kumar (2013) point out
that Multiquadrics radial basis functions
(MQ-RBF) present advantages, such
as easy implementation for structural
analysis and reasonable results for a
small number of field nodes. Besides, its
implementation is highly suitable, and

“k=”(Xk7)/k)=EaiRi(Xk>.yk) k =

no connectivity is required for arbitrarily
distributed nodes. The main idea in the
MQ method is to create a coefficient
matrix with a significant number of zero
elements for reducing the computational
costs (Fallah et al., 2019). Thus, MQ-
RBF was used in the present study. In

n

i=1

In matrix form, these n equations can be written as:

In the Eq. (25), d_ is the vector
within the field nodal variables at the n

Since the distance has no direction, then:

dS =RQa

local nodes and R _ is the moment matrix
of Radial Basis Functions:

Ri(r) Ry(r) . R,(n)
R, = R1(."2) sz"z) Rnf"z)
R‘I (rn) RZ (rn) Rn (rn)

I =\/(X/< ‘X;)2 -k ‘)’i)2

Ri("j)=Rj("/)

1,2,...,n

Table 1, « is the dimensionless shape
parameter, d_is the characteristic length
(usually the average nodal spacing for all
the n nodes in the support domain) and
g is an exponent parameter.

The interpolation at the point khas
the form:

(24)

(25)

which indicates symmetry of the matrix R,.A unique solution for a is then obtained by:

Replacing Eq. (29) into (28):
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where ®(x) is the vector of shape functions:

O(x) =R’ () Ry ={R,(x) R,(x) Rs(x)

and ¢, is the shape function for the nodek:

In the Eq. (33), &, is the (ik) element
of the constant matrix R",, in the support

In the Egs. (33) and (34), u is the
displacements of field nodes, Fis the global
vector of forces, P is the global body force

where K, is the nodal stiffness matrix, B the
strain matrix and D the matrix of elastic
constants.

Liu and Gu (2005) demonstrate that
the interpolation quality changes with the
exponent q. However, the RPIM-MQ fails
because of the singularity of the moment

3. Examples

In the present study,SAP2000°
was used to obtain the solution by
the Finite Element Method. Shell ele-

n

P (x) = ER,' (x)Sk

=

domain. The equilibrium equation for the
problem can be put in matrix form as:

Ku =F

F=F'+F'= ([®'bdQ+ (@ tdl
Jobe]

vector at the domain (2, F is the global
traction force vector at boundary domain
I, b is the body force vector and t is the

N N
K=IEJEKU

(K I )2)(2 =f(B/ )72—X3D2x3(B_/ )3.x2dQ

Q
E
9 9%
0x ox
0 d
B, =| O 9P, 0 99,
dy dy
g op b 0,
| dy X dy  ox |
1T v 0
D3X3=1 £ v 1 0
_"/ —_—
0o 0 ¥
2

matrix for g=1.0, 2.0 and 3.0. According to
the authors, the preferred value of parameter
q is close to 1.0 or 2.0 (0.98, 1.03 or 1.99
being recommended). The same authors ob-
served that the o shape parameter has less
influence than g(c, >1.0 is recommended).
Besides this, the average fitting errors of

ments were used, and the number of
elementsin each example was chosen
so that their nodes matched the posi-

3.1 Example 1: Beam under equidistant forces P

The first example shows a beam
subjected to two equal forces of
P=1.2N (Fig. 1a) distant b from the
middle section s-s (TIMOSHENKO
and GOODIER, 1980). The beam

has a height H=1.2m (c=0.6m), length
L=4.8m (/=2.4m) and base B=1m. The
YoungModulus is 200GPa and Pois-
son’s ratio 0.3. The number of field
nodes is 891 to represent the domain

R,(RG =1(x) #:(x) #5(x)

William Luiz Fernandes et al.

4,(x)} (1)

(32)

external traction force vector.

The global stiffness matrix K is
defined as:

(37)

(38)

function values over the entire domain de-
creases when the number of interpolation
points in the entire domain (N) increases.

The RPIM code was written in FOR-
TRAN language and divided into modules
to make the management of the main pro-
gram easier.

tions of the RPIM field nodes. The
other data were the same as described
in the examples.

(Fig. 1b) and 800 background cells for
integrations with 2 Gauss points in
each one. The parameters for the radial
shape functions are o =1.0, d =2.0 and
g=1.03.
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Figure 1 - Beam subjected to two equal forces P: (a) geometry; (b) model discretized in field nodes.
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Figure 2 - Numerical and analytical shear stress for Example 1: (a) b/c=1/10; (b) b/c=1/5; (c) b/c=1/2; (d) b/c=0=.

The analytical solution was ob-
tained by Fourier Series Theory. Fig. 2a
presents good agreement between the
present study and the analytical result
in the s-s cross-section. More significant
variations can be observed in y=+1.2m.
The stress at centroid (y=0.6m) is the

same for all curves. In Fig. 2b, it can
be seen that the shear stress at the ends
obtained using FEM is closer to the
analytical response. However, the region
between y=0.2m and y=1.0m is better de-
scribed by RPIM, with asmall difference
about Timoshenko and Goodier (1980).

3.2 Example 2: Cantilevered beam under axial and transverse load

The second example refers to
a cantilevered beam under forces
N=1.8N and P=1.2N (Fig. 3a). This

14

example is proposed by Saad (2005,
p.192). The Airy Stress Function
presented as an analytical solu-

3P
P'(x,y) e e
C

3
Xy +i2y2
4c

3¢?
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The shear stress curve for the RPIM
(Fig. 2c) shows consistency compared
with Timoshenko (1980). The FEM
demonstrates a small variation between
y=0.36m to y=0.72m.Fig. 2d shows that
the numerical responses differ from the
analytical response for shear stress.

tion of the problem (formulated in
terms of the resulting force system)
is given as:

(39)
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>

Figure 3 - Cantilevered beam under axial and transverse load: (a) geometry; (b) model discretized in field nodes.

For the beam, 275 field nodes were
used to represent the domain (Fig. 3b) and
240 background cells for integrations,
with 4 Gauss points in each one. The

Fig. 4 indicates the stresses. In
x=4.6m (close to loading) both meth-
ods present great normal stresses at
y=0.6m (centroid), since N and P were

parameters for the radial shape functions
are a.=1.0,d =2.0, 9=1.03. The beam has
length =4.8m, height H=1.2m (c=0.6m)
and base B=1m. The Young Modulus is

_ %' (x,y) N 3Pxy

O —_— =
g 9%y 2c 2
9°¢'(x,y)
Oy =2 0
X
°¢'(x,y) _3P (. y*
Xy =—— "t =—/|1-=—

oxdy 4c c?

applied to the axis of the beam in the
subsequent section (x=4.8m). The Airy
Stress Function presents linear distribu-
tion as it does not consider the Saint-

200GPa and Poisson’s ratio 0.3.

The stress functions in the plane for
the problem are obtained by the differen-
tial relationships given in Egs. (10) to (12):

(40)

(42)

Venant Principle. When x increases
(Figs. 4b and 4c), the normal stress
gradually shows proportionality with
section height according to Eq. (40).

Normal stress (@) at section x=4.2 m

—— Present work
—o- Saad (2005)
~4- FEM (SAP2000%)

() . )
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1.2 1@
] 1.2 ]
11 \ | —e— Present work 1
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0.8 ~ - ]
E : , Pl :‘
Z 06 g
j;:b ] £06
& E
] ]
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4 1 -
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14 —©— Saad (2005) 1
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08 T ]
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£ 06 k. )
g ] = ]
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Figure 4 - Numerical and analytical results for example 2: (a) normal stress at x=4.6m;
(b) normal stress at x=4.2m; (c) normal stress at x=2.4m; (d) shear stress for all sections.
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In x=4.2m, RPIM and FEM are close
to the analytical response, with RPIM
showing small divergence at y=0.6m
(~3Pa) and subsequent stress reduction
(~2.4Pa). For both numerical results with
the analytical response.

4. Conclusions

This study presented the Radial
Point Interpolation Method (RPIM) to
evaluate the stress in two-dimensional
beams. Formulations based on the Fou-
rier Series Theory and the RPIM were
presented. The MQ Radial Basis Func-
tions were used. The numerical results
using SAP2000 were also presented. The
stress results for the RPIM end FEM
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