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Abstract: This work deals with parametric analyses of the structural behaviour of steel-fiber-reinforced 
concrete using a Damage Constitutive Model and homogenization technique. This approach is contemporary 
once Brazil has not a standard procedure for the design of this type of material. The present study performs a 
parametric analysis of rectangular beams subjected to flexion at four points, with height variations (h), 
reinforcement area (As) and span (L) are used to verify the influence of each parameter on the numerical study 
of the deformability of beams composed by this material. Fiber volume concentrations of 2.00% and 2.50% 
have been used on the modelling. It is observed that the obtained results were mainly affected by height and 
span. It is noticeable that the inclusion of steel fibers leads to an increase in the maximum load and ductility 
of the analyzed beams in this work. 
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Resumo: Este trabalho aborda uma análise numérica paramétrica do comportamento estrutural do concreto 
armado reforçado com fibras metálicas utilizando um modelo constitutivo de Mecânica do Dano e técnica de 
homogeneização. Essa abordagem ainda é recente, visto que o Brasil não possui nenhuma normatização em 
relação ao procedimento de cálculo desse tipo de material. O presente estudo realiza uma análise paramétrica 
de vigas de seção retangular submetidas à flexão em quatro pontos com variações de altura (h), área de aço 
(As) e o vão (L) de forma a verificar a influência de cada parâmetro no estudo numérico da deformabilidade 
de vigas compostas por esse material. Foram utilizados percentuais de 2,00% e 2,50% de fibras metálicas na 
modelagem. Observa-se que os resultados obtidos foram afetados principalmente pela altura e pelo vão da 
peça. Também se percebe que a inclusão de fibras proporciona aumento da carga máxima da estrutura além 
de promover uma boa ductilidade. 

Palavras-chave: concreto reforçado com fibras de aço, mecânica do dano, análise não-linear, identificação 
paramétrica. 
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1 INTRODUCTION 
Concrete is one of the most used materials as a constituent of structural elements [1], [2] and due to its great 

importance, several numerical models are developed to simulate its mechanical behaviour [3]. 
In several situations there is a need for the concrete to resist tensile and bending loads, making it necessary to use 

longitudinal and transverse reinforcements. However, new ways of using this material have been developed, as 
example, the use of metallic fibers in simple and reinforced concrete. Salvador et al. [4] says that metal fibers have 
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been used for a long time and can be considered a kind of traditional reinforcement for concrete. Despite this, there are 
several technical aspects of this kind of reinforcement that still need a better study. 

In Brazil, fiber reinforced concrete is still a material not so used in civil construction and it deserves more studies for 
understanding its behaviour. Only two Technical Standards address the theme: (a) NBR 15530 “Steel fibers for concrete - 
specification” [5]; and (b) NBR 8890 “Circular section concrete pipe for rainwater and sanitary sewerage systems - 
Requirements and test methods” [6]. Despite this national reality, in other countries this material already has great applicability 
in Structural Engineering, for example, in shotcrete for tunnels, earthquakes regions, slender repairs, pavements subjected to 
dynamic loads, in the area of structural recovery, rigid pavements subjected to cyclic loads [7]–[11] including technical 
standards which guide tests and design steps, such as the following codes: ACI 544.1R-96 [12], ACI 544.2R-89 [13], ACI 
544.3R-93 [14], ACI 544.4R-88 [15], ACI 318 [16], RILEM TC 162-TDF [17], Model Code 2010 [18] and EN 14651 [19]. 
The study of this material is still an open research field, especially concerning the computational modelling line of structural 
parts composed of this material. 

Banthia and Trottier [20] recommend the use of fibers in order to improve the mechanical properties of composite 
materials. Therefore, in this context, the incorporation of fibers of different natures into concrete deserves to be 
highlighted. However, in this work, the goal is to contribute on the understanding of the mechanical behaviour of 
concrete beams reinforced with steel fibers. In this context yet [21], made an analysis of the recent advances in the area 
of Ultra High-Performance Fiber-Reinforced Concrete (UHPFRC) leading to the conclusion that the current regulations 
are not valid to be used in the design of structural elements composed of this kind of material. Also Buttignol et al. [21], 
discusses some normative issues related to its properties, such as bending, compression, stress-strain relations, design 
criteria, etc. In Błaszczyński and Falek [22], the addition of short metal fibers in concrete samples subjected to uniaxial 
compression tests has been investigated. The experimental tests indicated that for additions of 0.50% and 3.00% there 
was an increasing of tension strength on the tested samples. Specifically, the control concrete with 0.00% of fibers 
showed a peak tension of 35.88 MPa while the samples with 3.00% of fiber reached values about 41.99 MPa. In 
Yoo et al. [23], concrete beams with Ultra High-Performance Concrete (UHPC) have been investigated numerically 
and experimentally. Beams with a fiber ratio between 0.00% (beam with control concrete) and 1.71% fibrous 
reinforcement were tested. It has been concluded that for steel fiber reinforced beams, an increasing in the post-peak 
region as well as a toughness gain have been observed. 

In this context, the intention of the present work is to contribute for understanding the mechanical behaviour of 
steel-fiber-reinforced concrete beams the influence of a cementitious matrix and fibers in the load peak of beams. 
Therefore, the present work can be justified due to importance of the theme and the need of more researches about. 

Regarding the investigation of the applicability of constitutive models for cracked concrete, there are several 
numerical tools which stand out, including the following: (a) Continuum Damage Mechanics (CDM) 
Models [3], [24]–[30]; (b) Concentrated Damage Model [31]–[36]; (c) Cracking distributed [37]–[40]; 
(c) Multi-scale models [41]; (d) Models based on failure or rupture criteria [28], [42]; and (e) Fracture models 
[28], [43]. On the other hand, the models can be called phenomenological models, which are intended to model 
the mechanical behaviour of materials based on dissipative processes which occur in the microscale. On the 
other hand, the so-called multiscale models have been gaining attention in recent years. In this case, the 
mechanical behaviour of the macroscale is a consequence of the dissipative processes of the microscale leading 
to a more realistic representation of the nonlinear physical behaviour of materials. This modelling is possible 
due to the use of homogenization techniques. However, the computational cost is still a limiting factor in some 
more complex analyses. Within this context, it can be cited some works that deals with concrete with fibers 
[44]–[46]. 

The constitutive damage model developed by Pituba and Fernandes [26] together with a homogenization process 
proposed by La Borderie [47] are used in the present work to consider the incorporation of steel fibers into the concrete. 
This method has already been applied and discussed initially in Pereira et al. [3]. 

In this paper, the model will be used to investigate the mechanical behaviour of steel-fiber-reinforced concrete 
(SFRC) beams focusing on the deformability aspects in order to contribute to a proposal for estimating displacements 
in SFRC beams in a future expansion of NBR 6118 [48] dealing with SRFC. 

On the other hand, CDM is a constitutive theory that simulates the degradation of the elastic properties of the 
material as a cause of the cracking processes. Therefore, it is a properly theory for materials which present the cracking 
process as an important phenomenon of physical non-linearity, such as concrete. CDM seeks to describe a local 
constitutive relationship that changes the material stiffness from an early stage, considering a situation without defects, 
to the situation of complete damage of the Representative Volume Element (RVE). 
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Therefore, this work aims to contribute for understanding the mechanical behaviour of concrete with fibers and to 
identify parameters which support a discussion on the context of a future proposal for the standardization of this 
material. 

This work is divided into 5 sections. In the first one, a brief introduction to the topic is presented. In section 2, the 
formulation of the damage model employed is briefly addressed, as well as the concepts of the proposed 
homogenization are presented. The presentation of the object of study of the numerical analyses ends section 2. The 
numerical examples are presented in section 3. Finally, sections 4 and 5 present the obtained results as well as the 
conclusions and suggestions for further work. 

2 CONSTITUTIVE MODEL FOR CONCRETE AND CONCRETE WITH FIBERS 

In this section, the necessary tools to perform the numerical analyses are presented, as well as the finite element 
models of the objects of study in this work. Initially, the damage model for concrete and the homogenization model are 
briefly addressed for the consideration of steel fibers incorporated into concrete. Then, the finite element model and the 
numerical analyses performed are presented. 

2.1 Constitutive Damage Model 

Concrete is understood here as a material that belongs to the category of initially isotropic media that starts to present 
transverse isotropy and bimodular response induced by damage. The formulation of the model for concrete is based on 
the energy equivalence principle and the formalism has been presented in Pituba and Fernandes [26]. In what follows, 
the proposed model is briefly described, starting with the presentation of the damage tensor for predominant states of 
traction, whose expression is given in the form: 

( ) ( ), ( ), ,T 1 1 4 5 2 4 5D  f D  D  2A AD   f D  D+⊗= [( ) ( )]A I I A A A⊗ + ⊗ − ⊗  (1) 

where f1(D1, D4, D5) = D1 – 2 f2(D4, D5) and f2(D4, D5) = 1 – (1-D4) (1-D5). 
The damage tensor has two scalar variables in its composition (D1 and D4) and a third damage variable D5, activated 

only if there has been a previous compression with corresponding damage. The variable D1 represents the damage in 
the direction perpendicular to the local plane of transversal isotropy of the material and D4 is the variable representing 
the damage generated by the shear between the edges of the cracks belonging to that plane. 

In Equation 1, tensor I is the second order identity tensor and tensor A is, by definition, formed by the tensor product 
of the versor perpendicular to the transverse isotropy plane itself. The tensor product operations between second order 
I and A tensors that appear in Equation 1 and that will be used throughout the formulation are described in Pituba and 
Fernandes [26]. 

For predominant states of compression, the relation for the damage tensor is proposed: 

( ) ( ), (, )C 1 2 4 5 2 3D f D D DA AD f⊗= + [( ) ( )]I I A A⊗ − ⊗ ( ), [( ) ( )]3 4 5 A I I A A2 Af D D ⊗+ + ⊗ − ⊗  (2) 

where f1(D2, D4, D5) = D2 – 2 f3(D4, D5), f2(D3) = D3 and f3(D4, D5)= 1 – (1-D4) (1-D5). 
There are three scalar variables in its composition: D2, D3, and D5, in addition to D4, related to pre-existing traction 

effects. The variable D2 (damage perpendicular to the local plane of transversal isotropy of the material) penalizes the 
elastic modulus in this direction, and together with D3 (representative of damage in the transversal isotropy plane) 
penalizes the Poisson's ratio in planes perpendicular to the transversal isotropy one. 

Finally, the resulting constitutive tensors are described by: 

TE = [ ]11 1I I 2 I Iλ µ  ⊗ + ⊗   ( , , )22 1 4 5D D Dλ+− [ ]A A⊗ ( )[ ]12 1Dλ+− ⊗ + ⊗A I I A ( , )2 4 5D Dµ− [ ]A I I A⊗ + ⊗  (3) 
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CE = [ ] [ ]11 1I I 2 I Iλ µ⊗ + ⊗ ( , , , )22 2 3 4 5D D D Dλ−− ( , )12 2 3D Dλ−−

( )[ ] ( )[ ] ( )[ ] ( , )[ ]0
11 3 11 3 2 4 5

0

1 2D D D D A I I Aνλ λ µ
ν

− −−
− − ⊗⊗ + ⊗ + ⊗⊗ − ⊗A I I A I I I I  (4) 

where 11 0λ λ=  and 1 0µ µ= . The other parameters exist only for non-zero damage, thus showing the anisotropy and 
bimodularity induced by the damage, and are defined by: 

( ) ( )( ) ( ) ( ), , ,2
22 1 4 5 0 0 1 1 12 1 2 4 5D D D 2 2D D 2 D 2 D Dλ λ µ λ µ+ += + − − −  ( )12 1 0 1D Dλ λ+ = ; 

( ) ( ( ) ( ) ( ), [ ( ) ) ,02 2
2 4 5 0 4 5 11 3 2 4 5

0

1
D D 2 1 1 D 1 D D 2 D D

ν
µ µ λ µ

ν
−−= − − − + −   (5) 

( ) ( )( )(, [ )2
12 2 3 0 3 2 3D D 1 D 1 D 1 Dλ λ− = − − − −  ( ) ( )2

11 3 0 3 3D 2D Dλ λ− = − ; ( ) (, [ ( ) )2 2
2 4 5 0 4 5D D 2 1 1 D 1 Dµ µ = − − −   (6) 

Moreover, Pituba and Fernandes [26] defines a hypersurface in the space of stresses or deformations. This 
hypersurface is used as a criterion for the identification of the constitutive responses of compression or tension. In this 
model, a particular shape is adopted for the hypersurface in the deformation space: a hyperplane g(ε), characterized by 
its unitary normal N (||N|| = 1). For this model, the following relation is valid: 

( ) ( ) ( )), , , .  ( , ,e e
1 1 2 V 2 1 2 11g   g D D g D Dε ε= = +T C T C ee D D N D D e  (7) 

where γ1(D1,D2)={1+H(D2)[H(D1)-1]}η(D1)+{1+H(D1)[H(D2)-1]}η(D2) and γ2(D1,D2) = D1+D2. 
The Heaveside functions employed in the last relation are given by: 

( ) ( ) ( ); ,H Di 1 for Di  0  H Di   0 for Di  0 i  1  2= > = = =  (8) 

The functions η(D1) and η(D2) are defined, respectively, for traction cases, assuming that there is no prior damage 
to compression, and compression, assuming that there was no prior damage to traction. 

( )
2

1 1
1

D 3 2D
D

3
η

− + −
= ; ( )

2
2 2

2
D 3 2D

D
3

η
− + −

=  (9) 

Regarding the damage criterion, it is convenient to separate it into a criterion for the beginning of damage, when 
the material is no longer isotropic; and criteria for loading and unloading, being understood here in the sense of 
evolution or not of the damage variables when the material is already presented as transversely isotropic. 

The criterion for initial damage processes activation in tension or compression is given by: 

*
, ,( )T C e 0T 0Cf s  W  Y  0= − <  (10) 

where *
eW  is the complementary elastic deformation energy considering the initially intact, isotropic and purely elastic 

environment and 
2
0T

0T
0

Y
2E
σ

=  ou 
2
0C

0C
0

Y
2E
σ

=  is a reference value obtained from uniaxial tensile or compression tests, 

respectively, where 0Tσ  and 0Cσ  stresses of the elastic limits. 
Therefore, DT=0 (that is, D1=D4=0) for predominant states of traction or DC=0 (that is, D2=D3=D5=0) for 

compression states, where the material response regime is linear elastic and isotropic. 
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For g(ε,DT,DC) > 0, the complementary elastic energy of the damaged environment is given by the relation: 

( ) ( )
( )

*

( )

2 22 22 33 0 11 22 11 33 0 22 3311
e 2

0 0 1 00 1
W

2E E 1 D E2E 1 D

σ σ ν σ σ σ σ ν σ σσ
+

+ +
= + − −

−−
( ) ( ) ( )

( ) ( )
0 02 2 2

12 13 232 2
00 4 5

1 1
EE 1 D 1 D

ν ν
σ σ σ

+ +
+ + +

− −
 (11) 

On the other hand, for predominant states of compression (g(ε,DT,DC) < 0), the complementary elastic energy is 
expressed by: 

( ) ( )
( )( )( ) ( ) ( )

2 22
22 33 0 11 22 11 33 0 22 3311

e 2 2 2
0 2 30 2 0 3 0 3

W
E 1 D 1 D2E 1 D 2E 1 D E 1 D

σ σ ν σ σ σ σ ν σ σσ∗
−

+ +
= + − −

− −− − −
( ) ( )( )

( ) ( )
2 2 20 0
12 13 232 2

00 4 5

1 1
EE 1 D 1 D

ν νσ σ σ+ +
+ + +

− −
 (12) 

Considering, then, a general situation of a damaged medium in a predominant traction regime, the damage increases 
identification criterion is represented by the following relation: 

( ) * *
T e 0Tf W Y 0σ += − ≤  (13) 

Where the reference value Y0T* is defined by the maximum complementary elastic energy determined during the 
damage process up to the current state. For the damaged medium in a predominant compression regime, analogous 
relationships to the case of traction are valid. 

In cases where loading is configured, that is, where DT ≠ 0 and/or DC ≠ 0, it is necessary to update the values of the 
damage scalar variables that appear in the DT and DC, tensors, considering their evolution laws. 

Limiting the analysis to the case of increasing monotonic loading and uniaxial version of the model, the proposed 
laws of evolution for scalar damage variables are the result of adjustments on experimental results. The general form 
proposed is: 

[ ]e p
,

x ( )
i

i
i i i 0i

1 AD 21              
B

wi      
A

i
Y

th  
Y

 1  +
= − =

+ −
 (14) 

Where Ai, Bi, and Y0i are parameters to be identified. The parameters Y0i are understood as initial limits for the 
activation of the damage, the same used in Equation 10. 

There is still a need to define the location of the material local plane of transversal isotropy, therefore, the following 
statement is accepted as valid: “In the space of the main deformations, if two of the three deformation rates are 
elongation, shortening or null, the plane defined by them will be the material local plane of transversal isotropy.” 

Both in the case of uniaxial traction and uniaxial compression, it turns out that the transverse isotropy plane is 
perpendicular to the direction of the tension or compression stress. 

This one-dimensional version of the model was implemented in a finite element code for the analysis of bar 
structures with layered finite elements. For concrete, the damage model is valid, and for longitudinal reinforcement 
bars, an elastoplastic behaviour is admitted. In the discretized reinforced concrete cross section, a certain layer may 
contain steel and concrete. The related layer contains an equivalent elastic modulus and an equivalent inelastic 
deformation, using the homogenization rule. 

On the other hand, adopting direction 1 as the longitudinal direction of the bar, the model relationships in its one-
dimensional version are summarized below and they are implemented in the computational code described in item 3. 

( , , ) ,
:

( , , ) ,
T CC

T CT

g D D 0E
E         

gE
if
if D D 0

ε
ε

<
=  >

 (15) 

( ) ( )2 2
T 0 1 2E E 1 D 1 D= − −  (16) 
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( )2
C 0 2E E 1 D= −  (17) 

( ) ( )

2
11

e 2 2
0 1 2

W
2E 1 D 1 D

σ∗
+ =

− − ; ( )

2
11

e 2
0 2

W
2E 1 D

σ∗
− =

−
 (18) 

;      T 1 C 2
e e

1 2
Y W W

D D
Y Y Y

∗ ∗
+ −= =

∂ ∂
= =

∂ ∂
 (19) 

( ) ( )

2
11

1 3 2
0 1 2

Y
E 1 D 1 D

σ
=

− − ; ( )

2
11

2 3
0 2

Y
E 1 D

σ
=

−
 (20) 

2.2 Mechanical behaviour of fibers and the homogenization model for considering steel fibers 
The crack evolution process in concrete or any other brittle material occurs because of changing the tension lines 

and, consequently, the accumulation of stress in the crack tip region. The addition of steel fibers mitigates this effect, 
as they act as a transfer bridge for internal stresses in the solid leading to a reduced stress concentration at the crack tip 
and, consequently, the crack propagation speed. 

Throughout the loading process due to the increasing of the load level, the debonding process between fiber and 
matrix takes place leading to changes of the internal forces transfer mechanics by adhesion to friction. These changes 
occur when the tangential stresses at the interface of the materials exceed its adhesion strength promoting sliding 
between the faces. This debonding process causes relative displacements between fiber and matrix (see Figure 1). 

 
Figure 1. Experimental mechanical behaviour of the fiber/matrix interface behaviour (adapted from Bartos [49]). 

In Figure 1, the OE section characterizes all the stress transfers due to adhesion which occur between fiber and 
concrete, i. e., the displacement of the fiber/matrix interface. At certain loading level, the debonding process represented 
by EM section is initiated. In this last stage, the process incorporates frictional stresses due to the sliding of the fiber 
until to the complete debonding represented by MF section. From the F point, the presence of the friction transfer 
mechanism is remarkable leading to the gradual strength decreasing until the complete pull-out of the steel fiber from 
the matrix. 

A complete analysis of the behaviour should consider the various phenomena related to the mechanical behaviour 
of the fibers, concrete, and interface. According to La Borderie [47], there are no difficulties in modelling the 
mechanical behaviour of fibers or concrete. However, the behaviour of the fiber/concrete interface is different from the 
isolated behaviour of the fiber or concrete. 

[47] focused his study on the behaviour of the interface evidenced in pull-out tests of steel fibers from a cementitious 
matrix. From the observations of the test results, the proposal for uniaxial modelling of the homogenization of the 
fiber/cement matrix interface behaviour is shown in Figure 2. This proposal was implemented in the finite element code 
used in Pereira et al. [3]. 
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Figure 2. Model for the fiber/matrix interface behaviour (La Borderie [47]). 

Figure 2 shows the parameters peak stress (σpic), post-peak residual stress (σs) and limit strain (εrupt) proposed to 
represent the fiber/matrix interface behaviour. 

On the other hand, using Voigt's kinematic homogenization method [47], proposed the following expression to 
obtain the homogenized stress: 

( ). .SFRC m f1 C  Cσ σ σ= − +  (21) 

Where: σSFRC: the homogenized material stress; C: steel fibers concentration; σm: cementitious matrix stress; σf: Stress 
at the fiber/matrix interface. 

In Equation 21, the cementitious matrix stress σm is the result of applying the damage model to the existing concrete 
in the layers of finite elements, whereas the stress σf is obtained by applying the model proposed by [47] considering 
that in the given layer there are fibers immersed in the concrete, this model showed in Figure 2. Finally, applying the 
homogenization model given by Equation 21, the homogenized material (fibers and concrete) stress for the given layer 
is obtained. 

It is observed that a simplifying hypothesis was introduced: the deformation is assumed to be identical for the matrix 
and interface. Besides, the fiber orientation, that is random and not aligned to the load direction, is not considered in 
the proposed modelling. However, for the purposes of this work, it is believed that such limitations have little 
interference in the numerical results of the concrete structures modelling as the analyses performed are in one-
dimensional version. 

3 FINITE ELEMENT MODEL 
This item describes the finite element models of beams used to verify the influence of structural element parameters 

such as height (h), span (L) and the longitudinal reinforcement area (As) on the estimative of displacements. 
The one-dimensional version of the damage model is implemented in a computational code written in FORTRAN 

language based on the Finite Element Method for the analysis of layered bar elements. The hypothesis of non-
consideration of the distortion deformation is assumed [3]. The mechanical behaviour of the concrete layers is governed 
by the damage model [26], while the reinforcement inside any layer is governed by a classic bilinear elastoplastic 
model. If the concrete layer contains fibers (layer characterized as SFRC), the homogenization model proposed by La 
Borderie [47] is used. Perfect bond between the different materials is assumed with an equivalent longitudinal elastic 
module and an equivalent inelastic deformation for each layer. For details, see [3], [24]–[26]. 

The results obtained in this work are based on numerical tests of beams with a rectangular section, where the focus 
is the analysis of the deformability considering the behaviour of the load versus displacement relationships aiming to 
contribute to estimate percentages of reduction and/or expansion of the loads and displacements caused by the variation 
of the geometric parameters of the SFRC beams. The procedure consists in changing parameters of the structural 
element such as: height (h), span (L) and the longitudinal reinforcement area (As). 

The experimental model developed in Lopes [50] has been taken as a reference model for the present work. The 
initial data of the constitutive models are the same obtained in Pereira et al. [3]. It is important to note that the proposed 
modelling was used in Pereira et al. [3] to simulate the experimental behaviour obtained by Lopes [50]. Therefore, the 
modelling of the reference model was validated by Pereira et al. [3] as well as the parametric identifications of the 
damage and homogenization models. In the present work, the proposed modelling is used varying the geometric 
parameters of the analysed beams. 
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First of all, Figure 3 shows the structural model of the reference beam, when L = 200.00 cm, Lc = 70.00 cm, bw = 12.50 cm, 
h = 25.00 cm and As = 4.022 cm2. However, these parameters will be varied during the analyses. On the other hand, Figure 4 
illustrates the adopted finite element model with 50 finite bar elements and the cross section discretized into 25 layers. In the 
work [3], a mesh objectivity study was performed, but the finite model does not need finer meshes. Also, the computational cost 
is considerably low for performing numerical analyses. The reinforcement bars are indicated in Figure 4. 

L 1515

Lc

P P

h

Bw

 
Figure 3. Structural model of the beam proposed for the numerical simulations. 

 
Figure 4. Proposal of finite element mesh for numerical simulations. 

Tables 1 and 2 present the values for parameters of the damage and homogenization models considering metallic 
fibers. The longitudinal reinforcement is CA-50 and its mechanical properties can be seen in Table 3. The results in 
Tables 1 and 2 have been obtained through retro analysis of four points bending tests performed by Lopes [50] in 100 
mm x 100 mm x 400 mm specimens with free span of 300 mm. For details, see Pereira et al. [3]. 

Table 1. Parameters for the damage model proposed in Pituba and Fernandes [26]. 

E (MPa) At Ac Bt (MPa-1) Bc (MPa-1) Y0t (MPa) Y0c (MPa) βt βc 
31900 15 0.70 1290 2.50 0.000086 0.00455 0.00000045 0.000030 

Table 2. Variables of the homogenization model proposed by La Borderie [47] for the consideration of metallic fibers. 

Fiber volume percentage Vf (%) Peak Stress (MPa) Yield stress (MPa) Ultimate strain (m/m) 
2.00 525.00 420.00 0.025 
2.50 550.00 440.00 0.025 

Table 3. Parameters values of the elastoplastic model for CA-50 steel for reinforcement. 

Model properties Value Unit 
Young’s Modulus 210.000,00 MPa 

Yield strength 500,00 MPa 
Peak stress 550,00 MPa 

Specific mass 7850,00 kg/m3 
Ultimate strain 1,00 % 
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Note that the numerical analyses have been performed in [24]–[26], [3] validating the use of the proposed damage 
and homogenization models. On the other hand, the geometric characteristics of the finite element models used in this 
work are shown in Tables 4 to 6. Considering the “zero” situation as the reference model illustrated in Figure 3, the 
sequence used in this work is described as follows: (i) Height variation (h) (Table 4); (ii) Variation of the reinforcement 
area (As) (Table 5); and (iii) Free span variation (L) (Table 6), respectively. 

Table 4. Height variation proposal (h). 

Test h (cm) b (cm) L (cm) As (cm2) h/b 
h0 25.00 12.50 230 4.022 2.00 
h1 26.25 12.50 230 4.022 2.10 
h2 28.13 12.50 230 4.022 2.25 
h3 31.25 12.50 230 4.022 2.50 
h4 34.38 12.50 230 4.022 2.75 
h5 37.50 12.50 230 4.022 3.00 

The reinforcement reductions (As) are between 10.00% and 50.00% of the initial value given in the reference model. 

Table 5. Proposed variation for the reinforcement area (As). 

Test h (cm) b (cm) L (cm) As (cm2) Reinforced area reduction (%) 
as0 25.00 12.50 230.00 4.02 - 
as1 25.00 12.50 230.00 3.62 10% 
as2 25.00 12.50 230.00 3.22 20% 
as3 25.00 12.50 230.00 2.82 30% 
as4 25.00 12.50 230.00 2.41 40% 
as5 25.00 12.50 230.00 2.01 50% 

Test 3 is performed changing the free span (L) of the beam. As mentioned in and Pereira and Pituba [51], it is 
important to note that in this simulation the distance between the bending loads at 4 points was always maintained in a 
range close to L/3 ensuring that the test always has the same pattern as the previous ones. This procedure allows the 
comparison of load versus displacement to be done properly. The reinforcement area is kept constant at As = 4.022 cm2. 

Table 6. Span variation proposal (L). 

Test h (cm) bw (cm) L (cm) As (cm2) Reinforcement area 
reduction (%) 

1st load 
position 

(cm) 

Distance 
between loads 

(cm) 
L0 25.00 12.50 230.00 200.00 4.022 80.00 70.00 
L1 26.25 12.50 280.00 250.00 4.022 97.50 85.00 
L2 25.13 12.50 330.00 300.00 4.022 115.00 100.00 
L3 31.25 12.50 380.00 350.00 4.022 130.00 120.00 
L4 34.38 12.50 430.00 400.00 4.022 147.50 135.00 
L5 37.50 12.50 480.00 450.00 4.022 165.00 150.00 

The analyses are based on the verification of load versus displacement curves of the numerical models generated 
by the finite element code. two volumetric fibers concentrations of 2.00% and 2.50% are used. Note that the numerical 
analyses are performed using displacement control taking the node localized in the middle span as reference. Therefore, 
the load versus displacement graphs presented in this work characterize the loading P + P (represented in Figure 3) and 
the displacement in the middle of the beam span. 

4 RESULTS AND DISCUSSIONS 
In this section, the results of numerical simulations are presented. These results intend to compare the simulations 

for 2.00% and 2.50% of fiber volume. The results will be presented in the following sequence: (i) height variation (h); 
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(ii) reinforcement area variation (As); and (iii) span length variation (L). Note that in Figures 5, 6 and 7, the curves on 
the left axis referring to tests with 2.50% of fiber volume and on the right axis the curves referring to tests with 2.00% 
of fiber volume. 

The first simulation compares the obtained results for the beam with volumes of steel fibers of 2.00% and 2.50% 
considering height variation (h) of the beams. The results are presented in Figure 5. 

 
Figure 5. Load-displacement in the middle of the span for height variation (Table 4). 

Observe that the gains in strength and stiffness have been evidenced for height increases in both situations (for 
2.00% and 2.50% of fiber volume). It is possible to note that the height increasing leads to a gain of mechanical strength 
since from the region of the Serviceability Limit State (SLR) to the collapse regime of the beam. For a concentration 
of 2.00% of fibers, the increase in the ultimate load of the structure for the case h5 is up to 81.56% when compared to 
the h0 case (the reference model). For 2.50% of fiber volume, the increase is up to 93.31%. For details, Table 7 presents 
the total gain in each performed test. Besides, it is possible to note that when h4 and h5 tests are compared, the gains 
are about 7.00% and 12.00% for 2.00% and 2.50% of fiber volume cases, respectively. 

Table 7. Maximum loads and loads in the SLS for tests with height variation (h). 

Test Maximum load (kN) SLS Load (kN) Increasing of SLS load 
(kN) 

Increasing of SLS load 
(%) 

h0-2.0% 186.17 74.46 ---- ---- 
h1-2.0% 200.42 80.16 14.25 7.66% 
h2-2.0% 223.02 89.20 36.85 19.79% 
h3-2.0% 262.35 104.94 76.18 40.92% 
h4-2.0% 294.47 117.79 108.30 58.18% 
h5-2.0% 338.00 135.20 151.83 81.56% 
h0-2.5% 195.38 78.15 ---- ---- 
h1-2.5% 211.38 84.55 15.99 8.19% 
h2-2.5% 236.59 94.63 41.21 21.10% 
h3-2.5% 280.67 112.26 85.29 43.65% 
h4-2.5% 327.76 131.10 132.38 67.76% 
h5-2.5% 377.69 151.07 182.31 93.31% 
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In order to capture the contribution of steel fibers to the ultimate load of the analysed beams, Table 7 compares the 
situations h0-2.0% and h0-2.5%. For these situations it is possible to note that only the change in fiber volume represents 
an increasing of 9.21 kN on the ultimate load. Regarding h5-2.0% and h5-2.5%, there is an increase of 39.69 kN. If the 
two strength gains previously mentioned are compared, there is a total of 30.48 kN for an increasing in section height 
from 25 cm (case h0) to 37.50 cm (case h5). It can be concluded that the increasing in fiber volume leads to a higher 
strength gain for high values for h/b ratio. 

Table 8 presents the comparison of the load according to specific displacement measurement points in order to 
evaluate the load versus displacement behaviour. For theses analyses, it has been investigated the states of the beams 
for 4 mm, 8 mm and 12 mm displacement cases. 

Table 8. Comparative study about load versus displacement for 4, 8 and 12 mm for all simulations with height variation (h). 

Test Load at 4 mm (kN) Load at 8 mm (kN) Load at 12 mm (kN) 
h0-2.0% 99.50 178.42 185.24 
h1-2.0% 112.76 193.42 199.72 
h2-2.0% 134.86 217.36 221.62 
h3-2.0% 177.09 258.02 258.18 
h4-2.0% 214.35 290.77 285.80 
h5-2.0% 269.41 334.93 324.97 
h0-2.5% 97.68 177.79 193.73 
h1-2.5% 111.30 199.52 211.06 
h2-2.5% 133.98 226.77 235.82 
h3-2.5% 177.59 274.22 279.33 
h4-2.5% 228.45 324.22 321.53 
h5-2.5% 288.17 374.58 363.91 

Looking at Table 8, it is possible to state that for the cases of h0-2.0% and h0-2.5%, in a displacement of 12 mm, the higher 
fiber volume implies an increasing in the corresponding load of 8.49 kN (185.24 kN to 193.73 kN) equivalent to an increasing 
of 4.58%. This gain is more evident in the comparison of cases h5-2.0% and h5-2.5% in the displacement of 12 mm, with 38.94 
kN (an increase of 11.98%). Therefore, it can be concluded that in situations with more damaged states, the greater will be the 
contribution of the reinforcement and steel fiber set to the stiffness of the structural element. 

The second simulation compares the obtained results for beams with fiber volumes of 2.00% and 2.50% considering 
a reinforcement variation. As previously mentioned, this simulation shows reductions in the original reinforcement. 
Figure 6 presents the results for such simulation. 

 
Figure 6. Load-displacement in the middle of the span to reinforcement area variation(Table 5). 
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As expected, as the total area of the longitudinal reinforcement is reduced, the peak load of the structural element 
is reduced. However, it is worth mentioning that between the as0 and the as5 tests with 50.00% decreasing in the 
reinforcement, it is observed that in none of the scenarios there was a load reduction more than 28.00% within the 
analyses for the same fiber volume showing the effective role of steel fibers on the structural element. Besides, it is 
observed a reduction in the load of 4.66 kN (load in the SLS) regarding to the test as4-2.50% for the test as4 -2.00%. 
For more details, Table 9 presents each test performed and comparative analyses of the variations of the steel fibers 
concentrations. 

Table 9. Maximum loads and loads in the SLS for the tests with reinforcement area variation (As). 

Test Maximum load (kN) SLS load (kN) Decreased load on SLS (kN) Decreased load on 
SLS (%) 

as0-2.0% 186.17 74.46 ---- ---- 
as1-2.0% 176.34 70.53 3.93 5.28% 
as2-2.0% 165.71 66.28 8.18 10.99% 
as3-2.0% 155.75 62.30 12.16 16.34% 
as4-2.0% 144.96 57.98 16.48 22.14% 
as5-2.0% 134.21 53.68 20.78 27.91% 
as0-2.5% 195.38 78.15 ---- ---- 
as1-2.5% 185.89 74.35 3.79 4.86% 
as2-2.5% 176.47 70.58 7.56 9.68% 
as3-2.5% 167.13 66.85 11.30 14.46% 
as4-2.5% 156.62 62.64 15.50 19.84% 
as5-2.5% 147.19 58.87 19.27 24.66% 

Table 10 presents a comparative study of loads according to points of displacement measurements. For theses 
analyses, it has been investigated the states of the beams for 4 mm, 8 mm and 12 mm displacement cases. 

Table 10. Comparative study about load versus displacement for 4, 8 and 12 mm for all simulations with reinforcement area 
variation (As). 

Test Load at 4 mm (kN) Load at 8 mm (kN) Load at 12 mm (kN) 
as0-2.0% 99.50 178.43 185.24 
as1-2.0% 95.60 168.76 175.06 
as2-2.0% 91.65 158.40 165.16 
as3-2.0% 87.61 148.68 155.35 
as4-2.0% 83.31 139.58 144.67 
as5-2.0% 78.91 129.15 132.97 
as0-2.5% 97.68 177.79 193.73 
as1-2.5% 94.28 170.35 184.85 
as2-2.5% 90.80 163.88 175.36 
as3-2.5% 87.28 156.24 166.13 
as4-2.5% 83.44 146.81 155.95 
as5-2.5% 79.60 137.37 145.77 

As previously mentioned, it is possible to observe that the steel fibers have influenced the nonlinear behaviour of 
the structural element not allowing that a reduction in the reinforcement rate would lead to a massive impact on the 
ultimate load value. It can be seen that in the 8 mm displacement situation, in cases of loading with as5-2.50% to as5-
2.00% there was a total reduction in the maximum load value of 8.22 kN (137.37 kN to 129.15 kN), i. e., just a reduction 
of 5.98%. Obviously, the focus in this work is the use of simplified models to practical applicability [27], but to study 
the non-linear aspect of the performed analyses in more details, two and three-dimensional analyses with more complex 
damage models have to be applied in order to better understand the dissipative phenomena involved. 

The third simulation compares the results obtained for the beam with steel fiber volumes of 2.00% and 2.50% 
considering a span variation. Each simulation has an increasing of 50 cm in the effective span as shown in Table 6. 
Figure 7 presents the results for such simulation. 
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Figure 7. Load-displacement in the middle of the span to span length variation (Table 6). 

For the L5 standard test, there is an increasing of approximately 24.00% in the peak load comparing L5-2.00% to 
L5-2.50%. Table 11 presents all tests. 

Table 11. Maximum loads and loads in the SLS for tests with span length variation (L). 

Test Maximum load (kN) SLS load (kN) Decreased load on SLS (kN) Decreased load on SLS (%) 
L0-2.0% 186.17 74.47 ---- ---- 
L1-2.0% 146.66 58.66 15.81 21.23% 
L2-2.0% 121.03 48.41 26.06 34.99% 
L3-2.0% 105.20 42.08 32.39 43.49% 
L4-2.0% 88.84 35.54 38.93 52.28% 
L5-2.0% 69.01 27.61 46.86 62.93% 
L0-2.5% 195.38 78.15 ---- ---- 
L1-2.5% 160.51 64.20 13.95 17.85% 
L2-2.5% 136.17 54.47 23.68 30.30% 
L3-2.5% 118.27 47.31 30.85 39.47% 
L4-2.5% 102.66 41.06 37.09 47.46% 
L5-2.5% 85.71 34.28 43.87 56.13% 

It is possible to verify that the simulations L1-2.00% and L1-2.50% have a difference of 13.85 kN representing a 
reduction of 8.63% in the load value (160.51 kN to 146.66 kN). For the L5-2.00% and L5-2.50% simulations, this 
difference reached 19.48%. When the results of span reduction (L) are compared with the results of reinforcement 
reduction (As), it is noted that the span reduction (L) is always preponderant concerning to the reinforcement area (As) 
because in the simulations L5 the reductions reach values higher than 56.00% while the reduction of the reinforcement 
provides a decreasing in load in the SLS lower than 28.00%. 

Table 12 shows the comparative study of the load decreasing as a function of displacement measurement points. 
For theses analyses, it has been investigated the states of the beams for 4 mm, 8 mm and 12 mm displacement cases. 

In Table 12, it is possible to notice that the load reductions are approximately 39.44 kN for a displacement of 4 mm 
regarding to reference test 1 (2.0% of fiber volume) when compared to reference test 0 (2.0% of fiber volume). For the 
same tests with 2.5% of fiber volume, the reduction is about 38.33 kN. Table 13 shows the load reductions compared 
to the reference zero model. 
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Table 12. Comparative study about load versus displacement for 4, 8 and 12 mm for all simulations with variation of the effective 
span length (L). 

Test Load at 4 mm (kN) Load at 8 mm (kN) Load at 12 mm (kN) 
L0-2.0% 95.50 178.43 185.24 
L1-2.0% 56.06 97.02 136.98 
L2-2.0% 37.27 59.32 83.2 
L3-2.0% 27.52 40.8 55.36 
L4-2.0% 20.57 30.03 39.18 
L5-2.0% 15.35 23.32 29.5 
L0-2.5% 97.68 177.79 193.73 
L1-2.5% 59.35 103.65 147.09 
L2-2.5% 40.74 66.47 94.02 
L3-2.5% 30.18 46.29 63.98 
L4-2.5% 23.28 34.50 46.16 
L5-2.5% 17.95 27.09 34.99 

Table 13 Comparison study about load reduction with displacements of 4, 8 and 12 mm. 

Test Load at 4 mm 
(kN) 

Load reduction 
(kN) 

Load at 8 mm 
(kN) 

Load reduction 
(kN) 

Load at 12 
mm (kN) 

Load reduction 
(kN) 

L0-2.0% 95.50 --- 178.43 --- 185.24 --- 
L1-2.0% 56.06 39.44 97.02 81.41 136.98 48.26 
L2-2.0% 37.27 58.23 59.32 119.10 83.20 102.00 
L3-2.0% 27.52 67.98 40.80 137.63 55.36 129.88 
L4-2.0% 20.57 74.93 30.03 148.40 39.18 146.06 
L5-2.0% 15.35 80.15 23.32 155.11 29.50 155.74 
L0-2.5% 97.68 -- 177.70 --- 193.70 --- 
L1-2.5% 59.35 38.33 103.65 74.14 147.09 46.64 
L2-2.5% 40.74 56.94 66.47 111.30 94.02 99.71 
L3-2.5% 30.18 67.50 46.29 131.50 63.98 129.70 
L4-2.5% 23.28 74.40 34.50 143.29 46.16 147.57 
L5-2.5% 17.95 79.73 27.09 150.70 34.99 158.74 

It is possible to verify that the loading decreased considerably at 4 mm, 8 mm and 12 mm, showing the loss of the 
strength when the span length is increased. When analysing the displacement points and their respective forces, it is 
noticed that for 4.00 mm of displacement the load reduces from 35 kN to 80 kN approximately in both fiber volumes. 
For displacements of 8 mm and 12 mm, this value ranges from approximately 46 kN to 158 kN. 

Another important issue to be evaluate is the non-linear aspect of the load versus displacement behaviour which, in 
the case of span reduction, implied in a sharp drop in bending stiffness of the structural element when compared with 
the reinforcement area variation showed in Figure 6, for example. 

5 CONCLUSIONS 
In the context of studies performed in this work, it was evidenced that the steel fibers have a great potential to 

improve the mechanical properties of the concrete, which can promote gains in the ductility of the structural elements. 
This information is also found by experimental analyses presented in [21]–[23], [50], [52]–[54]. The regions of beams 
which behave in State II (section with cracks, the contribution of the concrete submitted to tension stress is not 
considered for the equilibrium of the transversal section) evidence the improving of stiffness when the results are 
compared between models with the same characteristics and different concentrations of fiber volume (2.00% and 2.5%) 
in Figures 5, 6 and 7, despite the predominant influence in strength gain when analyzing the increase in the height of 
the cross section (Figure 5). 

The results obtained in this work confirm that height and span length are perhaps the most influential properties on 
the deformability process of damaged structural elements. This influence is evidenced quantitatively in the present work 
by simulations which pointed out that when increasing the height of the cross section increases more than 90.00% in 
the ultimate load are observed. On the other hand, for the span length, the change is sensitive in the sense of reducing 
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the ultimate load. For example, for beams with 2.00% of fiber concentration, the reduction obtained was between 
approximately 21.00% to 63.00%. For simulations involving beams with a concentration of 2.50%, the ultimate load 
reduction also occurred, and it was in the range of 17.00% to 56.00%. 

Regarding the tests dealing with variation of the longitudinal reinforcement, reductions between 10.00% and 
50.00% of the bending reinforcement have been performed (both for 2.00% and 2.50% of fiber concentration). 
However, in none of the cases, a reduction higher than 25.00% of the ultimate load has occurred. This fact is possibly 
attributed, in part, to the strength promoted by the griping effect of steel fibers. It is also observed that the presence of 
fibers in the cementitious matrix reduces the level of displacement on the structural elements, even if there is a 
significant reduction in the reinforcement area. Therefore, it is observed that the present work contributes to visualize 
an estimative of percentages of reduction and/or increasing of the displacements and internal efforts caused by the 
geometric parameter variations of the SFRC beams analyzed so far. 

Another important issue to be observed in this work is that the addition of a volume of steel fibers in the structural 
system have allowed a reduction in the reinforcement without significant loss of flexural stiffness (Figure 6) in the 
service loading situations. In the context of structural design, this situation is interesting since the opening cracks and 
displacements of the structural elements are related to this flexural stiffness. Thus, it is possible to state that the use of 
fibers will allow a reduction in the reinforcement density without detriment to the bending strength properties, mainly 
in parts with high h/bw ratio. Another issue is the improvement in the effectiveness of using fibers in structural elements 
with larger span lengths, where the cracking process is more intense, and the number of cracks is high. 

More experimental and numerical tests must be performed to obtain answers with the possibility of statistical 
treatment and contribute to obtaining a methodology for estimating displacements in SFRC beams. It is also worth 
mentioning the importance of numerical analyses, as experimental analyses have high costs involved, unlike numerical 
analyses that allow different structural elements to be analyzed without higher costs. Therefore, this work contributes 
to the understanding and dissemination of the use of SRFC in Brazil. 
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